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PREFACE 

In investigating the highly different phenomena in nature, scientists 
have always tried to find some fundamental principles that can explain the 
variety from a basic unity. Today they have not only shown that all the 
various kinds of matter are built up from a rather limited number of at- 
oms, but also that these atoms are constituted of a few basic elements of 
building blocks. It seems possible to understand the innermost structure 
of matter and its behavior in terms of a few elementary particles: elec- 
trons, protons, neutrons, photons, etc., and their interactions. Since 
these particles obey not the laws of classical physics but the rules of mod- 
ern quantum theory of wave mechanics established in 1925, there has 
developed a new field of “quantum science” which deals with the expla- 
nation of nature on this ground. 

Quantum chemistry deals particularly with the electronic structure of 
atoms, molecules, and crystalline matter and describes it in terms of elec- 
tronic wave patterns. It uses physical and chemical insight, sophisticated 
mathematics, and high-speed computers to solve the wave equations and 
achieve its results. Its goals are great, but perhaps the new field can better 
boast of its conceptual framework than of its numerical accomplishments. 
It provides a unification of the natural sciences that was previously incon- 
ceivable, and the modern development of cellular biology shows that the 
life sciences are now, in turn, using the same basis. “Quantum biology” is 
a new field which describes the life processes and the functioning of the 
cell on a molecular and submolecular level. 

Quantum chemistry is hence a rapidly developing field which falls be- 
tween the historically established areas of mathematics, physics, chemis- 
try, and biology. As a result there is a wide diversity of backgrounds 
among those interested in quantum chemistry. Since the results of the 
research are reported in periodicals of many different types, it has be- 
come increasingly difficult for both the expert and the nonexpert to follow 
the rapid development in this new borderline area. 

The purpose of this serial publication is to try to present a survey of the 
current development of quantum chemistry as it is seen by a number of 
the internationally leading research workers in various countries. The au- 
thors have been invited to give their personal points of view of the subject 
freely and without severe space limitations. No attempts have been made 
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X Preface 

to avoid overlap-on the contrary, it has seemed desirable to have certain 
important research areas reviewed from different points of view. The re- 
sponse from the authors has been so encouraging that a sixteenth volume 
is now being prepared. 

The Editor would like to thank the authors for their contributions, 
which give an interesting picture of the current status of selected parts of 
quantum chemistry. The topics in this volume cover studies of the quan- 
tum theory of linear triatomic reactions, vibronic interactions and the 
Jahn-Teller effect, the electronic structure of polymers, and the use of 
unitary transformations in self-consistent field theory. Some of the arti- 
cles emphasize studies in fundamental quantum theory and quantum sta- 
tistics, and others applications to comparatively complicated systems. 

It is our hope that the collection of surveys of various parts of quantum 
chemistry and its advances presented here will prove to be valuable and 
stimulating, not only to the active research workers but also to the scien- 
tists in neighboring fields of physics, chemistry, and biology who are turn- 
ing to the elementary particles and their behavior to explain the details 
and innermost structure of their experimental phenomena. 

PER-OLOV LOWDIN 
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I . Introduction 
The field of dynamics of tnatomic exchange reactions has intensively 

developed over the last decade . The main results were summarized in 
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2 M. V. Basilevsky and V. M. Ryaboy 

several reviews (Truhlar and Wyatt, 1976; Connor, 1979; Bernstein, 1979; 
Wyatt, 1979, 1980; Light, 1979). Accurate quantum mechanical three- 
dimensional (3D) calculations are now available. Therefore, from a com- 
putational point of view, one could conclude that this field of research was 
exhausted to a considerable extent. 

We have another point of view in the present survey. A linear collision 
of an atom and a diatomic molecule resulting in a rearrangement of chemi- 
cal bonds is the simplest example of a chemical reaction. In the dynamical 
context a linear triatomic system presents an ideally pure model of in- 
teraction and interconversion between the translational and vibrational 
motions during a chemical process. Being an excellent nontrivial test for a 
mathematical technique aimed at solving dynamical problems, it is also 
sufficiently realistic to be considered as a source of useful and visual 
physical concepts. If the latter aspect prevails, the computational details 
become of secondary importance. Both general mathematical formu- 
lations and simplified models are interesting not by themselves but in 
connection with the perspective of their extention onto more complicated 
chemical objects. 

A general qualitative approach in chemical dynamics is based on a 
fruitful intuitive idea of a reaction coordinate. Its mathematical formula- 
tion (Hofacker, 1963; Marcus, 1966, 1968; Basilevsky, 1977; Miller et al.,  
1980) introduces special curvilinear coordinates describing a continuous 
transformation of a chemical system from an initial (reactant) to a final 
(product) state. Unfortunately, an exact version of this theory becomes 
considerably complicated in the case of a large curvature of the reaction 
coordinate. 

If we disregard this complication, the dynamical treatment of poly- 
atomic systems may be reduced, similar to the triatomic case, to a study 
of interactions between the translational motion along a reaction coordi- 
nate and transversal vibrational motions. When vibrational amplitudes are 
small, one neglects coupling of the above-mentioned motions with the 
overall rotation of a system. This simplification, well known in the theory 
of molecular vibrations (Eckart, 1935; Louk and Galbraith, 1976), is 
equally valid for treating a one-parameter evolution of a system of har- 
monic oscillators, which is a natural description of the motion of a 
polyatomic system along a reaction coordinate (Basilevsky , 1977). By this 
reasoning, a linear ( 1 D) triatomic model deserves individual discussion. 

One of the two aims of this article is the systematic presentation of 1D 
matrix theory of the reactive scattering in linear triatomic systems. Start- 
ing from the construction of curvilinear coordinates with a specially pre- 
pared translational degree of freedom, we proceed by averaging the over- 
all translational-vibrational Hamiltonian over the vibrational coordinate. 
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Scattering solutions of the so-obtained 1D matrix Schrodinger equation 
are the main subject of the subsequent study. In its complete formulation 
this theory provides an exact solution of a dynamical problem for a given 
vibrational basis. We consider also its simplified qualitative versions. The 
main formal results can be extended onto systems with several vibrational 
modes. 

In discussions of alternative formulations of general dynamical theory, 
we do not present them systematically but refer the reader to the reviews 
and original papers which contain the complete accounts. 

Another aim of the present article is to discuss from a common posi- 
tion numerous results of dynamical calculations. We extract information 
from both quantal and classical treatments irrespective of the computa- 
tional method used. Considering that as a collection of empirical observa- 
tions, we attempt to give interpretations based on the 1D matrix theory. 
The reader will thus obtain a complete summary of the recent results of 
dynamical computations; however, their discussion and the presentation 
of the underlying theoretical background may be rather subjective. 

A systematic formulation of the matrix theory of chemical dynamics 
seems to us especially pertinent in a volume devoted to the recent devel- 
opments of quantum chemistry. The matrix representation of a stationary 
Schrodinger equation for molecular electrons is a traditional and powerful 
mathematical tool of quantum chemistry. In chemical dynamics we also 
deal with the matrix representation of a Schrodinger equation associated 
with an evolution of a system of atomic nuclei along the reaction coordi- 
nate. Its solution reduces to iteratively repeating standard algebraic pro- 
cedures (matrix multiplications, inversions, and diagonalizations) which 
are usual in regular quantum chemical calculations. Quantum chemistry, 
considered a theory of stable molecular systems, and chemical dynamics, 
the theory of their mutual transformations, are related not only by the 
common subject of research but also by a close resemblance of their 
mathematical techniques. 

II. The Description of a Linear Exchange Reaction in Different 
Coordinate Systems 

Potential energy surfaces (PES) of the reactions under discussion have 
two specific features. First, there always exists a pair of asymptotic 
regions-the reactant and the product regions-where the complete mo- 
tion of a system reduces to a relative translation of an atom and a diatomic 
embodying small vibrations. Second, there exists an intermediate region 
where the two chemical bonds of a linear triatomic system change simul- 
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taneously. Although present in any triatomic system, this latter region is 
dynamically important only in those systems undergoing a chemical rear- 
rangement. The identification of translational and vibrational degrees of 
freedom is rather arbitrary there because at any choice they interact in- 
tensively and that cannot be eliminated. We shall use the term “rear- 
rangement’’ or “interaction’’ zone for that region, depending on which 
aspect (structural or dynamical) should be emphasized. 

In a dynamical study it is important to choose coordinates that enable 
us first to separate the variables in asymptotic regions in both kinetic and 
potential energies, and second to present a unique and physically visual 
description of the rearrangement zone. It is not a simple task to combine 
these advantages into the framework of a single coordinate system. 

One coordinate is always translational. The respective motion is free 
in at least one of the asymptotic directions. Let us call the other (transver- 
sal) coordinate “vibrational”. Wave functions of a ID vibrational Hamil- 
tonian present a natural basis set for the expansion of a complete two- 
variable wave function. That corresponds to the simplest visual model of a 
chemical reaction proceeding as a translation of an oscillator with variable 
parameters. Usually, some refinement is necessary for the consideration 
of a pair of oscillators (reactant and product) interacting during their 
simultaneous translational motion. That is a satisfactory model when the 
PES sections along a vibrational coordinate represent a pair of distinctly 
separated potential wells. If that is really the case, we deal with a “good” 
vibrational coordinate. 

Two different approaches are possible. The first one suggests relatively 
simple coordinate systems, generating simple expressions of kinetic 
energy but complicated vibrational potentials. So the basis functions are 
available only by means of numerical integration. The second approach 
uses sophisticated curvilinear coordinate systems, specially conformed to 
reproduce the shape of a PES. Now the vibrational coordinate becomes 
good, and simple analytical basis functions are available. The price for 
that is a complicated expression for kinetic energy. 

Further on we shall call “physical” the first type of coordinates (they 
have come from nuclear physics) and “chemical” the second type (they 
use a chemical idea of reaction coordinate). When solving the Schrodinger 
equation in physical coordinates one has to evaluate matrix elements of 
simple operators with complicated basis functions; however, basis func- 
tions are simple in chemical coordinates but the operators for which ma- 
trix elements are to be calculated are complicated. 

A. Kinetic Energy 

vilinear coordinates as (Sokolnikoff, 1951): 
The kinetic energy operator (Laplasian) is defined in general cur- 



Quantum Dynamics of Linear Triatomic Reactions 5 

Here gu,  gu, and J are the covariant and contravariant metric tensors 
and the Jacobian, respectively. The summation over repeating indices is 
implied. The matrices of the metric tensors obey the relation 

A coordinate change (4i') + (4 ' )  generates the standard transformation 

A practical prescription for calculating the metric tensor immediately fol- 
lows by specifying qi' as Cartesian coordinates xi'( giSj I = 6,.J ,) : 

Thereby 

J = detlla.uk/dqill (4) 

Note that the operator representation (1) of the kinetic energy is valid only 
in a special case: when the wave function A ,  operated by T, embodies an 
absolute scalar. That is to say, A(4') = A(4") after a coordinate change. 
Otherwise, the expression for T becomes more complicated. 

B. Simple Coordinate Systems 
1 .  Cartesian Coordinates 

for a linear three-atomic system 
The mass-weighed Jacobi coordinates shown in Fig. 1 are Cartesian 

A + BC + AB + C 

If we omit the mass-dependent scale factors, the two sets (x(l), z ( l ) )  and 
(x (~) ,  represent the following variables: 

the distance between A and the center of mass of BC 
x(2) the distance between C and the center of mass of AB 
z ( l )  the distance between B and C 
z @ )  the distance between A and B 

The asymptotic directions of the reactant and the product valleys coincide 
with x ( l )  and x ( ~ )  axes, respectively, and a PES is confined between these 



M. V. Basilevsky and V. M. Ryaboy 

Fig. 1. Mass-weighted Jacobi coordinates. 

axes. Therefore, the angle O0 determined by the masses of particles m A  , 
mB , m, , is an important characteristic of a system 

(mA + m, + m,)mB 
[ mAmC 

Bo = arctan 

The metric tensor is represented by a unit matrix. The treatment of the 
potential energy is illustrated by using the ( . P ,  set: 

V(X"). 2 9  = VI(.P))  + V , ( . P .  z(1)) 

We take a repulsive curve for V , ,  the PES cross section along the line 
z"' = 26" (an equilibrium bond length of BC; see Fig. 2a). The variables 
asymptotically separate in the reactant valley: V2(x'l), P )  = V 2 ( z 9  when 
.P is large and z( l )  is small (see Fig. 2b). The ~ ( l )  dependence of V2) is 
seen to be stronger the less the value. In the rearrangement zone (both 
. ~ - ( l )  and z ( l )  are small) the potential V2 at fixed x(l) is neither a usual 
(harmonic or Morse-like) curve, nor a double-well curve. For instance, it 
may have the shape shown in Fig. 2c. Finally, the variables ( P ,  do 
not asymptotically separate in the product valley. 
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G 

(b) ( C )  

Fig. 2. The potential energy surface cuts for A + BC + AB + C system in Jacobi 
coordinates. Here, x::’,,,,,, and x(&c,url are the values of the x(I) coordinate in the asymptotic 
reactant and product regions: (a) z( I )  = z!j), (b) x(I) = x::’,,,,,, , (c) x(’) = x ! , & , ~ ~ ~ .  

Hence x(l) is a good translational coordinate and z ( I )  is a good vibra- 
tional coordinate in the reactant valley. It is not so in the rearrangement 
zone and especially not in the product valley. 

Similarly, the coordinates ( .Y(~) ,  z ( ~ ) )  are well suited to treat the product 
valley but are unsuitable for the rearrangement zone and the reactant 
valley. 

One more set of Cartesian coordinates is (x. z), see Fig. 1, where the .Y 

axis is a bisector of angle Oo . 
2 .  Natural Reaction Coordinates 

The natural reaction coordinates (NRC) (Marcus, 1966) specify a posi- 
tion of representative point P (Fig. 3) by the translational variable s and 
the vibrational variable u :  P = P ( s ,  u ) .  The s coordinate is defined as an 
arc length of the reference curve C ,  measured from a certain point s = 0 
to the projection of P on the curve. The u coordinate orthogonal to s is the 
shortest distance from P to the curve. 

Further on we always use the minimum energy path as a reference 
curve. It coincides with the valley bottoms in the asymptotic regions and 
passes through the saddle point in the rearrangement zone. The symmetry 
of this curve, as shown in Fig. 3, is not necessary. We accept that point 
s = 0 lies on the bisector of angle Oo. 

An important characteristic of the reference curve is its curvature K(s)  
defined as (Pogorelov, 1969) 

K ( s )  = d a / d s  (6) 
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Fig. 3. Natural reaction coordinates (NRC). The multivalued region is dashed. 

Here angle a is measured between the Cartesian axis z and the tangent 
vector to C in the clockwise direction (Fig. 3): 

a ( s )  = lou K ( s )  ds 

The normalization condition is 
(7) 

Finally, we write the metric tensor and the Jacobian: 

On defining the potential energy as 

V(S, v )  = V,(S)  + VdS,  v )  

we take for V,(s)  the cross section of a PES along the reference curve. 
Then V2(s,  v )  represents vibrational potentials of the respective molecules 
in the asymptotic regions and the variables separate. Suppose that PES 
sections for s is a constant represent single-well curves also in the rear- 
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rangement zone. Then s and v are good coordinates everywhere in the 
vicinity of the reference curve. 

The latter restriction is important. It follows from the fact that the 
Jacobian vanishes at the points forming a pair of evolutes, the curves v = 

5(s) = - K-’(s ) .  They join at the point of maximum curvature. For u < 
E(s), the respective points fall into a multivalued region (Light, 1971; 
Miller and Light, 1971), where several pairs (s, v )  can be attributed to the 
same representative point. The NRC Hamiltonian becomes invalid there. 
Hence the NRC are good coordinates only when a vibrational amplitude is 
small, the smallness parameter being g = KI, where K is the maximum 
curvature and the length unit I is chosen as a classical amplitude for the 
vibrational ground state at the point where K ( s )  = K. The NRC are useful 
if g -e 1 ,  this condition meaning that the multivalued region is classically 
inaccessible, given a practically interesting energy of a system. 

The maximum curvature value is related [although not uniquely, see 
Eq. (S)], to the angle B0 [Eq. ( S ) ]  and through that to the masses of parti- 
cles. Hence, NRC are useful in studying reactions 

L + HH + LH + H (80 2 80”) 

Here L and H denote light and heavy atoms, respectively. The condition 
g Q 1 is usually obeyed (see, however, Section IV,C,4). 

The opposite is true for reactions with different mass relations: 

H + LL -, HL + L 

H + LH+ HL + H 

(8, = 450) 
(8, 5 150) 

Now the characteristic parameter g is not small and NRC are not good 
coordinates. 

3. Polar. Coordinates. The De$nition of Chemical and Physical Coordinates 
The polar coordinates shown in Fig. 4a (Kuppermann, 1970; Connor et 

al., 1975; Light and Walker, 1976) are often convenient for describing the 
rearrangement zone. The angular variable 8 (times a factor having the 
length dimension) is a translational coordinate, whereas the radial variable 
Y is a vibrational coordinate. The potential energy is often represented as a 
“rotated Morse function” (Connor et al., 1975). The origin p = 0 is 
placed to the right from the reference curve in the classically inaccessible 
region; the deeper the shift, the less angle O 0 .  That allows a unique 
description of the rearrangement zone for the reactions L + HH and 
H + LL (for instance, F + H2 ; do  = 46.3’). This construction fails to be 
valid for the reactions H + LH because one has to shift the origin so far to 
the right that the rotating radius intersects the PES valley at a very acute 
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/ 

(a) ( b )  

Fig. 4. The polar coordinate systems for describing the rearrangement region. The 
dotted curves represent the minimum energy path. 

angle in the rearrangement region. That is why the respective oscillators 
corresponding to the PES sections along the radii greatly differ from the 
real ones, namely, those orthogonal to the reference curve. Their frequen- 
cies are unrealistically small, which promotes strong nonadiabatic coupl- 
ing and results in poor convergence of basis expansions. 

The reactions H + LH are most conveniently treated in terms of other 
polar coordinates (Fig. 4b) (Kuppermann et al., 1980; Romelt, 1980; Hauk 
et a/., 1980). Now the PES sections V ( p ,  8 )  (p = const) along the vibra- 
tional coordinate 8 change their shapes, displaying a single-well potential 
in the rearrangement zone (small p )  and gradually becoming double-well 
curves while passing to the asymptotic regions (large p ) .  Therefore, if one 
reckons on dealing with normal oscillator basis functions, then t9 is a bad 
vibrational coordinate in the intermediate range of p .  However, a good 
convergence of a basis expansion is assured, when one uses exact eigen- 
functions of vibrational potential irrespective of what form they have. The 
difficulty is transferred to a numerical calculation of basis functions and to 
the following calculation of matrix elements with them. The appropriate 
technique has been developed recently (Kuppermann er al., 1980; Romelt, 
1980, 1982; Hauk et al . ,  1980). 

As the terminology proposed in the introduction to this section sug- 
gests, the coordinates in Fig. 4a are chemical ones. They represent a 
chemical rearrangement as a translational motion. The alternative coordi- 
nates in Fig. 4b, representing it as a vibration, are physical ones. Accord- 
ing to this classification, all Cartesian coordinates (Fig. 1) are physical, 
whereas NRC are typical chemical coordinates. 

The simplest physical skewed coordinates (x( l ) ,  z ( l ) )  or (P), z(O)) 
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(Fig. 1) were used by Diester (1971). Their drawback is that z(I) is a bad 
vibrational coordinate for the upper half-plane, the same being true for z ( ~ )  
in the lower half-plane. 

The analytical treatment of polar coordinates is quite simple. For in- 
stance, for the physical coordinates 

= [p’ + z(l)’ ] 1/2 , 0 I e = arctan[z(1’/x“)] I eo 
The metric tensor and the Jacobian are 

g”-( 1 0  ). J = p  

0 p-2 

C. Combined Coordinates 
1 .  General Description of Combined Coordinates 

The above-considered non-Cartesian physical coordinates are not 
suitable for separating variables in asymptotic regions. Now we construct 
the coordinates free of this deficiency. They resemble NRC in the asymp- 
totic regions and are easily transformed into them, but the NRC separate 
just in those regions. Moreover, they are unique in the rearrangement 
zone, this trait being common to physical coordinates. We shall use the 
term “combined” for these new coordinates (CC). 

The translational coordinate r is measured along the Cartesian axis .Y ; 
r > 0. The origin position may be varied. In any case, a family of coordi- 
nate net curves T(r) is defined for r > 0 (Fig. 5) .  The value of r is deter- 
mined by the point of their intersection with the ?I axis. The vibrational 
coordinate y is measured along the net curves as their arc length from the 
.Y axis to a representative point P(r ,  y ) .  It is positive in the upper half- 
plane (z > 0) and negative in the lower one (z < 0) .  

The curves T(r) are determined by the field of their directions y ( r ,  y ) .  
The angle y is measured in the anticlockwise direction from the positive z 
half-axis to the tangent vector of T(r) at a respective point. The curvature 
of the coordinate curves obeys the relations 

We want y to be a good vibrational coordinate in Fsymptotic regions 
defined by the condition r B r l .  There the asymptotic valleys are di- 
rected along the branches of the reference curve C .  which are almost 
rectilinear, becoming true straight lines at r + x .  We denote the points 
where the T(r) curves intersect these branches as s ( I )  (in the reactant 



12 M. V. Basilevsky and V. M. Ryaboy 

Fig. 5. The combined coordinate system (CC); C is the reference curve of NRC; r ( r )  is 
the set of coordinate curves of CC. 

region) and as d2) (in the product region): s(') = s( l ) (r ,  y )  ; d2) = s'2'(r, y). 
Now y becomes a good coordinate and the variables separate if 

(11) 

(for y near s(l) or s ( ~ ) ) .  It is understood that these equalities become exact 
when r + 03. 

So the coordinate net curves become straight lines orthogonal to the 
regerence curve C in the vicinity of that curve. They remain curvilinear 
near y = 0, but that region is classically inaccessible for r % rl . 

The normalization of the curvature K(r, y )  follows from Eq. (1 1): 

dy/dy 2: 0 ,  y ( r ,  s ( ~ ) )  = -y (r ,  s ( ~ ) )  2: d 0 / 2  

i_mm ~ ( r ,  Y )  dy  = n f ( r ) ,  f ( r )  + d0/n for r + (12) 

2 .  Chemical and Physical Combined Coordinates 
We now discuss some properties of the net curves T(r) near the origin 

r = 0 and consider two alternative descriptions. 
u.  Chemical CC: The point r = 0 is located to the right of the rearrange- 

ment zone. These coordinates are shown in Fig. 5.  In order to cover the 
region close to the abscissa half-axis to the left from the point r = 0. one 
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has to accept 

K(I.. y )  = d ( y )  for r + 0 (13) 
where 6 is the Dirac function. Equations (11) and (13) are the main rela- 
tions defining chemical CC. Their further specification is less important. 
One may state, by a simplicity argument, that the curves T ( r )  are 
everywhere convex, symmetrical with respect to the x axis, and that their 
curvature ~ ( r ,  0) = Ko(r) is a maximum for r fixed 

0 5 K(r, )’) 5 K(r. 0) = K o ( T )  

(14) 
a ~ / a y  = 0 ,  y (r ,  y )  = 0 for Y = 0 

The following detailing of function f ( r t  agrees with 

I r f ( r )  2 e/n, af/ar < o (15) 

The left-hand side of this inequality follows from Eq. (13). These are 
chemical coordinates, since the transition from reactants to products in 
the rearrangement zone proceeds as a translational motion. Note that a 
natural scale of lengths is drastically distorted near the origin, the point 
r = 0, y = 0. The kinetic energy has a singularity at that point. That is 
why basis expansions are expected to diverge for r < e (the dashed region 
in Fig. 5 ) .  The value of e can be decreased by shifting the origin point in a 
classically inaccessible region. (The elimination of the dashed region does 
not influence a dynamical calculation if E is sufficiently small). The latter 
remark imposes a restriction on applying chemical CC, which resembles 
a similar situation with the chemical polar coordinates. 

b. Physical CC: The point r = 0 is located to the left of the rearrange- 
ment zone. The natural scale of lengths is not seriously distorted in these 
coordinates. The chemical rearrangement is now treated as a vibrational 
motion; y is not a good vibrational coordinate in the rearrangement region 
because the respective PES sections resemble very greatly those of the 
physical polar coordinates. The only important distinction from the latter 
coordinates, fixed by conditions of Eq. (1 l) ,  enables an accurate treatment 
of asymptotic regions. The region close to r = 0, is physically insignifi- 
cant, and there is no need of detailing the properties of the curves T ( r )  
there. 

3.  Calculation of the Metric Tensor in Curvilinear Coordinates 
The calculation is based on Eq. (3). As a preliminary stage, it is neces- 

sary to express Cartesian coordinates (x. z) in terms of curvilinear ones 
(Pogorelov, 1969): 
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NRC: s(s, u )  = lo* sin a ds - u cos a + const 

z(s, u )  = lo8 cos a ds + u sin a 

CC: .v(I’, y )  = I’ - IOU sin y dy 

41’. y )  = lo’ cos y dy 

[For the definitions of angles a and y ,  see Eqs. (7) and (lo).] The deriva- 
tives for the NRC case are 

( g)u = ( I + u 2) sin a = ( I  + K O )  sin a, (%)# = -cos a 

( $ ) u  = ( I + u g) cos a = ( I  + Ku) cos a,  ($)# = sin a 

The substitution of these expressions in Eq. (3) gives the metric tensor (9). 
The derivatives for the CC case are 

(d.u/ar.), = 1 - 1; cos y(dy/dr-), dy ,  ( a x / d y ) ,  = -sin y 

(az/ay), = cos y 
(16) 

(dz/W, = - 1: sin y(ay/dr) ,  du. 

Analytical integration is not possible in general. The matrix elements gfr“ 
are 

g,, = @.u/dr,z, + (az/ar,z,, g,, = (a.u/ay)z, + (az/ay): = 1 
(17) 

This metric tensor equals unity on the x axis: g,, = g,, = 1, g,, = 0 for 
g r y  = g,r = (a-r /ar . )Jax/dy)r  + (az/ar)Jaz/ay)r 

y = 0. 
The Jacobian of CC is 

J C C  = (%)u ($), - ($), ($.) 

(18) 
This expression is positive if a y / d r  < 0 for y > 0 and if ay /ar  > 0 for 
y < 0. The inequalities are verified for particular CC sets (Basilevsky 
and Ryaboy, 1980a,b; Basilevsky et al., 1982a) by adding an extra con- 
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dition[a~,-,(r)/dr] < 0, which means that the curvature maximum decreases 
with the increase of I’. 

4. The Relation between NRC and CC in Asymptotic Regions 
The respective transformation is useful because NRC are specially 

suited for treating asymptotic regions. It is easily accomplished because 
only the first of conditions ( 1  1)  is needed. The I‘ dependence of y may be 
retained, so the NRC translational coordinate is allowed to be curvilinear, 
although it is supposed that the multivalued region can be neglected. 

Using the fact that y is independent of y ,  we can perform integrations 
in Eq. (16) analytically. The following formulas are helpful: 

(19) d y / a r  = ( a y / a ~ ) ( a ~ / a ~ ’ )  = - ( a ~ / d r ) ( d ~ ~ / a ~ )  = - K6-l 

-6 = - ~ I ’ / c ~ s  = + ( I  - Klyol)/cos y 

From a geometric argument we obtain 

(20) 

The signs + and - are taken for reactants and products, respectively; yo = 
yo(r) is the coordinate, where the net curve T(r )  intersects the reference 
curve C. Noting that 

v - y o  = f U  ( 2  1) 

we obtain the explicit formulas 

5+(1 + Ku)* + sin2 y - sin y 

- sin y 1 
llg%ll = 

J C C  = 5-’(1 + 
Now the NRC metric tensor appears as a result of the coordinate transfor- 
mation (Section 11,A). We calculate the derivatives 

as /ar  = 6-l. as/a.v = 0, dv /ar .  = *(- sin y ) .  au/ay = 21 

and return to Eq. (9). For the ratio of Jacobians we obtain 

+ J M C / J C C  = -5 (22) 

The transformation I’ t, s becomes one-dimensional because s is indepen- 
dent of y. So a s / d r  = ds/drand 5 is also independent of y. According to Eq. 
(21), the NRC and CC vibrational variables become the same, a single 
discrepancy being different positions of their origins. The two results 
represented by Eqs. (21) and (22) are of particular importance for the 
asymptotic transformation of the solutions of the Schrodinger equation 
(Section III,B,2). 
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D. Commentary 
Section Z,B,Z. Cartesian coordinates were described in detail by Mar- 

cus (1966) and Glasstone et af. (1941). 
Section Z,B.2. The general idea of NRC is due to Hofacker (1963). 

Marcus (1966) elaborated the particular NRC system presented in Sec- 
tion 11. Miller and Light (1971) suggested a method of overcoming the 
difficulty associated with their multivaluedness; it was thoroughly dis- 
cussed by Light (1971). 

The similar polar coordinates were originally applied in 
nuclear physics (Delves, 1959, 1960). 

The details of transformations may be found 
in the papers by Basilevsky and Ryaboy (1980a,b). The practical validity 
of CC depends on the possibility of obtaining an analytical metric tensor. 
A special function y(y )  must be invented, so that integrals in Eq. (16) could 
be evaluated analytically. Such coordinates were described by Basilevsky 
et af. (1982a). 

The connection between CC and the Cartesian coordi- 
nates, either (x(l), zC1)) in the reactant region or W2), z(O)) in the product 
region is derived quite similarly. The asymptotic descriptions by NRC and 
by Cartesian coordinates coincide. The only difference is that in the latter 
case the duplication of signs is eliminated in Eqs. (20) and (21) [see also 
Eqs. (48) and (60) in following sections]. So one can do without NRC even 
in asymptotic regions. However, we consider NRC an important qualita- 
tive concept necessary for an understanding of chemical dynamics. That 
is the reason for their detailed description here. 

Section Z,B,3, 

Sections Z,C,l and Z,C,2. 

Section Z,C,4. 

111. One-Dimensional Matrix Hamiltonian 
Averaging the original two-variable Schrodinger equation over the 

vibrational coordinate yields a one-dimensional translational equation of 
motion. The averaging procedure is often regarded as a technical one. 
However, it deserves some discussion when curvilinear coordinates are 
used. We shall treat a one-dimensional matrix Hamiltonian H as a model 
Hamiltonian for the reactive scattering problem. It is understood to pos- 
sess certain symmetry properties, namely, those providing exact conser- 
vation of the probability flux for any size of the vibrational basis set. 

The symmetry of the matrix operator H arises as a consequence of the 
self-conjugation property of the original two-variable Hamiltonian X. It 
can be achieved only if the averaging procedure, necessary for obtaining 
H ,  follows certain a prescription. Otherwise, the symmetry will be dis- 
turbed, and the conservation law will hold approximately only for several 
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solutions, corresponding to the channels with the lowest energy. Although 
the accuracy of the flux conservation for a fixed restricted number of 
solutions can be increased by increasing the size of basis expansions, still 
a calculation with broken symmetry leaves a feeling of discomfort. Be- 
sides that, the dynamical calculation becomes practically more efficient, 
when the symmetrical Hamiltonian is applied. 

A. Averaging the Hamiltonian over the Vibrational Coordinate 
1 .  One-Dimensional Equation of Motion 

We start with a two-variable Schrodinger equation 

( X - E ) A = O ,  X = T + V  (23) 

Equation (1) gives a nonsymmetrical kinetic energy operator. We perform 
its symmetrization by means of the substitution 

A = J-1/2$ (24) 

That gives a symmetrized Schrodinger equation 

( 2 5 )  

An explicit evaluation of the quantity J 1 1 2 T J - 1 / 2  requires cumbersome 
manipulation which can be facilitated by using the covariant differentia- 
tion technique (Basilevsky and Ryaboy, 1980b). The one-dimensional rep- 
resentation is obtained after performing a standard expansion of the wave 
function $ over vibrational basis functions p,,. We shall use the following 
special notation for column and row vectors: 

(XSJlllrn - E ) $  = 0 
Xsyrnrn = ~ 1 / 2 ~ ~ - 1 / 2  = J ~ / ~ T J - I / ~  + v 

The row of basis functions, written as ((pi, satisfies the vibrational 
Schrodinger equation 

Wcpl = (((PIE (26) 

Here h is a vibrational Hamiltonian (it depends parametrically on the 
translational coordinate) and E is a diagonal matrix of its eigenvalues. 

The basis expansion is 

$0 = ( ( (P IX) ) .  ( ( $ 1  = (((PIX (27) 

The column vector Ix)) = Ix'"))) represents a translational wave function 
in the basis ((pl. The complete set of vectors Ix'*')> is collected in matrix 
X. (The completeness is meant within a given basis manifold. We always 
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consider truncated basis sets and deal with matrices X of a finite dimen- 
sion). 

Averaging Eq. (25)  produces a one-dimensional matrix Schrodinger 
equation: 

(28) 

The matrix operator H ( E )  is the result of averaging the operator (&psYmm - 
E ) ;  the prime is the differentiation with respect to the translational 
variable. 

The benefit resulting from the transformation (24) is revealed already 
in the averaging procedure. Wave functions A = A,(Elq‘) (the channel 
index a labels a set of quantum numbers specifying a given state) satisfy 
the usual orthonormalization property 

(29) 

The volume element in curvilinear coordinates is J dq’ dq2.  For the func- 
tions $ = $,(Elqi) we find 

H ( E ) X =  AX” + BX‘ + CX = 0 

I A,Y,(E’lqi)A,(Elq*)5 dq’ dq2 = S(E - E ’ )  Sam, 

1 $:,(E’lqi)$,(Elq*) dq’ dq2 = 6(E  - E ’ )  S,,t 

So these functions are orthonormalized with a unit weight. The symmetri- 
zation allows us to evaluate all integrals as if the coordinates q* were 
Cartesian. Averaging in (28) reduces to a simple integration over a vibra- 
tional variable q 2 :  

H E )  = Id )(XSYmrn - E )  ((pldq2 

2. Translational NRC Hamiltonian 
The NRC Hamiltonian obtained after symmetrization is 

The transformation (24) has added an extra term to the potential: 

For the simplest model we accept that the vibrational potential V,(s. u )  is 
harmonic. That specifies Eq. (26) as follows: 

h = -(fi2/2p)(d2/du2) + 3w’u2 
(30) 

E ,  = ( n  + f ) h w ,  w =w(s),  n = 0 ,  1, 2, . . . 
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The averaged matrix operator is 

H ( E )  = j d u ( ) . ) ) ( P m "  - E )  ((.I) 
j d4l.))((.l) = I 

The detailed transcription of Eq. (28) takes the form 

( 2  ) d s  ( 2 ds 
d 2  
ds 

G , X +  - + Q  e+ D + M + -  

These matrices have certain symmetry properties important in the follow- 
ing treatment. Denoting the matrix transposal as a curly overbar, we find 

G = G ,  O = D ,  M = M ,  Q = - Q  (32) 

We should not overlook the fact that the integrals in (31) diverge. Their 
singularities are generated by the zero of the Jacobian at the point v = 
-K-l. J-I = (1 + Ku)-', occurring on the boundary of multivalued region. 

We eliminate that complication by a formal trick: Consider evaluation 
of matrix G ,  for example. In a complete basis set the following identities 
are true for a functionf(u1: 

l.))f(~)((.ld~ = f W *  w = j I.)b((.ldu 

w k k + ,  = (h/2Pw)"'(k + 1)"2, w k k - 1  = (h /2@w)1 '2k1 /2  

w k , = o  ( I # k + l ,  k - 1 )  

They enable one to calculate G as 
G = ( I  + K W ) - 2  (33) 

For a truncated basis this procedure is an approximation, but it is ex- 
pected to converge together with expansion (27) when the basis increases. 
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Equation (33) is an essence of the NRC approximation, neglecting the 
multivalued region and the corresponding singularity. It seems to be rea- 
sonable in the case of low energy and small curvature, when the mul- 
tivalued region is classically inaccessible at least for several lower vibra- 
tional states (P,,. An explicit criterion reads 

Here f i l  is the classical vibrational amplitude for n = 0. When condition 
(34) is violated, the NRC calculation diverges as the basis increases 
[strictly speaking, Eq. (27) then represents an asymptotic expansion]. The 
remarkable signal is that the determinant of G, as calculated by Eq. (33), 
becomes negative. (The true matrix G must be positive definite.) 

3. Symmetrization and Averaging of the CC Hamiltonian 
Let us write the symmetrized CC Hamiltonian 

Here, g,, = g,, and g,, are the elements of the metric tensor (17). An 
extra potential term V3(rr y )  arose due to the symmetrization. Its explicit 
expression is cumbersome (Basilevsky and Ryaboy, 1980b) and is not 
given here. 

Now we recall vibrational potential: 

Vkl)(y - yb”, r )  for y < 0 (reactants) 
Vk2)(y - yb”. r )  for y > 0 (products) 

(35) I VAr, Y )  = 

So we have a pair of equations for basis functions: 

The distinction of vibrational Hamiltonians h‘” and h‘2) comes from Eq. 
(35). 

According to Eqs. (35) and (36), the functions cpL1) and c p f )  are defined 
on the half-axes y < 0 and y > 0, respectively. It is expedient to extend 
them onto the whole y range in some naturally continuous manner. Then 
the basis functions will be continuously defined for all y .  One is required 
to add an extra term to the Hamiltonian in order to compensate for a 
change of the true potential ( 3 9 ,  namely, 
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where pz(r, y) is a sum of two potentials (35) spread over the wholey axis. 
The so-determined basis functions fail to be orthogonal 

In the overall (“double”) basis 

( ($01 = (cpc“’, $ 9 9  (38) 

the expressions (37) define the matrix of overlap integrals (+. The transla- 
tional matrix Hamiltonian equals 

We again omit the explicit expression. [It has been obtained for a slightly 
different matrix Hamiltonian, changing stepwise on the cut formed by the 
r axis (see Section 111,D)l. To proceed further we need only indicate the 
symmetry properties [similar to those in Eq. (32)l inherent in the matrix 
coefficients 
A = A ,  B = A ’  + b, b = -6, C = 16’ + C. c = E (40) 

If one neglects interactions between the reactant and product chan- 
nels, then the basis set becomes orthonormal and the matrix Hamiltonian 
takes the block form 

reactant 
channels 

H ( E )  = (*); channels product 
+ 

reactant product 
channels channels 

The calculation of the matrices H“)(E) and Ht2)(E) involves only the basis 
functions of reactants or products, respectively. This factorization occurs 
in the region where the NRC approximation is valid. 

4. The Basis-Set Transformutions 
The self-conjugation property of the original Hamiltonian 2f is trans- 

ferred onto the translational Hamiltonian H(E)  as the symmetry condi- 
tions (40). They prove to be invariant under transformations of the type 

x = UY (42) 
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where U is a square matrix and Y is a new unknown solution. By a 
comparison of Eqs. (42) and (27), we conclude that U can be regarded as a 
linear transformation of a basis set 

((Pll = ( ( P ( U  (43) 

(44) 

The equation for Y is 
H,(E)Y= AIY” + B I Y ’  + CIY = 0 

and its matrix coefficients obey the same symmetry relations: 

The explicit expressions for the matrices b,  and c1 are available after 
trivial algebraic manipulations. If U is orthogonal (UU = 1). then 

b1 = UbU + UAU’ - O‘AU 

c ,  = UcU + j [ (UbU’  + UTU’) -- + (C’AU’)’ + (UAU’) ’ ]  - O’AU’  

If U satisfies the equation 

AU’ = -jbU (46) 

then bl = 0 and c1 = ~ ( - i b A - l b ) U  + UcU. The latter transformation is 
of practical importance because it enables one to completely eliminate the 
first-derivative term in Eq. (28); see Section V,A,2. 

B. Natural ( N )  and Double (2N) Representations 
1 .  Dejnitions 

Let us accept a convention that the numbers of channels of reactants 
and products are the same, each being equal to N, and that they do not 
change along the translational coordinate. (This restriction is not at all 
necessary. Its violation complicates the notation but does not modify the 
following reasoning.) We shall call “double” (or 2N) that representation 
of the one-dimensional matrix Hamiltonian using the double basis (38). 
The natural representation, considered above in a relation with the NRC, 
will be also called the N representation. 

The translational coordinate has a lower bound in the double represen- 
tation (0 < r < a), but it changes within infinite limits in the natural 
representation (-m < s < 00). We shall refer to the basis functions pi1) and 
pi2’ as vibrational states of reactants and products, respectively, no matter 
what their position is on the translational coordinate. The most important 
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peculiarity of the double representation is the presence of the nonvanish- 
ing matrix elements between the reactant and the product states. There- 
fore, coupling occurs between the reactant and product channels in the 
interaction zone. The coupling is absent in the natural representation as a 
formal result of the elimination of the multivaluedness of the NRC. That is 
why only the double representation is able to provide a complete descrip- 
tion of the reactive scattering in the interaction zone, but only an incom- 
plete model description is available in terms of the natural representation. 

On the other hand, the coupling between the reactant and product 
channels vanishes in asymptotic regions. So the natural representation 
becomes accurate there. Moreover, it is most convenient to describe the 
asymptotic regions. Therefore it is desirable to reveal a connection be- 
tween the two representations in the region where both of them are ac- 
ceptable. 

2 .  The Relation between Double and Nrrturnl Representations in Asymptotic 
Regions 
Two equivalent forms of a general solution of the translational equa- 

tion (28) can be written if both representations are true: 

2N 
J 

X"'(s) = N [ ( ) (47a) 

which is the natural representation, and 

which is the double representation. 
The braces indicate the dimensions of the matrix blocks. The number 

of independent solutions in the natural representation (that is, the number 
of columns in matrix X'") is twice as large as the basis dimension, be- 
cause a second-order differential equation is dealt with. The number of 
independent solutions in the double representation is 4 N .  However, as 
will be shown in the next section, half of them are unnecessary and should 
be omitted. We return to Fig. 5 and correlate a pair of values s(l) and d2) 
with every value of the translational coordinate r .  Then there arise a pair 
of equivalent expressions for the two-variable wave function A, satisfying 
the original equation (23): 



24 M. V. Barllevsky and V. M. Ryaboy 

NRC: ((A1 = [JNRC(d1), u ) ] - ' / ~ (  (+d1'IX"'(s")) 

CC: ( (A1 = [ J C C ( r ,  Y ) ] - " ~ (  (p(l)lX(zN*l)(r) 

for y < 0 (reactants) and 
NRC: 

CC: 

((A1 = [JNRC(dz', u ) ] - ~ / ~ (  ( ~ ( z ) ( X ( N ) ( d z ) )  

( ( A (  = [JCC(r ,  Y ) ] - " ~ (  ( q ~ " ) ( X ( ~ ~ * ~ ' ( r )  

for y > 0 (products). 
Now we use the fact that the asymptotic regions are treated, so even 

in the double representation only the functions (pi1) are needed in the 
lower half-plane ( y  < 0). The exponentially vanishing contributions from 
qj2) can be neglected. Quite similarly, only the functions cpJa) can be con- 
sidered in the upper half-plane ( y  > 0). 

The next step is to equalize the two expressions for A,, indicating the 
two points essential in the further treatment: 

(1) The mutual transformation of translational coordinates does not 
depend on vibrational coordinates, so the interchange r c * s  is a 
one-dimensional transformation (see Section II,C,4). 

Hence the ratio of Jacobians is independent of the vibrational coordi- 
nates: 

JNRCIJCC = [(l) = - ( d . ~ ( ~ ' / d r ) - ~  > 0 (reactants) 
(products) [ fZ )  = ( d P / d r ) - l  > 0 

(2) Vibrational functions cpf are the same in both representations. 
With these observations in mind the following final relation is ob- 

tained: 

C. Commentary 
Section ZZZ,A,Z. The symmetrizing transformation (24) for NRC was 

introduced by Marcus (1966) and Rankin and Light (1%9). It had been 
mentioned earlier by Wilson et al. (1955). 

Other procedures of eliminating the singularity of the 
metric tensor were elaborated in earlier NRC calculations (Miller and 

Section ZZZ,A,2. 
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Light, 1971; Wu and Levine, 1971). Formulas like Eq. (33) have been 
thoroughly discussed by Basilevsky and Ryaboy (1978, 1979a). 

The double basis treatment was originally applied to 
reactive scattering by Diestler (1971) and Shipsey (1972, 1973). Our pre- 
sentation is based on the paper by Basilevsky and Ryaboy (1980b), but 
not completely. The approach here is closer to that of Diestler and Ship- 
sey. In its present version the interaction between the reactant and prod- 
uct channels is gained by means of the off-diagonal blocks of the matrix 
H W ) .  

The method dealing with the numerical basis functions, obtained as 
exact eigenfunctions of the vibrational Hamiltonian with a double-well 
potential (Kuppermann et al., 1980; Romelt, 1980; Hauk et al., 1980) can 
also be considered as a version of the “double representation.” 

The kinetic energy operator of CC has a singularity at the point I’ = 0. 
It may be eliminated like the NRC singularity (Section III,A,2). How- 
ever, just as in the NRC case, its formal elimination does not guarantee 
that the basis expansion for a solution will converge. To ensure that, the 
point r = 0 should be placed in a classically inaccessible region (see Sec- 
tion II,C,2 for a discussion). 

The double representation mostly resembles the regu- 
lar formulation of many-channel scattering theory as presented in stan- 
dard texts (Newton, 1966; Taylor, 1972). It is nontrivial, so that its 
application becomes, in fact, necessary, when reactions H + LH are 
considered, in which the interaction between the reactant and product 
channels is especially important. 

Section ZZZ,A,3. 

Section ZZZJ, I .  

IV. One-Dimensional Reactive Scattering 
In standard texts (Newton, 1966; Taylor, 1972) the general scattering 

theory is presented in an abstract operator form. When a particular rep- 
resentation is considered, its conclusions are true for complete basis sets 
in which both matrices and the vectors operated by them are of infinite 
dimension . 

Practical calculations deal with truncated basis sets, so that a dimen- 
sion of all matrices and vectors is finite. It seems natural to consider such 
a formulation of the reactive scattering theory with a limited number of 
channels, which resembles as much as possible the standard (operator) 
formulation. Hence we examine the general properties of the solutions to 
the one-dimensional matrix Schrodinger equation H(E)X = 0. The main 
conclusion is that all the basic theorems of the scattering theory will be 
satisfied exactly for a basis expansion of any size if the matrix Hamilto- 
nian H ( E )  obeys the symmetry properties (40). 
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Two points are essential when the general multichannel case is dealt 
with. 

(1) It is necessary to start with the complete formulation of the theory, 
as originally proposed by Diestler (1971). It is the complete 2N represen- 
tation of one-dimensional solutions that most closely corresponds to the 
standard treatment of the textbooks on scattering. 

(2 )  Even in its complete formulation the reactive scattering problem 
contains some peculiarities as compared to the standard theory. First, the 
asymptotic directions for the reactant and product waves do not coincide 
with the usual radial direction. Second, the boundary conditions at the 
scattering center differ from the usual ones for chemical coordinates. 
They must provide continuity of the wave function and its derivative 
when passing from the reactant to the product channels. 

The first peculiarity is included in the theory by introducing the 
“mixed representation” (Basilevsky and Ryaboy, 1981). The second is 
taken into account by a special selection of boundary conditions for chem- 
ical coordinates. After that, a regular Wronskian analysis of the scattering 
S matrix is available. It is based on the concept of the generalized matrix 
Wronskian that can be introduced for a pair of solutions of the equation 
H(E)X = 0. The fact that this matrix is independent of a translational 
coordinate ensures the conservation of the probability flux in a process of 
a chemical rearrangement. That leads to an internally consistent closed 
theory underlying the practical calculations. 

A. Solution of the Equation of Motion 
1. Matrix Propagator (the R Matrix) 

The basic equation (28) embodies a linear set of differential equations. 
In a regular treatment its solution is reduced to a calculation of the prop- 
agator or the matricant (Gantmakher, 1966); it is also referred to as the R 
matrix. The definition of the R matrix reads 

The numbers 1 and 2 denote a pair of different values of a translational 
coordinate; X is some general solution of the set (28) [i.e., a matrix such 
as (47b)l; and X ’  is its derivative with respect to the translational coor- 
dinate. A prescription for calculating R(2 ,  I )  follows from this definition: 
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All matrices here are implied to be square. So, if the double representa- 
tion is meant, then not only 2N independent solutions (47b) are needed, 
but all 4N solutions. 

The evaluation of R matrix is a main computational step in the reactive 
scattering problem. 

The structure of the propagator matrix becomes evident by compari- 
son of Eqs. (49) and (47b): 

2N 
r 

for a natural N representation, and 

R(2,  1) = 

functions 

lerivative5 

\ 

\ 1 reactant 
channels 

1 :::x:;s 
reactant I channels 

for a double 2N representation. The R matrix is one among possible 
complete sets of independent solutions of (28).  So it is nonsingular. It 
satisfies the composition relation 

R(3,  I )  = R(3,  2 )R(2 ,  I )  (51) 

2. Regular Solutions in the Double Representation 
In the double representation we have to select from 4N independent 

vector solutions of (28) the 2N physically meaningful ones. (In the natural 
representations all 2 N  solutions are physically meaningful.) These solu- 
tions, called “regular,” are fixed by a boundary condition imposed at the 
point r = 0. It is different for physical and chemical coordinates. For 
physical coordinates: 

2N - 
det A # 0 x (2”( 0 ) (m) = ( X ) ) 2 N 9  

Here A is a nonsingular 2N X 2N matrix. Equation (52a) states that at 
I’ = 0 the function X(2N’(r) is continuously matched when passing from the 
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reactant to product channels, but its derivative displays a rupture. The 
latter conclusion follows from the condition that A is a nonsingular 
matrix, which is clearly illustrated by the particular example A = I .  So 
the translational motion in the reactant and product channels is incor- 
related. 

For r # 0 a regular solution is defined as 

2N 2N 

Integration of the equation of motion proceeds from r = 0 to such a 
point r ,  corresponding to asymptotic regions for both the reactants and 
products. 

For chemical coordinates the transition from the reactant to product 
channels at r = 0 must also provide the continuity of the solution X‘2N’. 
The derivative X ’ ( 2 N )  must change its sign, because the actual directions 
of the product translational coordinate is opposite to that of the reactant, 
and that leads to the boundary condition 

The rectangular N x 2N matrices are arbitrary, except for a single restric- 
tion imposed by the latter condition of nonsingularity . 

There exist 2N linearly independent vector solutions. That is to say, 
the rank of the matrix in the left-hand part of Eq. (53) equals 2N. The 
proof (Lankaster, 1969) uses the latter of conditions (52a) or (52b) and the 
fact that the propagator is a nonsingular 4N x 4N matrix. 

3 .  Mixed Representation 
The natural N representation is visual, but it is inapplicable in the 

multivalued domain of NRC, where reactant and product channels inter- 
act. It is, however, always applicable in the asymptotic regions. On the 
other hand, the double 2N representation may be necessary in the interac- 
tion region, but now a description of asymptotic regions is inconvenient. 
The latter is a consequence of the fact that the direction of the transla- 
tional coordinate r does not coincide with the asymptotic PES directions. 
That is why the variables are not separable in the asymptotic regions. So it 
is desirable to combine the 2N description of the interaction region with 
the N description of asymptotic regions. 
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The relations connecting the two representations in the region where 
both of them are valid were derived in the preceding section [Eq. (48)l. A 
pair of values of the NRC translational coordinate s corresponding to the 
reactant (s(*)) and product (d2)) regions are correlated with each value of 
the CC translational coordinate r (see Fig. 5 ) .  

We shall consider as functions of I' the quantities stl) and d2) as well as 
the derivatives (,$(l))-l = -ds"'/dr and ( fC2) ) - l  = dsU'/dr: 

s(1) = s(1) ( r ), s(2) = p ( I ' ) ,  ((1) = t"'(r), ((2' = p ( r )  

Relations (48) allow the introduction of the mixed representation for a 
solution of Eq. (28) 

reactant 

product 

reactant 
d channels 
ds product 

channels 

-  mix) = 

(54) 

The mixed representation operates natural N solutions, but they are writ- 
ten in the double-2N form. The d / d s  operation in Eq. (54) is formally 
defined: the actual differentiation is performed with respect to different 
variables s ( l )  and P). 

This representation makes sense everywhere where the natural rep- 
resentation of solutions, needed for the evaluation of the quantities enter- 
ing the right-hand side of Eq. (54), is valid. If the regular solution has been 
found initially in the 2N representation, then those quantities are available 
by means of Eq. (48). If the curvature of the reaction coordinate is small 
and the interaction between the reactant and product channels may be 
neglected, then the mixed representation is applicable over the whole 
reaction plane, and the needed quantities are available by a straight- 
forward integration of Eq. (28) using the N representation. In the latter 
case the matching conditions (52b), which are inherent to the integration 
procedure, follow automatically. 

B. The Conservation of the Generalized Probability Flux 
1 .  Generalized Matrix Wronskian 

Let us consider the 2N representation of the one-dimensional Hamil- 
tonian H ( E )  having the symmetry properties (40). Two different regular 
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solutions obey the equations 

H ( E ) X ,  = 0, H(E)Xb = O 

We multiply the first one by kb from the left. Then we make a transposal of 
the second one and multiply it by X ,  from the right. The second result is 
then substracted from the first. After utilizing the symmetry properties of 
the coefficients A ,  B .  C we obtain 

[ X d X ;  -k %fix, + %bbX,]’ = 0 

The quantity in square brackets will be called the “generalized Wron- 
skian” : 

( 5 5 )  

We have thus obtained the conservation law for the generalized probabil- 
ity flux. The law usually applied follows, if we accept X ,  = X ,  &, = X*, 
8, = Xi (the asterisk and dagger represent the complex and Hermitian 
conjugation, respectively). Then, by definition, for the diagonal elements 
of matrix ( 5 3 ,  

w ( X b ,  x,) = Xbz4xh - X ~ X Q  + fbbx ,  = const 

ih 
- - - [X’AX’  - X ‘ I A X  + X ’ b X ] , ,  = const The probability flux 

for function 1 x,) ) 
The generalized Wronskian is invariant under the substitution X = U Y ,  
which converts the matrix Hamiltonian to the form of Eq. (44). Hence, 

w ( Y b ,  YQ) = F d l Y ;  - pfiA,Y~ + YbblYa = w ( X b ,  X Q )  (56)  

This identity can be verified after the explicit expressions for Al  and bl, 
from Section 111,A,4, are inserted into it. 

2 .  An Example: The Probability Flux in NRC 
The general results of the preceding section are of course valid in the 

natural representation as well. Then, according to Eq. (31), A = G and 
b = Q: 

(57) 

Let us check that the diagonal elements of this matrix represent the prob- 
ability fluxes defined in a regular manner for the initial two-variable solu- 
tions A, [Eq. (24)l. 

The regular definition of the probability flux is (Landau and Lifshitz, 
1963): 

- -  ‘ti [ X ’ G X ’  - X ’ + C X  + X + Q X ]  = const 
2F 

The probability flux) = 1 ( A  grad A* - A* grad A)n dv ( for function A 
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Here n is a unit vector normal to the line s = const. It should be treated 
as a contravariant vector (n = nu).  So its calculation performed with the 
NRC contravariant metric tensor (9) (Korn and Korn, 1961) gives 

Using Eqs. (24) and (27), we obtain 

A, = J-’”+,  = J-”z( (p lx , ) )  

In further manipulations the gradient vector should be treated as covari- 
ant, taking into account that the Jacobian J can be treated as a constant 
under the operation of covariant differentiation. After calculating the 
internal product (grad A),,n”, we obtain 

(The probability flux for function A )  

= ( ih /2P) [  ((x*IJ”ld(P/ds > ) J - 2 ( ( ( P j d u I x ) )  

+ ( ( d X ” / d ~ l S l d  )J-2(((PlduIX)) 

- ( complex conjugate expression)] 

= - ( i h / 2 ~ ) [ ( ( x ” I C l d x / d s  > )  - ( ( d x / d s l G I x ) )  

+ ((x*lQ1x>)l 
In this calculation we have utilized the fact that the functions (P,, are real 
and also the symmetry properties of the matrices G and Q. The so- 
obtained expressions for different l x ) )  = l ~ , ) )  coincide with diagonal 
elements of the matrix (57). 

3. The Separation of the Reuctant and Prodirct Fluxes 
If the interaction between the reactant and product channels has 

vanished (the NRC are applicable), then the Hamiltonian H ( E )  in CC 
becomes block diagonal [see Eq. (4111. If we take that into account in 
the calculation of the generalized Wronskian ( 5 9 ,  then 

W(X*. X a )  = w“’(xp, XL”) + wyxp,  XL2’) 

w(i)(x,i), x(i)) = gj,i)~ (i)x(i)f - kj,i)rA(i)x(i) 
a a a 

+ kii)b(i)x(i) 
a 

The superscript i indicates that only block matrices corresponding either 
to the reactant (i = I )  or to the product (i = 2)  channels are calculated. 
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We note now that w(& X,) = 0 for regular solutions. This equality 
means nothing other than a mutual compensation of the overall gener- 
alized fluxes due to reactants and products and represents the conserva- 
tion of the whole number of particles along the translational coordinate 
(with account taken of different signs of this variable for reactants and 
products). It is automatically provided by the boundary conditions (52a,b) 
at r = 0. 

Now we can continue the equality w(&, X,)  = 0 to the asymptotic 
region (large values of r )  in order to derive 

wyxp, Xi”) = - W(Xf), Xi”) 

This equality (with different signs of the translational variable taken into 
account) guarantees the conservation of 2N x 2N matrix of the gener- 
alized flux, when passing from the reactant to the product asymptotic 
region through the interaction region. 

C. Scattering Matrix 
1. Asymptotic Solutions 

In asymptotic regions the NRC (but not the CC!) variables are separa- 
ble. The translation solution X(”(s)  [Eq, (47a)l can be expressed in 
terms of two square diagonal matrices, Jw)  and 6”): 

N N  -- 
Xw) = N { ( J ( N ) ( o ( N ) )  

Their diagonal elements represent the incoming and outgoing waves, re- 
spectively. Assuming normalization to the 6 function of energy, we can 
write 

(the positive value of the square root is taken; V, are the asymptotic 
channel potentials). These definitions cover both open and closed chan- 
nels. In the latter case the asymptotic wave numbers k, are purely imagin- 
ary values. (Later, in the treatment of resonances in Section VII, k, will 
become complex values). That should not be overlooked when preexpo- 
nential factors are calculated. Some of the relations derived in the rest of 
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this section are true only after careful selection [for instance, in accord 
with Eq. (St! ) ]  of the phase factors in the asymptotic solutions. 

For closed channels the increasing depth into asymptotic regions ex- 
ponents are included in J"' and the decreasing exponents are included in 
0"'. That agrees with the usual formulation of the scattering problem: 
given the amplitudes of incoming waves (J,J,  one has to determine the 
amplitudes of the outgoing waves (Om). We accept zero amplitudes for the 
increasing exponents in order to satisfy the regular boundary conditions. 
The amplitudes of the decreasing exponents represent the contributions to 
a regular solution from closed channels, which are to be determined. 

We now pass to the mixed representation and write 

These are the solutions but not the regular ones. If they are continued 
through the interaction region to the point I' = 0, the boundary conditions 
(52) are violated. 

2 .  The Wronskian in Asymptotic Regions 
Next we construct the Wronskian (55 )  for a pair of solutions X ,  = X!j2m 

and X b  = Xi"). In asymptotic regions A = I and b = 0; hence, the gener- 
alized Wronskian turns 'into a usual Wronskian: 

w(x,. x b )  = x a x i  - XLxb = const (59) 

(double representation in asymptotic regions). The calculation of this 
quantity is performed with the use of the mixed representation, specially 
adapted for the treatment of asymptotic regions. The derivatives in Eq. 
(59) are interpreted as the operators d/dr .  We transform them into d/ds") 
and d / d ~ ' ~ )  by Eqs. (48). The same formulas are used to transform the 
solutions X, and Xb . We omit the technical details of the transformations 
(Basilevsky and Ryaboy, 1981) and arrive at the final result 

N N  -- 
Let us demonstrate the utility of this formula by calculating the Wron- 
skian for asymptotic solutions Pm and .V2"". They are easily expressed in 
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the mixed representation (and only in it!) by Eqs. (58). Substituting them 
into Eq. (60), we obtain 

W(6, J )  = -2aiZ (61) 

Equation (62a) represents an obvious identity; Eq. (62b) follows from the 
boundary condition for regular solutions (see Sections IV,A,2 and 
IV,B,3), but appears to be an identity for diagonal matrices J and 0 
representing irregular solutions. 

3. The Jost Matrices and the Scattering Matrix 

The two Jost matrices corresponding to it are (Newton, 1966) 
Consider a regular solution, no matter whether physical or chemical. 

wo = w( 0, x), WJ = w(J, x) (63) 
Being Wronskians, these quantities are independent of the translational 
coordinate. The following identity holds: 

x = (-2ai)-'[Jwa - ~ W J ]  (64) 
It may be verified by the calculation of the Wronskians with J and 0 in a 
combination with the right- and left-hand sides of Eq. (64) with account 
taken of relations (61) and (62b). According to the theory of linear differ- 
ential equations (Gantmakher, 1966), the multiplication of Eq. (64) from 
the right by a constant 2N X 2N matrix again gives a solution of the set of 
Eqs. (28), and besides, as may be easily verified, this new solution will be 
regular. 

A particular regular solution that is searched for in the scattering prob- 
lem has the following form in asymptotic regions 

X = J - O S  (65) 
This relation can be regarded as the definition of the scattering matrix S. 
The solution (65) is obtained from the general solution (64) by multiplica- 
tion by the constant matrix -2aiW;' from the right. Hence it follows that 

s = WJW,' (66) 
We obtain explicit expressions for Jost matrices calculating Wronskians 
(63) by means of Eq. (60). They are 
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It is sufficient to comment on the definition of block Wronskians in Eq. 
(67) by a single example 

Here a detailed notation for blocks of the regular solution X in the mixed 
representation is used, the detailed treatment of Eq. (54): 

N N -- 
X ( m i x )  = N( (+) X;”(s(l)) XiM(s(l!) (.XI 

That corresponds to acually calculating the Wronskians in the natural 
representation for asymptotic regions. 

The value of the S matrix does not change with the different choice of 
points r ,  s(l), and s(*) in the asymptotic regions because the Wronskians 
(67) are independent of the translational variable. 

N{ X ~ ” ( S ( ~ ) )  X!~”’ (S (~) )  

4 .  Projection of the Scattering Mutrix onto Open Channels 
Not all of the S matrix (66) is of practical interest: only its block, 

corresponding to open channels. We introduce the notation S+ for such a 
physical S matrix. There exists a similar to the Eq. (66) representation of 
the S+ matrix as a product: 

S +  = Wf(W$,- l  (68) 

In order to derive the expressions for the comultipliers in the right-hand 
part, we write the general solution (64) in the mixed representation 

( - 2 0 i ) - 1 [ ~ ( m i x ) w ,  - g(rnix)W] (69) X(mix)  = 
J 

It involves increasing exponents, the closed-channel elements of the ma- 
trix J(rn’x) .  They can be eliminated after multiplying Eq. (69) from the right 
by such a constant matrix c that we get 

W ~ C  = K ,  K = AK,  A’ = A 
A(Z - A)  = ( I  - A)A = 0 
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Here A is the matrix projecting onto open channels. Being diagonal in the 
mixed representation, it commutes with the diagonal matrices J(mix) and 

Let us redefine the indices of 2N x 2N matrices in such a way as to 
in asymptotic regions. 

distinguish their blocks, corresponding to open and closed channels: 

2N channels channels 
open closed 

In this representation 

The contents of the shaded blocks are not essential. With this notation the 
following expressions are obtained for the projected Jost matrices 
(Basilevsky and Ryaboy, 1981): 

Wf = L +  = OJ - bjdz'co, W $  = K+ = 06 - bodz'co (71) 

They follow from the formula for the general projected solution (69): X+ = 
(-2mi)-'[J+K+ - O + L + ] .  Here X+, J + ,  and 0+ are the upper left blocks of 
the respective full matrices. 

5 .  Properties of the Scattering Matrix 
Now we have to explicitly indicate the energy dependence of the 

solutions X = X ( E )  and formulate more precisely the definition of a regular 
solution: that is a solution obtained by Eq. (53) with the matrices of 
boundary conditions (52a) or (52b), which are real and energy indepen- 
dent. The matrix R(2, 1 )  is real for real energies because the same is true 
for the Hamiltonian H(E):  We conclude that regular solutions are also real 
for real energies, whereas for complex energies, 

X ( E * )  = (X(E))* (72) 

The definitions of J and 0 functions for open channels result in the follow- 
ing relations: 
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For the closed channels 

J(E)  = i-ll2 (real function) 

O(E) = (real function) 
(real energy) (74) 

These formulas are valid only if the convention concerning the choice of 
phase factors in Eq. (58) is accurately obeyed. 

It follows from Eq. (62b) W ( X ,  X)  = 
0. in which Eq. (64) should be substituted with the utilization of Eq. (63), 
that 

W ( X ,  X) = ( 2 a i ) - ' [ W ; ~ ~  - WOW;] 

a .  Symmetry of the S matrix. 

Then, in agreement with Eq. (66), we obtain 

S = S  (75) 

b. Gerieraiized unitarity of S+ matrix. Consider the projected Jost 
matrices (71). The properties of the quantities u ~ . ~  and bo,J follow from 
their definitions (70). Namely, they represent products of asymptotic solu- 
tions in open channels and the elements of regular matrix X or its deriva- 
tive. We can write, using relations (72) and (73), 

(ao(E))* = aJ(E*), (bdE))*  = b;(E*) 

(+(El)* = a#?*), (bJ(E))* = bAE*) 

The quantities cfl and do are the similar products with the only difference 
that they include asymptotic solutions 0, from closed channels. Now we 
use relations (72) and (74) to obtain 

( d  a'( €)CAE) ) * = d 8*( E ") CO( E *) 

Next, it follows from Eq. (71) that 

(Wf(€) )*  = W,$(E*), (W&(E) )*  = Wf(€*) 

( S + ( E ) ) +  = (S+(E*))- '  (76) 

( S + ) + S +  = S + ( S + ) +  = 1 (real energy) (77) 

Finally, we use the symmetry property (75) and derive from Eq. (68) 

The usual unitarity relation is revealed for a real energy: 
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D. Commentary 
Section ZV,A, 1. The propagator techniques have been originally 

applied in reactive scattering calculations in papers by Light et a/. (Light, 
1971; Rankin and Light, 1969; Miller and Light, 1971) for the natural 
representation. 

The matrix Wronskinan X&A - kfi, was introduced 
by Newton (1966) for the equation X ”  + CX = 0. Equation ( 5 5 )  presents 
its generalization for the equation AX” + BX’ + CX = 0. 

The results obtained in this Section B,3  clarify the 
selection of boundary conditions (52b) for chemical CC. They should be 
consistent with the condition W(X,,  X, )  = 0 in the special case when the 
metric tensor, the potential, and the basis functions are the same for the 
reactant and product channels. It is necessary that the antisymmetric part 
of the Hamiltonian, namely the matrix b in Eq. (40), vanishes when r -, 0. 

In Section IV,C we adopt the arguments from the stan- 
dard texts of the scattering theory (Newton, 1966; Taylor, 1972). The only 
modification is that we use the mixed representation in the treatment of 
Wronskians. The matrix P appears in Eq. (60) as a consequence of the fact 
that the translational variable has opposite directions for reactants and for 
products. 

The idea of projection of the S matrix onto open channels is due to 
Newton ( 1  966). 

Section ZV,B,I. 

Secrion IV,B,3. 

Section W , C .  

V. Quantum Calculations of Triatomic Reactions 
Quantum dynamical calculations provide the most complete and exact 

information concerning chemical reactions. The computational methods 
can be classified as “one-dimensional’’ and “two-dimensional”. The 
one-dimensional procedures use the matrix Hamiltonian (28) completely 
averaged over the vibrational variable, while the two-dimensional proce- 
dures solve numerically the original Schrodinger equation for a wave 
function depending on two variables. We shall consider some problems 
connected with ensuring the flux conservation (symmetry and unitarity of 
the scattering matrix) in relation to both procedures and illustrate the 
convergence of calculations by some examples. 

Discussion of the basic peculiarities observed in quantum calculations 
is necessary in order to work out model concepts and to estimate their 
quality. The main goal is to understand on a qualitative level the laws 
governing the energy redistribution in the exchange reactions and their 
dependence on the PES properties. Qualitative understanding may be 
achieved by elaboration of the models permitting analytical solutions and 
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describing the main effects registered in computer calculations. The re- 
sults of exact quantum calculations are of great importance: first, they 
give the numerical empirical basis for the development of models; second, 
they serve as a criterion of their consistency. 

A. Computational Methods 
1 .  ‘ ‘ Two-Dimensional” Integrcition Procedures 

By that we mean different realizations of a straightforward numerical 
integration of the original Schrodinger equation [Eqs. (23)-(25)l. The 
reaction plane in polar coordinates is divided into elementary sectors for 
which local solutions can be expanded over local vibrational basis sets. 
The standard averaging then gives local one-dimensional translational 
equations, which can be integrated by the methods discussed in Section 
V,A,2. A problem then remains of how to switch a solution from one 
sector to another. That is just the stage at which one has to return to a 
two-variable formulation, which clears up the term “two-dimensional.” 

Being based on the mutual projection of a pair of neighboring local 
basis sets, the procedure of matching local solutions is formulated in 
terms of overlap integrals involving respective basis functions. The corre- 
sponding overlap matrices are unitary if the both local sets are complete. 
Otherwise, the unitarity is disturbed. That is why a truncation of an ex- 
pansion disturbs the condition of the flux conservation. It therefore seems 
necessary to increase the size of the basis set in order to gain the sym- 
metry and unitarity of the scattering matrix to a required accuracy. 

However, the experience of calculations showed (Connor et al. 1978a) 
that these properties of the S matrix were attained with the accuracy up to 
2% prior to achieving the full convergency of a calculation; that allows 
enforcing them artificially. In particular, in the state path sum method 
(Manz, 1974, 1975; Connor et al. ,  1975), the exactly correct general be- 
havior of the S matrix was provided by a special modification of some 
matrix elements of the Hamiltonian. Light and Walker (1976) gained the 
same result by applying transposes of the overlap matrices instead of their 
inverses when switching a solution from one sector to another. Two more 
methods of performing the same switching without disturbing the flux 
conservation were discussed by Redmon and Wyatt (1977). By this means 
the practically quite satisfactory solutions may usually be obtained with 
basis expansions of moderate size. 

Different two-dimensional procedures have been suggested by Kup- 
permann (1970), Manz (1974, 1975), Connor et al. (1975), Light and 
Walker (1976), Askar et al. (1978), Johnson and Levine (1972); they are 
discussed in the reviews (Connor, 1979; Wyatt, 1979). 
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2. “One-Dimensional’’ Procedures: Integration Methods for 
One-Dimensional Translational Equations 
In one-dimensional procedures the analytical treatment of the problem 

is brought to a natural termination, and it only remains to use a computer 
for the integration of Eq. (28). One-dimensional treatment is attractive 
from the physical aspect, since it holds out the possibility of introducing 
some approximations in the matrix Hamiltonian W E ) ,  sometimes permit- 
ting the derivation of analytical solutions (see Section VI). 

Let us consider in more detail the technique of the integration of the 
one-dimensional equation (28). As shown in Section IV, its symmetry 
properties ensure the exact flux conservation. It is desirable that the com- 
putational procedure not discard this benefit. It is also understood that the 
calculations require a reasonable amount of computer time. 

The use of conventional numerical procedures (Diestler, 1971; Wu and 
Levine, 1971) and the exponentional method (Light, 1971) does not obey 
these requirements. In conventional methods the solution within each step 
is approximated by a polynomial. For oscillating solutions it is necessary 
to reduce the integration step (4 wave length), and that usually makes the 
calculation enormously expensive. Accuracy of the exponential method 
also strongly depends on a step size. 

The integration method free of these disadvantages was developed by 
Gordon (1969, 1971). Not the function but the potential is approximated 
on each integration step in such a manner that the equation within a step 
may be solved exactly. The potential within the step is supposed to be 
constant, or its linear interpolation is used. In the last case solutions may 
be expressed in terms of Airy functions. Gordon’s method was success- 
fully applied to inelastic scattering problems (Shafer and Gordon, 1973). 
There is a difficulty in its extension to the reactive scattering problem: the 
method requires a kinetic energy operator without a first-derivative term. 
However, the Hamiltonian (28) governing a chemical rearrangement al- 
ways contains the first-derivative term. Because of that, the utility of 
Gordon’s method in reactive scattering is provided only by means of a 
conformal transformation technique developed by Connor and Marcus 
(1970), which maps the wedge-shaped reactive region of Jacobi coordi- 
nates into an infinite stripe (Rosenthal and Gordon, 1976). 

Gordon’s idea on the simple approximation of a potential within each 
integration step underlies the other one-dimensional NRC method of in- 
tegration along the translational coordinate (Basilevsky and Ryaboy , 
1979a). In order to eliminate the first-derivative term in Eq. (28) the trans- 
formation (42) should be used with a transformation matrix satisfying Eq. 
(46). This equation is solved simultaneously with the main equation, in 
which the first-derivative term is canceled. In the spirit of Gordon’s idea 
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the whole integration region along the translational coordinate is divided 
into subintervals, and the matrix coefficients of Eq. (28) on each of them 
are assumed constant. This assumption provides an exact analytical solu- 
tion over an interval and permits the calculation of the matrix propagator 
by pure algebraic manipulations. An exact flux conservation is provided 
by special matching of the local solutions on the boundaries of adjacent 
iFtervals, taking into account a stepwise change of matrix coefficients. 

In such a manner the symmetry and unitarity of the scattering matrix 
are provided for any size of vibrational basis. 

3 .  The Convergence of Calculations: Some Examples 
Some data concerning the convergence of calculations are listed in 

Table I, and as may be seen, when calculating the H + H2 reaction the 
different two-dimensional procedures require the involvement of an ap- 
proximately equal number of channels. In one-dimensional procedures 
the needed basis expansions are slightly shorter. The calculations by the 
state path sum method are the most laborious, however, they are probably 
the most accurate (see the discussion by Connor et al., 1978a). The data 

TABLE I 

CONVERGENCE OF CALCULATIONS I N  A CLOSE-COUPLING APPROXIMATION 

Reaction N" P b  Reference 

H + HZ 15 
11-14 
16(11)' 

12 
9 
5 d  

F + Hz 21 
20-22 

1 6c 
12-15 

H + Fz 31 
13 

H + Clz 18 
8 

280 

102 

30d 
210 

333-622 
110 

415 
50 

50 

Adams er a/. (1974) 
Johnson (1972) 
Light and Walker (1975) 
Rosenthal and Gordon (1976) 
Wu and Levine (1971) 
Basilevsky and Ryaboy (1979a) 
Adams er a / .  (1974) 
Connor et a / .  (1978a) 
Light and Walker (1976) 
Schatz et a/. (1975a) 
Connor er a/. (1978b) 
Basilevsky et al. (1982b) 
Baer (1974a) 
Ryaboy and Chudinov (1981) 
Basilevsky et a/. (1982b) 

Size of vibrational basis set. 
Number of subdivisions of the interaction region. 
Harmonic primitive basis (size of contracted basis in parentheses). 
A model H + HZ PES was used. 
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on the convergence of calculations for H + Hz, H + Fz, and H + Clz, 
obtained by means of the one-dimensional procedure (Basilevsky and 
Ryaboy, 1979a) need some comment. It should be remembered that some 
terms in the matrix Hamiltonian, which seemed unessential from the phys- 
ical standpoint, were neglected in this method. A satisfactory agreement 
of the obtained results with the other calculations (qualitative for the 
reaction H + Hz when the model PES was used) and with the experimen- 
tal data justifies the simplifications introduced, which considerably facili- 
tated the computational labor. 

One-dimensional calculations of the reactions H + Hz, H + Fz, and H + 
Clz (Basilevsky and Ryaboy, 1979a; Ryaboy and Chudinov, 1981; 
Basilevsky et al., 1982b) were executed in the original NRC formulation 
(Marcus, 1966) with the minimum energy path taken as the reference 
curve. The corresponding vibrational potentials are well adapted to re- 
produce the inherent properties of PES. This is its main distinction from 
the other NRC treatments, when the reference curve is specified indepen- 
dently of the PES properties (for example, as a circumference of a con- 
stant radius (Johnson, 1972; Adams et al., 1974; Light and Walker, 1976). 
An exact compliance of the vibrational basis with the shape of a PES in 
the Marcus formulation of NRC is probably one of the reasons of the rapid 
convergence of the corresponding calculations (see Table I). However, it 
is necessary that the inequality K l 6  < 1 be satisfied along the whole 
reaction path (see Section III,A,2). (Here K is the reaction path curvature, 
1 is the classical vibrational amplitude, and n is the number of channels 
involved in calculations .) 

Therefore it is essential that the convergence in the one-dimensional 
NRC calculations should be achieved by means of a sufficiently small 
basis set. See Section VI,C,4 for a more detailed discussion. 

B. Some Results of Quantum Calculations of Exothermic Reactions 
1. Classijicution of Triatomic Systems und the Main Quantum Effects 

The list of reactions for which quantum dynamical calculations were 
executed is presented in Table 11. The full reference list may be found in 
the reviews of Truhlar and Wyatt, 1976; Bernstein, 1979; Connor, 1979; 
Wyatt, 1979. The reactions are grouped according to the mass relation in 
the given reactive system, which defines the angle Bo between the asymp- 
totic directions of a PES. A ratio hw+/ho- of the product vibrational 
quantum to that of reactant and a reaction exothermicity in the units of 
product vibrational quantum ho+ are also listed. These values represent a 
set of parameters which mainly determine the reaction dynamics in the 
scope of each group. 

The ratio hw+/hw- is close to unity for all thermoneutral and nearly 
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TABLE I1 

CLASSIFICATION OF TRIATOMIC EXCHANGE  REACTION^ 

Mass 
relation Reaction eo hw+ifrw-  pi^+ 

L + LL 
L + H L  

H + LL 

L + HH 

H + LH 

H + Hz -+ H2 + H and isotopic variants 
H + FH -+ H F  + H and isotopic variants 
Li + FH -+ LiF + H 

F + Hz -+ HF + H and isotopic variants 
C1 + H2 -+ HCI + H and isotopic variants 

I + H2 -+ HI + H 
0 + H2 -+ OH + H 

MU + F2-+ MuF + F 
H + F z - + H F + F  
D + F2 -+ DF + F 
T + F2 -+ TF + F 

H + C&-+ HCI + C1 

O + H B r - + O H + B r  
C1 + HBr -+ HCI + Br 

Cl + HI -+ HCI + I 
I + HI-+ HI + I 

D + Cl2 -+ DCI + C1 

60 1 0 
87.1 I 0 
83.3 0.22 -0.4 
46.4 0.94 3.7 
45.8 0.68 -1.3 
45.2 0.53 -5.4 
46.7 0.85 -0.2 
86.9 13.6 2.9 
80.9 4.7 8.3 
77.4 3.4 11.4 
74.9 2.9 13.7 
83.2 5.3 5.3 
80.5 3.8 7.6 
15.4 1.4 2.2 
11.5 1.1 1.8 
10.8 1.3 4.8 
7.2 1 0 

~~~ ~~ 

a hw+/hw-,  ratio of product and reactant vibrational quanta; Q/f iw+,  heat effect in 
units of product vibrational quanta. 

thermoneutral reactions of L + LL and L + HL groups and also for H + LL 
reactions with a small (if measured in units of hw+ quanta) exothermicity. 
By that reason, for these groups of reactions the vibrational frequency 
decreases in the interaction region where both chemical bonds are loose, 
as compared to the asymptotic values w+ and w- (the frequency reduces 
by one-half for the H + H2 reaction). When the potential bamer is low, the 
wells are expected to arise in the adiabatic channel potentials. As a result, 
the quasi-bound states and (as numerous quantum calculations have 
shown) the Feshbach-type resonances in the energy dependence of transi- 
tion probabilities occur. Quantum calculation of the energy dependence 
for H + LH group (when the angle Oo is small) was executed only for the 
I + HI reaction (Kaye and Kuppermann, 1981; Manz and Romelt, 1981) 
and also have revealed a resonance. Here the small value of angle Oo is 
responsible for resonances independently of the existence of potential 
wells in the adiabatic channel potentials. That is confirmed by the trajec- 
tory oscillations within the corner of a PES, as observed in classical 
calculations (Parr et d., 1973a). The resonance behavior of transition 
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probabilities represent the most important and interesting peculiarity in 
the above-mentioned groups of reactions. 

Three characteristic properties of L + HH reactions: large exothermic- 
ity, large h o + / h o -  ratio, and large value of the angle 8,, suppress the 
generation of the quasi-bound states in the interaction region. These reac- 
tions are characterized by inverse vibrational populations of product 
states with a rather narrow bell-shaped distribution. We shall classify 
reactions of the L + HH type as semiclassical. The reason for that will be 
clear from a model investigation in Section VI. 

The characteristic properties of the different types of reactive systems 
are most clearly manifested in energy dependencies of transition prob- 
abilities. These dependencies for reactions H + Hz (Wu and Levine, 
1971), F + H, (Schatzet al., 1975a), and H + Cl, (Baer, 1974a) are shown 
in Fig. 6. The values of corresponding vibrational quanta (the natural 
energy units) are also indicated. The resonance behavior of transition 
probabilities for L + LL and H + LL reactions is obvious from Fig. 6a,b. 
A selective population of the highest open vibrational level is the charac- 
teristic property of the F + Hz reaction. Contrary to that, a smooth energy 
dependence characterizes L + HH reactions (H + Clz, Fig. 6c). An in- 

I -kw+ 

Fig. 6. Energy dependence of transition probabilities for different types of reactions: 
(a) H + H2 (Wu and Levine, 1971); (b) F + H2 (Schatz et a/ . ,  1975a); (c) H + C12 (Baer, 
1974a). 
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verse population is evident, but vibrational levels are populated less selec- 
tively than in the F + H2 reaction. 

2. Polanyi's ClassiJcation of PESs 
According to Polanyi each PES can be characterized by a certain 

relation between the three types of the energy release, namely, the attrac- 
tive A,  mixed M, and repulsive R releases. This classification was first 
introduced in 1966 (Kuntz et al., 1%6). There are three ways to define A,  
M ,  and R values for a given PES. In particular, attractive energy release 
AL is measured as an energy change along the reactant valley direction 
between the top of the potential barrier and the point, where attraction is 
changed by repulsion (see Fig. 9b). The rest of the energy change down to 
the asymptotic bottom of the product valley is repulsive release RL. The 
A,, M, , and R, values are measured along the minimum energy path and 
AT, MT, and RT are measured along a single reactive trajectory. (For 
details of this classification see Polanyi, 1972; Polanyi and Schreiber, 
1974b; Perry et al., 1974). 

A similar classification may be introduced also in terms of NRC. Here 
the energy release is measured along the reaction path representing the 
NRC reference curve (Basilevsky and Ryaboy, l978,1979a,b). In particu- 
lar, the AL value corresponds to an energy change between the top of a 
potential barrier and the maximum curvature point. Then RL is the rest of 
the energy change down to the bottom of the product asymptotic region. 
When introducing A,,,, M,, and R, values, we invoke the natural division 
of the reaction path into three subregions: the product and reactant 
asymptotic regions and the interaction zone (the nonzero curvature re- 
gion). Then the A, value corresponds to an energy change between the 
top of the potential barrier and the boundary of the interaction zone (A, = 
0 if the top of the barrier is located within the interaction zone), and the R, 
value corresponds to the energy change in the asymptotic product region. 
The mixed-energy release M ,  coincides with the energy change within the 
interaction zone. This value plays a primary role in reaction dynamics 
because transitions between vibrational levels occur only within the in- 
teraction zone. A repulsive energy release has no effect on a product 
vibrational distribution. Finally, the increase of the AL value correlates 
with an increase of the translational energy within an interaction zone. As 
this take place, a product population inversion is stimulated (see Sec- 
tion VI). 

3 .  Polanyi's Rules and Quantum Calculations 
Polanyi and his collaborators (Kuntz et a/ . ,  1966; Polanyi, 1972; Ding 

et a / . ,  1973; Polanyi and Schreiber, 1977; Polanyi et a / . ,  1976) have per- 
formed complete experimental and theoretical (by the classical trajectory 
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method) investigations of the exothermic exchange reactions with the aim 
of revealing of the main dynamical laws. 

The main conclusions may be formulated as follows: 

(1) The mean fraction of the product vibrational energy f\ is propor- 
tional to the fraction of the attractive energy release (%AL) [or to the sum 
of the attractive and mixed-energy releases %(A, + MI,,) if the trajectories 
cutting the corner of PES play an important role]. 

(2) The more the reactant translational energy, the more the product 
translational energy; as this takes place, the f\ value decreases. 

(3) The more the reactant vibrational energy, the more the product 
vibrational energy. In this case the product vibrational distribution be- 
comes wider and more complicated in form. 

The proportionality lawf, - % A  holds for L + HH-type reactions (the 
“light-atom anomaly” condition). For other mass relations a high degree 
of vibrational inversion may also be achieved on a repulsive PES. The F + 
H2 reaction represents a good example (% RL is equal to 99%). The 
mixed-energy release plays an important role in this case and a propor- 
tionalityf, - %(A,, + R,,) was observed (Polanyi and Schreiber, 1977). 

It is interesting to compare these conclusions with the results of quan- 
tum dynamical calculations. For the H + F2 reaction, Jakubetz (1978) has 
obtained a good linear dependence betweenf, and % AL. The 9% AL value 
was changed from 32 to 48% by the variation of PES parameters. 

The same dependence for L + HH reactions was investigated on 
model PESs over a wide range of changing of % A* parameter (Basilevsky 
and Ryaboy, 1978) (see Fig. 7). The % AI value was varied by a displace- 
ment of the maximum curvature point along the reaction path. A linear 
dependencef, on % AL holds for the PESs I, 11, and IV of the same type. 

20 40 60 ao %A, 
Fig. 7. The dependence of the mean fraction of the product vibrational energyf, on the 

attractive energy release %AL for the model L + HH reactions. The PESs I-V are charac- 
terized by the same curvature function K ( s ) .  The variation of the %A, values was achieved 
by the displacement of the maximum-curvature point along the reaction path. 
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(For these PESs the frequency of transversal vibrations do not change 
along the reaction path). The points, corresponding to PESs I11 and V (the 
hw+/hw-  ratio is equal to 5 for these PESs), lie above the straight line 
passing through the points I, 11, and IV. That is, the frequency increasing 
along the reaction path results in increasing of thef, value. (An exother- 
micity of all PESs in unity of product vibrational quanta was the same.) 

These model calculations have shown that as the reactant translational 
energy increased up to approximately 0.5hw+ above the reaction 
threshold, the product vibrational distribution remained practically inde- 
pendent of energy. That is true if the PES is repulsive (% RL > % AL). The 
Po, distributions, obtained in quantum calculations of H + Cl, and D + 
C1, reactions (Baer, 1974a) behave similarly. In this case, in accordance 
with one of Polanyi’s rules, the f,. value decreases as the translational 
energy increases. However, a significantly greater decrease of thef,. value 
was observed in experiments (Ding et al., 1973; Polanyi et al., 1975, 1976), 
which registered a shift of the Po, maximum to smaller product channel 
numbers n after an increase of the reactant translational energy. It is likely 
that this inconsistency indicates that a linear reaction model is insufficient. 

4. Reactions of Vibrationally Excited Reuctants 
Both experimental investigations (Ding et al., 1973) and trajectory 

calculations (Parr et al., 1973b; Polanyi et al., 1975) have shown that a 
vibrational excitation of reactants results in widening product vibrational 
distributions and in complicating their form. Product vibrational distribu- 
tions P,, (rn is a reactant vibrational state number) with several extrema 
(two when m = 1 and three when In = 2) was first observed in quantum 
calculations on H + C1, and D + C1, (Baer, 1974a; Essen et a/., 1976). The 
LEPS-type PES was used. 

Child and Whaley (1979) found a bimodal P I ,  distribution closely re- 
sembling the quantum distribution in semiclassical calculations of the H + 
Cl, reaction. The H + C12 and D + Cl, reactions (also on the LEPS PES 
with different Sat0 parameters) were calculated by the state path sum 
method with subsequent information-theoretic 1D 4 3D transformation 
(Connor et al., 1979a). The reported P, ,  distributions were bimodal. 

The Po,, P,,, and P,, distributions obtained from NRC calculations on 
the LEPS PES with the same parameters as those used in trajectory 
calculations (Ding et al., 1973) are shown in Fig. 8. They are somewhat 
shifted to smaller channel numbers n as compared to the previously re- 
ported calculations (Baer, 1974; Essen et al., 1976; Connor et al., 1979a) 
due to a difference of the PES parameters used. However, the Po, dis- 
tribution and the corresponding f,, value agree well with the trajectory 
results and the experimental data (Ding et al., 1973). 
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n 
Fig. 8. Quantum P,, distributions for the H + CI, reaction. Total reactant energy E = 

3.8tiwrl,: (0) m = 0; ( x )  m = 1 ; (0) m = 2. 

In accordance with the NRC quantum calculations on model PESs 
(Basilevsky and Ryaboy, 1978, 1979b), the reactant vibrational excitation 
results in two maxima appearing in the PI, distribution, three maxima 
appearing in the P2, distribution, and so on. The further increase of the 
reactant vibrational state number m results in obtaining wide and smooth 
distributions. If the overall number of product open channels is not large, 
the effect of “polymodality” of distributions is suppressed. 

5 .  Quantum Calculations in the Threshold Energy Region 
Only quantum calculations are reliable in a threshold energy region 

(see, for example, Truhlar et al., 1976), because tunneling contributes 
considerably to transition probabilities. In particular, adiabatic tunneling 
explains the difference between the quantum and classical calculations of 
rate constants for F + H2 and F + Dz reactions at low temperatures 
(Schatz et al., 1975a,b). 

It should be remembered, that the value of threshold energy depends 
on the “dimension” of a quantum calculation (lD, 2D, or 3D). As the 
dimension increases, the threshold energy increases by the bending zero- 
point energy of the transition state. The threshold energy shift per one 
degree of freedom is significant for H + Hz and F + Hz reactions (0.06 and 
0.08 eV, respectively; Schatz and Kuppermann, 1975; Elkowitz and 
Wyatt, 1975; Redmon and Wyatt, 1977). The zero-point energy of bending 
modes is small for L + HH reactions, since in this case the transition state 
occurs early in the reactant valley (Connor et al., 1979b). Thereby at least 
the low-energy 1D calculations must be in good agreement with 3D re- 
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sults, and the corresponding rate constants may be directly compared 
with experimental data. 

The energy dependence of the total reaction probability Po’ in a 
threshold region was investigated in detail for X + Fz (X = Mu, H, D, T) 
reactions (Connor et al., 1976a, 1977, 1978b). The value of POT is equal to 
0.5 at the reactant energy, coinciding with a classical reaction threshold, 
which equals (without anharmonicity corrections) uo f h o 2 / 2  (where uo is 
a barrier height and hwZ is a transversal vibrational energy at the top of 
the barrier). Classical threshold values are almost the same for X = H, D, 
T, since the vibrational quantum hwZ for all these systems is approxi- 
mately -0.9fiwF, (Jakubetz, 1979; Basilevsky ef  ul., 1982b). The value 
h w f  is appreciably greater for X = Mu. Probably, it may be explained by a 
greater enlargement of the vibrational frequency when moving from the 
reactant to the product valley for this system (see Table 11) and results in 
raising its threshold. The threshold energy dependences of Po’ (Connor et 
ul., 1978b) may be generally interpreted as a combination of tunneling and 
the overbarrier reflection processes on ID adiabatic potentials. 

This conclusion was confirmed by the calculation of 1D tunneling 
along the reaction coordinate for X + Fz and X + C12 reactions (Jakubetz, 
1979). Energy dependences of transition probabilities through the 1D bar- 
rier coincided well with the results of complete quantum dynamical calcu- 
lations. 

By this means for L + HH reactions at low energy the reflection occurs 
on the potential barrier located in the reactant valley, and this process is 
adiabatic since the curvature of the reaction path is negligibly small in that 
region (Basilevsky er al., 1982b). In the quasi-classical trajectory calcula- 
tions (Connor and Lagana, 1979) the same statement was visualized as a 
reflection in the “bottle-neck” region (corresponding to narrowing of the 
reactant valley) near the saddle point. 

The conclusion that reflection in L + HH reactions occurs essentially 
in the reactant valley is important both from both technical and principle 
standpoints. It enables the concept of “line of no return” (Connor ef  a/., 
1978b) to be introduced. By the definition, reflection processes fail to 
occur after this line and that facilitates calculations of reaction probability 
Po’. The fact that the reflection and the energy transformation processes 
occur in the different regions along the reaction path means that the corre- 
sponding transition amplitudes do not interfere. This conclusion is impor- 
tant as a background to several models (Section VI). 

C. Commentary 
Secfion V,A,2.  Gordon’s method (1969) is often used in 2D integration 

procedures to solve the local translational equation of motion in the indi- 
vidual sectors. Within the sector the vibrational basis set does not vary 
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and the first-derivative term in Eq. (28) vanishes. The problems concern- 
ing a choice of the step size over the interaction region are discussed in the 
papers by Connor et al. (1978a), Stechel er al. (1978), and Light et al. 
(1979). 

The validity of the linear model for L + HH reactions is 
confirmed by the results of information-theoretic 1D + 3D transforma- 
tion. Connor et al. (1976b, 1978b, 1979c) have made two assumptions: 

(1) dynamical effects which determine the 1D product vibrational dis- 
tribution are also dominant for the 3D internal energy distribution; 

(2) the average fraction of product rotational energy is equal to a 
predetermined value (for example, to an experimental value). Assumption 
(2) replaces another one introduced by Bernstein and Levine (1974), 
which postulated that for each product vibrational state the rotational 
states are populated according to their statistical weights. Product dis- 
tributions P ( J ,  n )  obtained by means of ID +. 3D transformation agree 
well with the results of classical 3D trajectory calculations. A satisfactory 
agreement between the 1D+ 3D distribution P ( J ,  n )  and that of the 
classical trajectory was obtained also for the reaction of H + LL type 
(F + H,) (Connor et id., 1979c), but only in a limited energy range be- 
cause for larger energy, nonlinear configurations play an increasingly 
important role. (Here J is the rotational quantum number.) 

Section V,B. 

VI. Approximations and Models 
In this section we consider two main approximations encountered in 

the multichannel theory of reactive scattering: the matrix semiclassical 
method and the distorted-wave approximation (DWA). To illustrate their 
application some model theories of the high-energy inversion of the prod- 
uct vibrational state distributions are discussed. That is one of the two 
important effects discovered in dynamical calculations of exothermic 
reactions. The resonances, which are another important effect, generate 
the population inversion at lower product energies in reactions with less 
exothermicity; they are treated in Section VII. 

The problem of qualitative interpretation of the vibrational inversion, 
as originally raised by Hofacker and Levine (1971), has been repeatedly 
investigated both in terms of DWA theory and by using different semiclas- 
sical NRC-type models. It should be noted, that the DWA treatment of 
chemical reactions is based on the ideology of physical coordinates. That 
is why the two alternative approaches seem at first glance to be mutually 
incompatible. Nonetheless, they both lead to similar qualitative conclu- 
sions agreeing with accurate quantum calculations and with experiment. 
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That is a consequence of the semiclassical nature of the effect, which 
presents itself regardless of what formal method has been chosen for its 
description. 

A. Semiclassical Approximation 
1. The Dejinition and Semiclassical Conditions for the Multichannel Case 

x + P2X = 0 (78) 
Matrix P 2  is real and symmetrical, which follows from the symmetry 
properties (40): 

One more condition that we take is the positive definiteness of P 2 :  

Consider the simplest equation of the type (28): 

p2 = p 2 ,  p2 = p 2 e  p2 = p2: (79) 

OP2U = p 2 ,  OU = U O  = I ,  pTj = GUpfi, pi: > 0 (80) 
Then Eq. (78) is reduced to a first-order equation: 

X' = kiPX (8 1) 

The test is to differentiate its right- and left-hand parts. On the right we 
assume 

TiP'X  Q t i P X '  = P2X (82) 
This symbolic inequality is a formal motivation of semiclassical treatment. 
It suggests that the first term may be omitted in the sum P'X + P X ' .  That 
immediately regenerates the initial equation (78). 

The meaning of this procedure is clarified in terms of the adiabatic 
representation (80). Let us designate "P' = UP'CJ. The basic assumption 
is a small difference between the eigenvalues and eigenvectors of matrices 
P 2  and P 2  + iP' (iP' is treated as a perturbation): 

(p?i  * i "P&) /P& = 1 k i("Pii/pti)  = 1, laP;i/pil 1 (83a) 

I"P;l/(Pi: - Ph)l -e 1, i #I- (83b) 
These conditions imply the absence of classical turning points (p& # 0) 
and of the intersection points of adiabatic terms @ti # p & ) .  Both con- 
straints must hold not only for real values of a translational coordinate but 
also for its complex values near the real axis. 

The simplest version is 
P2 = (2p/h2)(EI - W,J (84) 

Here W,, represents a matrix potential and p is the mass of a system. 
Conditions (80) and (83a) represent a high-energy situation described in 
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some chemical coordinates (for instance, in NRC). If physical coordinates 
are applied, then classical turning points are inevitably present close to 
the coordinate origin. 

2. Solutions of the Semiclassical Equation 

X(2" = -iPX"'. We define the square root of matrix P 2  as 
Let us denote as X(I )  and X'2' the solutions to Eq. (81): Y1)' = iPX("; 

p = u ~ U ,  pu = + ( P : ~ ) " ~  > 0 (real value) 
p = p = p t  

These solutions correspond to semiclassical waves propagating in oppo- 
site directions along a translational coordinate that will be called x.  

Now we take special boundary-conditions at some point x = -xo: 

X"'(-so) = X'2 ' ( -xo )  = I 

f(l'X'2' = ~t2'X' l '  = I 

(85) 

The following equalities are valid: 
(86a) 

(86b) X"'tX'1' = X(2)+X(2' = I 

is the property of unitarity of semiclassical solutions. The combination 
of Eqs. (86a) and (86b) gives 

(87) 

Equations (85)-(87) make a multichannel generalization of usual proper- 
ties of one-channel semiclassical exponents. They follow from the sym- 
metry and hermiticity of matnx P. The proof of Eq. (86) is given in 
Section V1,D. 

which is the relation between semiclassical solutions, and 

X"' = (-$l')-l = X"'" 

The normalized semiclassical solutions are 

NX(1) = p- lkX(1)  NXC?) = p-lkXCl) 

Proceeding semiclassically, we take N' = 0, then the normalized expres- 
sions satisfy Eq. (81). The correctness of such a normalization is verified 
by calculating the Wronskian: 

(constant matrix) = P N N x ( ~ ) ~  - f ( 1 ) r N j v ~ ( 2 )  

= -i(X(l'"pp + pp"X'2') 

- - -2i$1)xu) = -2iz 
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Finally, we construct a complete semiclassical solution of Eq. (78): 

We may operate in a standard fashion to find the Jost matrices and the S 
matrix (Section IV,C); all the needed calculations consist of multiplica- 
tions and inversions of block matrices with an appeal to Eqs. (85)-(87). 
Locating the points ‘txo in the asymptotic product and reactant regions 
and making a special selection of physically inessential phase factors, the 
following result can be obtained 

This formula is physically clear. It acknowledges the lack of interference 
between semiclassical waves moving in opposite directions. The reflection 
is missing, since there are no turning points. The unitarity and symmetry 
of this S matrix are guaranteed by the properties (86b) and (87). We also 
draw attention to the fact that the normalization factor has dropped out 
from the resulting expression. 

3 .  Approximate Estimation of the Matrix Momentum. The 
Trajectory Approximation 
Consider the square root of a special matrix 

P2 = t + gu 

Here matrix t is diagonal and matrix u is arbitrary; g is a small numerical 
parameter. The expansion in powers of g is trivial if the matrices t and u 
commute. For instance, as in Eq. (841, if we take t = (2p/h2)EZ,  then 

P = (2pE/h2)’”[Z - 1( W W t / E ) ]  

The first term generates an inessential phase factor in the solution of Eq. 
(81) and can be omitted. After introducing the classical velocity u = 
(2E/p)’n, the equations of the trajectory approximation are obtained 
(Mott, 1931; Child, 1974): 

dX/dq’  = a ( i / h ~ )  W,,X. dX/d t  = +(i /h)  W,,X, dq’ = v d t  

If the matrices t and u do not commute, then the following expansion 
arises (Basilevsky and Ryaboy, 1979~): 
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The explich expressions for matrix momentum P enable constructing ap- 
proximate and, sometimes, exact analytical solutions to Eq. (81). A lot of 
known methods have utility: the adiabatic perturbation theory (Landau 
and Lifshitz, 1963; Messiah, 1961; Child, 1974), the Magnus expansion 
and its first (sudden) approximation (Magnus, 1954; Pechukas and Light, 
1966; Child, 1974). 

We can somewhat generalize the trajectory approximation by changing 
in Eq. (89) the matrix t1I2 by a number 7 l f 2 ,  which may depend on the 
translational variable. A reasonable estimate of this number can be ex- 
tracted from a minimization of the relative error arising due to such a 
change. When the sequential elements of matrix t differ in a constant 
value ( t k k  - t k - l k - 1  = - h w :  the harmonic approximation for the vibra- 
tional variable), then this definition yields (Basilevsky and Ryaboy, 
1979b): 

(90) t k k  = (2P/h2)(E - khw) ,  i = (4P/3h2)(E + h w )  

B. Distorted Wave Approximation (DWA) 
1 .  Expression for the Transition Amplitude 

abilities for a system obeying the Schrodinger equation: 
This is a quite different theory deriving approximate-transition prob- 

( X  - €)A'(€, n )  = 0 

The background for that is the exact relation for the elements of the S 
matrix (Newton, 1966; Taylor, 1972): 

S,(E) = SA(E) - 27riT,(E) 

TXE)  = ( A , ( E , ~ ) J v - J A + ( E ,  i ) )  (9 1 a) 

(91b) 

The total Hamiltonian is cast into one of two forms: X = X,' + V +  = 

X; + V-.  It is understood that the solutions, corresponding to 2 2 ,  are 
already known: (2;  - E)A;(E, n )  = 0. The superscripts indicate what 
boundary conditions are taken. In the complete 3D theory the functions 
A + ,  A,+ are asymptotically represented as states with an outgoing spherical 
wave, and the functions A - ,  A,  convert into states with an incoming 
spherical wave. For "+" states that plane wave corresponds to a single 
initial channel i ;  for "-" states it corresponds to a single final channelf'. 
Both plane waves are normalized to a unit flux (to the 6 function of 
energy). 

These definitions need some modification in the 1D theory. The func- 
tions A+. A,+ have a single normalized incoming exponent in the entrance 

= ( h - ( E , f ) l  v+~A,+(E, i) ) 
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A+(E, i)  + 

’ k;1I2 exp(-ikix“’)cp!” 

+ [ k ~ l f i  e~p(ik~,x‘”)cpl!’]c~,~ 

(react ant valley) 
i’ 

[kr’f i  exp(ikf.x‘2’)cpj?]cf 
f ’  

(product valley) 

(product valley) 

[kpl ’2  e~p(-ik~,x“’)cpi?’]c~~ 
i‘ 

(reactant valley) i AdE, f ) += 

Here the k terms designate wave numbers and the terms stand for 
vibrational basis functions. The functions A Q  differ from the exact solu- 
tions in their amplitudes c t Z f ,  cfti, cfth cfrf that are supposed to be known 
for them. 

Now an approximate estimate for the transition matrix T(E) is ob- 
tained by means of the substitution of approximate functions A Q  instead of 
the exact ones A+ into Eqs. (91): 

Tfi(E) = M E ,  f ) l  V-1 A i W ,  4 ) (93a) 

= (A;(& f) lV+\AQ(E, i ) )  (93b) 

As may be shown, the right-hand parts of these two relations are the same 
(Messiah, 1961; Taylor, 1972). 

2. Selection Rule 
Chemical systems are usually semiclassical, so that their wave func- 

tions rapidly decrease in depth to classically inaccessible regions. With 
that in mind, the following conclusion can be deduced from Eqs. (91): 

channel i ;  all other exponents are outgoing. Opposite to that, the functions 
A-. A; have a single normalized outgoing exponent in the exit channelf, all 
other exponents being incoming. For instance, if we take the Cartesian 
coordinates (.P, z")) for reactants (the channel indices i, i f )  and (.P, zt2))  
for products (the channel indicesf, f ' ,  see Section II,B,I), then the fol- 
lowing asymptotic representations arise: 



56 M. V. Basilevsky and V. M. Ryaboy 

The amplitude T,(E) is negligibly small if the interaction zone, where 
the potential promoting a transition is located, is separated from an asymp- 
totic region corresponding to either an i or anfstate by a region, which is 
classically inaccessible for a given energy E (the potential barrier). 

This rule is intuitively evident. For the proof it suffices to point out, 
that the wave functions specified by asymptotic conditions (92) (both A+ 
and A $  have this asymptotic form) are regular. This results in their expo- 
nential decreasing depth into classically inaccessible regions. (That is not 
so for the functions J and 0 described in Section IV,B,4.) 

The rule may be violated if the interaction zone is classically inacces- 
sible from the both sides; that is, both for i and f states. Then the reso- 
nance behavior may appear at certain energies, disturbing the whole rea- 
soning. 

3. Discussion on the DWA Method 
In practical calculations the distorting potentials are selected in such a 

manner so as to eliminate the proceeding of a reaction in a zero approxi- 
mation. The potentials V -  and V +  have to lock the reactant valley or the 
product valley, respectively. Then the term & vanishes in the function 
A$ and &, vanishes in A,. An extra vibrationally adiabatic approximation 
(VADW) is often used which retains a single term in the remaining sum, 
namely, the reflected wave in channel i for A$@, i )  or the transmitted 
wave in channelf for A g ( E , f ) .  Such a choice for a zero approximation 
annihilates zero-order transitions SP,(E), hence Eqs. (93) provide a direct 
estimation of a transition amplitude. 

In 3D calculations the 6D integrals (93) reduce to three dimensions 
after explicitly taking into account the conservation of angular momen- 
tum; in 1D calculations we deal with 2D integrals. If the functions of the 
type (92) are used in the integrand, then it is necessary to express the 
coordinates (z(l), PI) in terms of ( z ( ~ ) ,  P) or vice versa. 

It is very important for an understanding of the character of approxi- 
mation (93) that the functions A$ and A; be eigenfunctions of quite differ- 
ent Hamiltonians. If it were %'$ = %';, V +  = V - ,  then one would deal 
with a first Born approximation, which is only suitable for treating weak 
transitions. We consider specific peculiarities of nonperturbative formulas 
(93), using the first of them [Eq. (93a)I as an example. The localization 
region of its integrand is determined by a particular choice of the poten- 
tials V+ and V-.  If an approximate relation A,+@, i) = A+@, i )  holds 
sufficiently accurately in the region of localization of the product [A,@, 
f ) ]*V-A$(E,  i), then good results are expected even when the perturba- 
tions V+ and V -  are not at all small and the transition probabilities are 
close to unity. 
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Fig. 9. Choosing the V +  and V -  potentials in the DWA method (Fischer and Venzl, 
1977). (a) Cartesian coordinate systems; the dotted lines AA'  and BE' coincide with 
the bottom of the respective asymptotic valleys; x is the saddle point. (b) The PES cut 
along the AA'  line; E is an energy of the system; AI is an attractive energy release (see 
Section V,B,2); potential V -  is shown by the dotted line; the lower solid line represents the 
exact PES cut. (c) The PES cut along the BE' line; notation is the same as in Fig. 8b. 

In order to arrive at such a situation, the overlap of the potentials V+ 
and V -  should be made as small as possible. This can be illustrated by an 
exothermic reaction L + HH (Fig. 9). 

The function A$ always involves a pair of waves: that directed to the 
product valley (falling on the potential V+) and that with the opposite 
direction (reflected from the potential V+). However, the reflected wave is 
missing in the accurate solution. This discrepancy cannot be eliminated 
regardless of how accurately the function A$ is determined in the region 
unperturbed by the locking potential V+. We conclude that it is most 
important to annihilate the contribution to the integral from the region 
close to the border of the potential V+ (the broken curved line, Fig. 9c). 
The potential V+ must be shifted deep enough into the product valley, 
which it locks. Then two factors operate near its border, supplying us with 
the desired effect: 
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(1) The potential V -  nearly vanishes, since it is only needed to lock 
the reactant valley (see Fig. 9b). 

(2) The function A,@, f )  oscillates rapidly along the direction of the 
x(* )  axis, so that only a small coordinate region in the vicinity of its turning 
point makes a significant contribution to the integral. 

Moreover, the above accepted assumption that the difference between 
the functions A+ and A,+ does not matter when moving away from the 
border of V +  is actually equivalent to the assumption about the semiclassi- 
cal character of these functions. That indicates the importance of the 
condition of exothermicity, which assures semiclassical properties of all 
wave functions in the “dangerous” region. 

4. Calculutions Using the DWA Method. The Frank-Condon Model of u 
Chemical Reuction 
The technique of DWA calculations has been elaborated by Tang and 

Karplus (1968, 1971) and refined by Choi and Tang (1974). It was success- 
fully applied to the 3D investigation of vibrational-rotational transitions in 
such systems as H + H2 (Choi and Tang, 1974, 1976; Clary and Connor, 
1980), F + H2 (Suck, 1977, 1981; Chan et al., 1978), and H + F2 (Clary 
and Connor, 1979). 

Table 111 illustrates the discussion of the preceding section on the 
validity of the DWA method. It is seen that the vibrationally adiabatic 
approximation (VADW) works quite satisfactorily. Moreover, it is evident 

TABLE I11 

RELATIVE POPULATIONS OF THE PRODUCT VIBRATIONAL STATES p ~ / P m  FOR THE 

H + F2 + HF + F  REACTION^ 

DWA 
(static Exact 

reactant quantum ID 
VADW model) calculation 

Method 

DWA 
(static Exact 

reactant quantum ID 
VADW model) calculation 

5.19 0.01 0.01 0.09 0.03 
0.02 3.82 0.02 0 
0.12 10.00 0.13 10 0 

5 0.77 4.57 0.50 11 0 0 0 

Clary and Connor (1979). 
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that it is necessary to calculate accurately function A,+ in the region, 
which makes an essential contribution to the integral (93), that is, where 
the reactant valley flows into the interaction zone. This is confirmed by 
the failure of the static DWA model, neglecting the change in shape of the 
reactant valley cross sections in the interaction zone (it worked with the 
asymptotical cross section, namely, the potential curve of the reactant 
molecule F2 , throughout the entire calculation). 

Several authors considered approximate estimates for the integral 
(93a) in order to obtain analytical expressions for the reactive transition 
probabilities (Halavee and Shapiro, 1976; Shatz and Ross, 1977; Fischer 
and Venzl, 1977; Venzl and Fischer, 1978, 1979). The transition prob- 
abilities were expressed in terms of Frank-Condon factors, that is, the 
overlap integrals of vibrational wave functions of reactants and products, 
extrapolated to the interaction zone by means of potentials V+ and V - .  
The relative arrangement and frequencies of the respective oscillators are 
different in different models, being determined by a particular choice of 
the perturbing potentials. These tentative calculalions gave a reasonable 
account of the inversion of vibrational populations in exothermic reac- 
tions L + HH + LH + H. We write out one of the analytical distributions 
(Fischer and Venzl, 1977): 

p0, - (2-n/n !)lalnlHn(g))2 exp{-(X, - Z) /CP}E;~  (94) 

In this formula En is the asymptotic translational energy for the state n of 
the products; H ,  is the Hermitian polynomial. The terms a, g, X,, k, d. are 
expressed in a complicated manner through the parameters of a chemical 
system. In particular, some of them explicitly involve the Polanyi's pa- 
rameter AL (see Section V,B,2); it is seen from Fig. 9 that AL can signifi- 
cantly influence the dynamics. The reactions with other mass combinations 
were also discussed in the above-mentioned papers. 

The simplest approximation for the distributions Prr = ITA12 with fixed 
initial state i is obtained when the integrals of Eq. (93) are substituted by a 
2D Frank-Condon integral (&(E,f) lh,+(E,  i) ) (Levicher al., 1970; Berry, 
1974; Shatz and Ross, 1977). After appealing to the semiclassical charac- 
ter of a translational motion it reduces to a calculation of 1D Frank- 
Condon integrals. 

Such a description of a chemical reaction as a nonadiabatic transition 
between a pair of shifted oscillators (the reactant and the product) (Levich 
er al.. 1970), seems quite reliable when the intensity of reactive transitions 
is small. Then the basic relation of the DWA [Eq. (93)] becomes a standard 
prescription of Born perturbation theory for any choice of the quantities 
V'. For instance, an appropriate situation occurs at low temperatures in 
the radical exchange reactions RIH + R2 + R1 + HR2 (RI3 are the hy- 
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drocarbon radicals) with sufficiently high potential barriers (Ovchinnik- 
ova, 1977). Such processes proceed as tunneling transitions between the 
reactant and product valleys in the vicinity of a single trajectory, cutting 
the PES comer far apart from the saddle point. Their model treatment 
may be found in Klochikhin et al . ,  1978; Trakhtenberg et a / . ,  1981; 
Babamov and Marcus, 1981. 

C. The NRC Approximation 
1. The Model NRC Hamiltonian for a Treatment of the High-Energy 

Vibrational Inversion 
As noted in Section II,B,2, the NRC approximation is suitable for the 

investigation of reactions L + HH -+ LH + H. We shall apply it to a 
qualitative study of the high-energy population inversion in exothermic 
reactions of this type. 

It should be recalled that the NRC description characterizes a PES by 
three functions of the translational coordinate s. These are the frequency 
w(s), the curvature K ( s ) ,  and the potential Vl(s). Treating the translational 
motion as semiclassical, we neglect the s derivatives of these physical 
characteristics and the respective matrices. We therefore use the substitu- 
tion (42) X + G-lnX and neglect the derivatives of G-ln. Thus the trans- 
formed NRC Hamiltonian (31) takes the form H(E) = (d2/ds2) + 

By analogy with Eq. (33) the matrix G-'" may be calculated as G-'" = 
Z + KW. It is convenient to derive H(E)  in a dimensionless form. We 
therefore introduce the quantities hwo (as an energy unit) and lo = 
[h / (2pwo)]  (as a length unit). The point so, where the frequency wo is 
taken, is located in the asymptotic reactant valley. Next we define the 
dimensionless frequency p(s) = w(s)/wo and the scaled length 

( 2 p / h  2)G -'"(EZ - E) G 

1(s) = lop-'fi(s) = lo[wo/o(s)]'n = [h/2pw(s)]'n 

The three physical characteristics of a PES become 

P b )  = w(s)/wo, g(s) = K(s)l(s)  = K(s)lop-'fi(s) 
(95) 

4s) = RE - Vh)l/hwop(s)) - i! 
The main NRC condition is 

g e l  (96) 
Our hypothesis is that it is always satisfied, and we apply it several times 
in the subsequent treatment. 
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On introducing the dimensionless length x = s/lo, we obtain the model 

(97) 

which involves two matrices. Matrix t represents an operator of dimen- 
sionless translational kinetic energy. It is diagonal: 

?kk = E(S) - k (98) 

Matrix M J  represents the operator of the dimensionless vibrational coor- 
dinate: 

Hamiltonian in form 

Hmd(J3) = ( d 2 / d x 2 )  + P 2 ,  P 2  = p [ t  + g(tw + wt)]  

w = l(s)-'w (99) 

The terms of order of g2 are omitted in the Hamiltonian (97) according to 
Eq. (96). Some of these terms have already been omitted in the initial 
Hamiltonian H(E).  

The vibrational inversion cannot be treated by perturbation theory, 
considering the second term of P 2  as a perturbation. Matrix w is the only 
off-diagonal matrix present in this term, but it generates transitions only 
between neighboring levels if the first Born approximation is used. (The 
first Born approximation is, in principle, not suitable for treating intensive 
nonadiabatic transitions.) Nonetheless, the effect of the inversion is con- 
tained in the Hamiltonian (97). This is because it has no small parameter in 
the case of large kinetic energy: when tkk 9 1 the product gtkk is not small. 
Therefore, the usual series expansions are inefficient for obtaining the 
physically interesting solutions of the equation H,,,,(E)X = (d2X/dx2)  + 
P2X = 0 .  

2. Semiclassical Models 

(97) reads 
The semiclassical equation corresponding to the quantum Hamiltonian 

dX/dx  = iPX (100) 

Our purpose is to find approximate analytical solutions to it. First of all an 
analytical expression for matric P is needed, so we derive an expansion of 
the square root of P 2  over the small parameter g .  In doing so it is expe- 
dient to operate with the creation and annihilation operators a+ and a 
(Messiah, 1961). They satisfy the commutation relation [a,  a+]  = 1. Ma- 
trix w equals w = a + a+. Applying Eq. (89) yields 

P = p q ' n  + g(7a + a+?)] + O(g2) (101) 
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Matrix T is diagonal. For the high-energy situation ( E  s- l),  it may be 
regarded as T = t l @  where Tkk = ( E  - k)1’2.  If we want to obtain analytical 
solutions to Eq. (loo), then some additional simplifications are needed. 

We change matrices tln and I 
by the number i1I2 in Eq. (101): 

Model I (the trqjectory approximition). 

P = p 1 @ P ( Z  + g w )  ( I02a) 

ModelIZ (Hofacker and Levine, 1975). In Eq. (101) we change matrix 
T by the number I1l2 and matrix t l @  by a different matrix f - ’@t :  

P = p’”I”’2(t + g i w )  ( 102b) 

Model IZZ (Basilevsky and Ryaboy, 1979b,c). In Eq. (101) we change 
matrix t I n  by the number T‘”: 

p = p1’2[f1n + g(TU + U’T)]  p1@[7’’ + g(f1I2U + U + f 1 ’ 2 ) ]  (102C) 

where /51’2f1@ = const, and p*lztl” = const (independent of x). For all 
models the value of number i is calculated by Eq. (90). All three models 
lead to a solution 

X = exp(iA) (103) 

It follows from Eq. (88) that the elements of this matrix represent ampli- 
tudes of nonadiabatic transitions. 

Now we write out the three expressions for matrixA discarding insuf- 
ficient phase factors (that facilitates the calculation): 

Model I: 

A = P(u + a’), p = / p l @ i l n g  dx 

Model II :  

A = pci+ + P*cI ,  p = - lp1’2i1”g exp[i(p/1)1/2x] A- 

Model IZI: 

A = p(t% + U + ~ I / ~ ) ,  p = arcsin A’@ 

The expression for A in Model I11 is generally obtained by the numerical 
integration of a normal second-order differential equation. However, there 
exists an analytical result for a particular choice of the function g ( x ) :  

g ( x )  = go sech(x/cr), A1’ = sin(.rrgoc) sech(.rrc/4i1@) (104) 
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Models I and I1 result in similar explicit expressions for transition 
amplitudes, differing only in the definition of the basic parameter p :  

X,, = exp( - - \ @ I  2 / 2 ) ( m  ! n  !) 1/2(ip *) R-m 

x;m = xm, (m 2 n)  

Model I11 results in' 
m 

k=O 
x,, = (i)n-m+Zk~(n-m+Zk)l2 ( 1  - h)(c-m-n)/Z 

Hence transition probabilities as obtained from Models I and I1 depend 
on a single parameter [PIz; in Model I11 they depend on a pair of param- 
eters, namely, A and E .  That is why the latter model is more flexible and 
efficient. However, it involves the extra restriction (absent in Models I 
and 11) that the quantity ( p 0  l /*  must be close to constant. 

3 .  Semiclassicnl Product Popipulation Distribution for  the Ground-State 
Reactcints. Compcrrison Itith Quantum Ctrlculutiom und Experiment 
Models I and TI result in Poisson distributions if the transitions from 

the zero level are considered 

Po, = exp(-lp12)lp(zn/n! ( 106) 

The average value of n,  the index number of the maximally populated 
level and the dispersion are all equal to l/31z. When ]PIz > 1,  Eq. (106) 
exhibits a population inversion with a broad distribution of states. 

Model 111 leads to a binomial distribution 

Po,, = (:) A"(1 - AY-,, 

Now nmax is the integer of the product (E + 1)A,  the average value of n is 
EA , and the dispersion is A = [ eA( 1 - A)] l/*. The inverse population arises 
when A > ( E  + l ) - l .  Parameter A is equal to the mean fraction of the 
product vibrational energy f\ . It increases with the fraction of attractive 
energy release AL (Basilevsky and Ryaboy, 1979b), which agrees with 

Two binomial coefficients were misprinted in the original paper (Basilevsky and 
Ryaboy , 1979b ,c). 
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n 

Fig. 10. Semiclassical (Model 111) P,,,, distributions for H + Cl, reactions. Notation is 
the same as in Fig. 8. 

experimental observations and with the results of classical and quantum 
calculations (see Section V,B,3). 

We calculated the values of parameter p for Models I and I1 with the 
LEPS-type PES of reaction H + Clz (Ding et al . ,  1973) for the total 
reactant energy taken as E = 3.8fiwcl,. The primary test is a comparison 
with the actual index number of the maximally populated level, which is 
nmax = 2-3 for this reaction. 

We obtained Iplz = 10.6 for Model I and IpIz = 0.88 for Model 11. 
According to Eq. (106) these values determine nmax where nmax is the 
integer part of (PI2. We thus conclude that Model I is absolutely inefficient, 
while Model I1 significantly underestimates the degree of the vibrational 
inversion. Besides that, the Poisson distribution (if empirically calibrated 
to give the correct value of ha%) is too broad as compared to experimental 
Po,, distributions. The deficiencies of the Poisson-like distributions and the 
related models have been already discussed (Fisher et al., 1978). 

Similar calculations for Model I11 gave p = 0.65 andf, = A = 0.37. The 
corresponding P,, distributions (m = 0, 1,2)  are shown in Fig. 10. They 
satisfactorily reproduce the results of quantum calculations (Fig. 8, Sec- 
tion V,B,4), although they have a somewhat larger width. 

4. Semiclassical Product Population Distributions for the Vibrationally 
Excited Reactants 
AU semiclassical NRC models lead to the appearance of dips in Pmn 

distributions for m # 0. The number of dips coincides with the index 
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number m of the initial reactant state. This observation agrees with the 
results of quantum calculations (Section V,B,4). The peculiarity of vibra- 
tional distributions may be generally deduced from a semiclassical model 
(Basilevsky and Ryaboy, 1979b), being a consequence of the orthogonal- 
ity condition for the columns of the semiclassical S matrix (88). Each of 
these columns represents a product wave function in the channel space for 
a certain reactant state m = 0, 1,2,  . . . . If many channels are open in the 
product region, then the absolute values IS, I z  = Pmn can be considered as 
quasi-continuous functions of n. The orthogonality condition implies that 
the nodes, i.e., the zeros of Pmn, should exist for m > 0 (they do not 
necessarily correspond to integer values of n ) .  An important comment 
necessary to prove this is that the phases of Sam vary in a discrete manner 
with the variation of n. [Hence, the alternate symmetry (Coulson and 
Longuet-Higgins, 1947) of matrix A in Eq. (103) results in elements which 
are by turns purely real or purely imaginary numbers.) By this argument 
the existence of dips in P,, distributions may be regarded as a manifesta- 
tion of the semiclassical nature of a chemical process. 

5 .  Discussion on the Validity Range of the NRC Approximation 
We start with the definition of NRC due to Marcus (1966), associating 

their reference curve with the minimum energy path. Its construction 
presents the first step in representing a PES in NRC. The two algorithms, 
specially designed to calculate a minimum energy path along the valley of 
a PES given a saddle point, were elaborated by Ishida et al. (1977) and 
Muller and Braun (1979). The reference curves calculated by these two 
methods for several exothermic reactions L + HH (listed in Table IV) 
appeared to be clearly distinct in the interaction region (Ryaboy and 
Chudinov, 1981; Basilevsky et al . ,  1982b), although they coincided when 
passing to asymptotic regions. The difference arose inside a steep descent 
region of a PES directed to the product valley. The maximum separation 
of the two curves reached half of the classical amplitude of the transver- 
sal vibration. The main result was quite a different form of curvature 
function, which was very sensitive to slight variation in the shape of the 
reference curve. Thus, K(s) displayed two maxima when the algorithm of 
Ishida et al. (1977) was used and only one maximum, significantly larger in 
value, when that of Muller and Braun (1979) (see Table IV) was used. 

Reaction paths with complicated (several extrema) curvature func- 
tions have been observed earlier (Duff and Truhlar, 1975) on the PESs of 
the "rotated Morse function" type as well as on the LEPS-type PESs. It 
seems that the forms of curvature functions reported in these calculations 
were also strongly influenced by the search method applied to construct 
the reaction path. 
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TABLE IV 

MAXIMUM CURVATURE OF THE REACTION PATH (NRC REFERENCE CURVE) 
AS FOUND BY THE ALGORITHMS OF ISHlDA C t  a / .  (1977) A N D  MULLER AND 

BRAUN (1979). AND ITS EMPIRICAL ESTIMATION BY T H E  
SEMICLASSICAL MODEL 111 

Maximum value of .g IEq. (991 

Ishida et a / .  Muller and Model 
Reaction (1977)O Braun (1979) I11 

H + F2 

D + FZ 

H + Cl2 

D + Clz 

H + Br2 

D + Brz 

H i ICI 

H + CII 

0.270 
0.254 
0.341 
0.588 
0.291 
0.308 
0.200 
0.229 
0.300 
0.581 
0.215 
0.523 
0.342 
I .039 
0.251 
0.324 

1.431 

2.037 

0.767 

0.600 

1.43 1 

1.107 

2.169 

0.694 

0.239 

0.244 

0.21 1 

0.182 

0.265 

0.338 

0.237 

0.201 

The curvature of the reference curve has two maxima. 

Having calculated the reference curve, a PES is approximated by the 
potential cross section V(s)  along that curve and by the harmonic fre- 
quency o(s). It appeared that the distinction between the reference curves 
led to a moderate variation of these functions and, which was most impor- 
tant¶ that the total errors in approximating the PESs by both methods did 
not exceed 0.01 eV. 

For four reactions (H + F2, H + C12, D + C12 ¶ H + ClI), the curvature 
calculated with the algorithm by Ishida er al. was no larger than the value 
g = KI = 0.3. The quantum dynamic 1D (see Section V,A,2) calculations 
for these reactions demonstrated a convergence of basis expansions 
(Basilevsky et d., 1982b). The semiclassical calculations using Model I11 of 
Section VI,C,3 were in reasonable agreement with the quantum calcula- 
tions¶ although the respective vibrational distributions were slightly 
broadened (cf. Figs. 8 and 10). 
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It should be mentioned that semiclassical distributions Po,, reproduced 
the quantum distributions well in even the near-threshold energy range, 
when substantial reflection was observed and the semiclassical reasoning 
seemed inconsistent. A simple explanation is that the interaction zone, 
where the population inversion was generated, was disposed after the 
potential barrier on the reaction coordinate. Hence the different space 
regions responsible for the reflection and for the vibrational transitions did 
not overlap, and the respective amplitudes failed to interfere (see the 
discussion in Section V,B,S). 

The final step of this investigation was an attempt to extend the NRC 
treatment to all the reactions presented in Table IV, including those for 
which the straightforward calculation gave large g values. The respective 
experimental vibrational distributions Po,, were approximated by the 
binomial law [Eq. (107)], calibrated to correctly reproduce the fractions of 
the product vibrational energy. That is to say, A = fywrimental). The sec- 
ond parameter E of the binomial distribution was estimated as a number of 
open channels in the product valley. From these two values an empirical 
estimate of the maximum curvature was possible, and it proved to lie in 
the bounds of 0.2 < g < 0.4 (Table IV). The conditiong G 1 thereby holds 
for all the reactions considered, demonstrating the internal consistency of 
this semiempirical NRC description. 

The interpretation of this result may be presented as follows. A 
smooth trajectory is supposed to exist on each PES such that from one 
side it has a curvature small enough to permit NRC treatment, and from 
the other side, it only slightly deviates from the two reference curves with 
large curvature actually calculated. One way of drawing such a curve has 
been reported by Ryaboy and Chudinov (1981). 

We conclude with the statement that all exothermic L + HH reactions 
seem to be satisfactorily described by a combination of two approxima- 
tions: the NRC approximation (the neglect of a rnultivalued region) and 
the semiclassical treatment of the translational motion. 

D. Commentary 
In the case of the complete quantum equation AX” + 

BX’ + C = 0 ,  the matrix equation for P reads as AP2 + BP + C = 0. 
Usually there is no need in such a complication. Matrix B always depends 
on translational derivatives of physical characteristics that are negligible 
in a semiclassical treatment. Then one may accept B = 0, and the com- 
plete equation reduces to Eq. (78) (see the example in Section VI,C,l). 

The situation eliminating turning points is trivial and uninteresting in a 
one-channel case. However, in a many-channel problem it permits pure 
investigation of semiclassical nonadiabatic transitions. 

Section VZ, A ,  1 .  
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Section VZ,A,2. Proof - of Relations (86). We begin with equations 
is used throughout. P)' = iPX") and Xa)' = iPX(2). The symmetry P = 

Transpose the second equation and calculate the quantity 

(kt2)X(l)) = XE(2).fX(l) + X(Z)X(l)' = -i92)px"' + i92)PX"' = 0 

The integration gives Eq. (86a). 

obtain 
For the Hermitian conjugate solution, (A?)' = G i X ' P ,  so we can 

(x(I)+x(I)) = (X(1)') ' ~ ( 1 )  -+ X(I)'x(I)' = -iX(I)+PX(1) + iX(1)'pX(1) = 0 

and the similar relation for X(2). The integration of these relations leads to 
the conclusion that X(l)tX(l) and X'2HX(2) are constant matrices. Then 
using Eq. (85) immediately gives Eq. (86b). 

Section VZ,B,l. The derivation of Eqs. (93) for reactive scattering was 
thoroughly discussed by Tang and Karplus (1968, 1971). 

Section VZ,B,4. The papers cited in this section contain a complete 
bibliography on the application of the DWA theory to chemical reactions 
(see also the review by Connor, 1979). 

The account here follows the papers by Basilevsky 
and Ryaboy (1979b,c). Note that the usually accepted dimensionless vi- 
brational variable is w/&. Here we take a non-standard-length unit that 
simplifies the final expressions for the transition probabilities. 

Hofacker and Levine (1975) have deduced model I1 
in a different manner. The same model Hamiltonian occurs in the problem 
of an externally forced oscillator; the respective solution is well known. 
The form presented here is due to Pechukas and Light (1966). The solution 
of Model 111 was described by Basilevsky and Ryaboy (1979b,c). An 
exponential Magnus approximation is a natural development of semiclas- 
sical schemes (Magnus, 1954; Pechukas and Light, 1966; Child, 1974); it is 
actually utilized in Models I and 11. 

The proportionality lawf, - AI follows also from the 
model of the sudden energy release (Korsch, 1977, 1978). 

The interpretation of dips in distributions Pmn for 
m > 0 may also be drawn from the Frank-Condon model, Section VI,B,4. 
The shape of a vibrational distribution, as presented by this model, is 
closely related to the nodal properties of an initial reactant state m on 
which the final product states are projected (Baer, 1974a; Halavee and 
Shapiro, 1976; Child, 1978). That is to say, the reason for a bimodal 
form of PI, distribution lies in the fact that the square of the ab- 
solute value I'pmn=1J2 of the reactant vibrational wave function has two 
maxima. 

Section VZ,C,I. 

Section VZ,C,2. 

Section VZ,C,3. 

Section VZ,C,4. 
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VII. Multichannel Resonances in Reactive Scattering 
Resonances in reactive scattering were revealed in early quantum cal- 

culations, but were investigated in detail later. The resonances in quantum 
calculations appear as sharp singularities of the energy dependence of 
transition probabilities. The position and width of a resonance can be 
estimated by investigating such a dependence, but other characteristics of 
a resonance remain undetected. 

The complete description of a multichannel resonance is an important 
problem. Namely, the above-discussed methods for the calculation of 
triatomic exchange reaction dynamics may be useful in a treatment of the 
decay dynamics of triatomic molecules. In this case the complete descrip- 
tion of a resonance (partial width amplitudes) would provide all the dy- 
namical information. 

Only the procedures based on the solution of the scattering problem 
are considered here. These procedures are best suited to an interpretation 
of dynamical calculations of chemical reactions. The corresponding 
theory is a natural development of the 1D scattering theory of Section IV. 

We discuss neither the known methods of resonance calculations, 
which based on discrete basis variational procedures, nor the perturba- 
tional methods for the resonance width calculations. 

A. Multichannel Resonance Analysis 
1. Laurent Expansion of the Scattering Matrix 

The direct method of the resonance analysis consists of an investiga- 
tion of the scattering-matrix singularities at complex energy values (New- 
ton, 1966). The energy and width of the resonance represent the real and 
imaginary parts of the energy value at the pole point, respectively. The 
partial widths are defined by the matrix residue at the pole point. 

In this section we always consider the scattering matrix projected onto 
open channels denoting it as S rather than S+ as in Section IV,C,4. Since 
the S matrix is symmetric, it can be diagonalized by means of a complex 
orthogonal transformation 

osu = p ,  s = u p e ,  uo = ou = I ( 108) 
where p is a diagonal matrix. 

We use the Laurent expansions at the pole point E = EA = - irA/2 

S = S - , / ( E  - EA) + So + S1(E - EA) + * * 

p = p - l / ( E  - EA) + po + p i ( E  - EJ + * * * ( 109) 
U = Uo + Ul(E - E,,) + * * *, OoU = UOO = I 

The matrix U is expanded in a Taylor series due to its orthogonality. 
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Let the residue of the matrix p be 

Then in accordance with Eqs. (108) and (109), the residue of the S matrix 
equals 

S-1 = rAlui>>((u,il, ((u,JuA)) = 1 ( 1  10) 

Here lu , ) )  is the first column of the matrix Uo. 
Generally, resonances can overlap; that is to say, the spacing between 

the different poles may not considerably exceed their widths. For that 
case we use the resonance expansion by Siegert-Humblet-Rosenfeld 
(Humblet and Rosenfeld, 1961): 

Partial-width vectors may be derived by the comparison of Eqs. (1 10) and 
(111): 

(112) 

The background matrix So in the multipole expansion ( 1  1 1) does not coin- 
cide with the constant term in the Laurent expansion (109). 

The unitary condition of the S matrix at real energy for a case of 
isolated Breight- Wigner resonance gives the normalization condition 

IrAl = rJ((uflaA)), ( ( Y : ] Y ~ ) )  = r,i (113) 

If the vector I u ,  ) ) may be thought to be real and, besides, SAlu, ) ) = Iu, ) )  
(for example, if So = Z), then it follows from the unitary condition that r, = 
-iT, and the conventional Breight-Wigner formula may be derived: 

I Y h  ) )  = - r i ’ 2 1 u A  ) )  

In the general case, a normalization factor r, may be calculated by a limit 
transition E + E ,  (Basilevsky and Ryaboy, 1981). 

The relations presented are sufficient to calculate all the resonant 
properties. The matrix Uo (and the vector Iu,))) may be derived by the 
diagonalization of the nonsingular matrix [S(E,*)]’ at Ef = 8, + irJ2. 
(The matrices S(E,) and [S(E,*)] may be diagonalized by the same trans- 
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formation due to the unitary condition (76)). The condition of the reso- 
nance existence takes the form 

det[S(E?)]' = 0 (115) 

Due to relation (66) the Jost matrix We may as well be used in a search of a 
pole and in the calculation of the vector (uA ) ): 

2 .  One-Dimensionul Formulcition of the R-Mutrix Theory. The Definition 
of the Resonunt States 
Contrary to the Laurent expansion method, the R-matrix theory2 

(Wigner and Eisenbud, 1947; Lane and Thomas, 1958) does not require 
dealing with complex energy values when considering resonant states, 
which is an important benefit. However, the R-matrix theory cannot pro- 
vide a simple resonant expansion if resonances overlap. 

The whole configuration space, where a reaction occurs, may be di- 
vided into outer and inner regions, the value r = i; of the translational 
coordinate being the boundary between them. Since the boundary is lo- 
cated in the asymptotic region, it is possible to pass over to mixed rep- 
resentation (54) by considering a pair of the reaction coordinate values 
s(l) = -a ,  d2) = a instead of F. 

The solutions of Schrodinger equation in the inner region represent the 
columns of the 2N X 2N matrix X :  

2N 
react ant 

N y y  channels 

=.I lproduct channels 

We consider them as basis functions and represent the resonant state 
in the form 

IXA > >  = ) ) 

The vectors / b A ) )  (that is, the expansion coeffieients of the resonant 
states over the columns of the matrix X )  may be calculated as eigen- 
vectors of the matrix A@),  the explicit form of which is not presented 
here (see Basilevsky, 1976): 

A(E)lb,)) = 0, det A(E) = 0 (1 17) 

Do not mix this term with the propagator R from Section IV! 
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The second formula (a consistency condition) is similar to the first 
formula [Eq. (1 16)] and repfesents an equation for the resonant energies 

An expression for the matrix A(E) is defined by specifying boundary 
conditions for the resonant states at the point r = i., s(l) = -a ,  sa) = a :  

E = EA. 

Here p is an arbitrary real diagonal matrix. (Its reality is provided by the 
reality of the energy Eh .) In accordance with Eq. (1 18), the value of the 
logarithmic derivative at the boundary point in each channel i is equal to 
pi ,  that is to the diagonal element of the matrix p, This value is the same 
for all resonant states. 

A different choice of the pi values in Eq. (1 18) corresponds to different 
ways of defining the resonant state. In particular, it is possible to show 
that expressions (116) and (117) become equivalent if we accept p = 

M(EA) and M = 0'(7)/ W).  The scattered waves B(r) are defined by Eqs. 
(58a). The logarithmic derivatives Mf are complex values (imaginary val- 
ues when an energy is real). 

3 .  Resonance Expansion in the R-Matrix Theory 
Operating in a conventional way (Lane and Thomas, 1958) it is possible 

to express the Green's function, connecting an arbitrary solution in the 
inner region with its value at the boundary, in terms of resonant states 
IxA ) ) and to derive the following expression for the R matrix: 

where and F are mass and normalization factors, respectively (see 
Basilevsky , 1976). 

A solution in the outer region may be expressed as a linear combina- 
tion of the incoming and outgoing waves J and 0, defined by Eqs. (58) and 
(58a). Let us introduce diagonal 2N x 2N matrices L and M of the bound- 
ary values of their logarithmic derivatives: J'(F) = LJ(F) and a'(?) = 
MO(i.). The continuity conditions of the solutions and their logarithmic 
derivatives at the boundary result in the following expression for the 
scattering matrix: 

S = V ' [ Z  - RP(M - p)]-'[Z - RP(L - p)JJ 
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The way to extract the information on the resonant properties (the width 
and the partial widths) from this formula is considered in detail by Lane 
and Thomas (1958); for a general case it is a difficult problem. 

For the case of isolated resonances only one level A gives the main 
contribution to the R matrix in a particular energy range. Then 

We shall not write out general expressions for the partial widths rho, the 
level width rh = EarAa ,  and the shift AA (see, for example, Lane and 
Thomas, 1958). Note only that these values are defined in terms of the 
boundary values of resonant states and their logarithmic derivatives. For 
a narrow resonance the level shift is small and the observed resonant 
energy is close to the E,i, value. 

B. Some Results of Quantum Calculations of Resonant States in 
Reactive Scattering 

1. One-Dimensional Calculations 
The great majority of papers on the subject of resonant states in reac- 

tive scattering are devoted to H + H2 and F + H2 reactions. Complete 
reference lists may be found in several reviews (Truhlar and Wyatt, 1976; 
Connor, 1979; Wyatt, 1979, 1980). The resonance behavior of the energy 
dependence of transition probabilities has been revealed also in the reac- 
tions C1 + H2 (Baer, 1974b; Persky and Baer, 1974), 0 + H2 (Clary et al., 
1979), I + H2 (Chapman and Hayes, 1977; Gray et al., 1978), He + Hi 
(Kouri and Baer, 1974; Adams, 1975; Chapman and Hayes, 1975, 1976), 
Li + FH (Walker et nl., 1981), I + HI (Kaye and Kuppermann, 1981), and 
some isotopic variants of these reactions. 

Most of the calculations have used the linear reaction model. The 
phase variation of S-matrix elements in the vicinity of resonance, the 
Argand diagrams of S-matrix elements (Schatz and Kuppermann, 1973), 
the probability density, and the flux distribution in the interaction region 
(Wyatt, 1980) were studied to detect the origin of resonances. As a rule, 
the resonances in reactive scattering occur as quasi-bound states in the 
closed channels (Feshbach resonances). A shape resonance was observed 
in the I + HI reaction (Kaye and Kuppermann, 1981; Babamov and Mar- 
cus, 1981). Both shape and Feshbach resonances occur also in the inelas- 
tic scattering process in He + Hz+ system below the reaction threshold 
(Chapman and Hayes, 1976). 

Potential wells generating quasi-bound states in the adiabatic channel 
potentials usually have their origin in the decreasing transversal vibra- 
tional frequency in the interaction region. As this takes place, the number 
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of quasi-bound states in the energy range between the thresholds of the 
neighboring channels is usually small. There is only one quasi-bound state 
between the thresholds of n = 0 and n = 1 channels for the thermoneutral 
and nearly thermoneutral reactions (H + H2, 0 + Hz , H + FH, C1 + H2), 
and the energy dependences of transition probabilities for these reactions 
are very similar. 

The systems considered up to now displayed no wells in the PES cross 
sections along the reaction coordinate. That is not the case for endother- 
mic reactions I + Hz,  He + H i ,  and Li + FH. There are two potential 
wells in the PES section of the I + H2 system arranged in the product and 
reactant valleys close to the rearrangement region, as there is only one 
well on the PES of He + H i  system arranged in the reactant valley. The 
potential along the reaction path of Li + FH system displays two barriers 
of different heights, separated by a potential well. Due to the existence 
of potential wells in PES sections, the number of quasi-bound states per a 
definite energy range may be large. Quasi-bound states attributed to dif- 
ferent channel adiabatic potentials may also overlap. As calculations 
show, in this case the oscillations of transition probabilities are observed 
instead of isolated resonant peaks. Calculations of resonant parameters 
characterizing the decay of long-living complexes formed in such systems 
are of particular interest from the point of view of future studies of decay 
processes in highly vibrationally excited molecules (for example, as a 
result of multiphoton IR absorption). 

Resonant properties are very sensitive to a variation of the type of PES 
representation, even though the PESs used are almost the same numeri- 
cally (Connor et al.,  1978a, 1980). Even a local variation of the PES 
properties is decisive (Chapman and Hayes, 1976). For this reason, the 
prediction of the resonant properties requires very accurate PES calcu- 
lations. 

2 .  Resonunt Phenomenii US a Resirlt of the Interference of Resonant and 
Background Amplitudes 
The Feshbach resonance in the H + Hz reaction (Diestler, 1971; Wu 

and Levine, 1971; Levine and Wu, 1971; Wu et a/ . ,  1973; Schatz and 
Kuppermann, 1973, 1975) is conditioned by the potential well in the 
adiabatic channel potential n = 1 (see Fig. 1 la). A way of its manifestation 
in reactive scattering may be understood in terms of the simple Breit- 
Wigner formula ( 1  14): 
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n=O 
L 

Teac t ion  coozdinate 2 ear tion coo z din a t e 
(a  1 (b) 

Fig. 11. Adiabatic channel potentials: quasi-bound states in (a) the n = 1 channel and 
(b) the n = 0 channel. 

We are interested in the scattering on the n = 0 level in the NRC approx- 
imation. Then, a = 1, 2, where the indices 1 and 2 label the reactant and 
product channels, respectively. It seems reasonable that for the resonant 
energy E = 8, the background scattering on the bottom level corresponds 
to the complete transmission: 

Suppose that resonant state decays only onto the bottom level due to 
nonadiabatic coupling. Then, as a result of symmetry (u, = u ~ ) ,  the 
normalization condition gives u = 2-ln. For the resonant condition 
E = 8 ,  we derive the S matrix for the bottom level: 

s=(:  :)-(: :)=-(: ;) 
which corresponds to the complete reflection. A sharp peak of the reso- 
nant reflection was observed in quantum calculations; however, the 
corresponding probability falls short of unity. The presence of the rest 
transmission may be easily comprehended by recalling that there is a 
probability of the resonant decay into the n = 1 level, so that u C 2-1’2. 

Let us consider a model example with a potential well in the n = 0 
adiabatic potential (Fig. 1 lb). 
In this case 

so=(:, ;) 
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(the complete reflection in the background term). By the Breit-Wigner 
formula, we derive a well-known result (the Ramsauer effect): 

The resonance corresponds to the complete transmission through the 
barrier. 

3 .  Three-Dimensional Calculations 
Three-dimensional calculations of resonances have been only reported 

for H + H2 and F + H2 reactions. The main subject under discussion is 
whether the resonant behavior of transition probabilities remains un- 
changed when averaging over the rotational quantum number J. 

Calculations have shown (Schatz and Kuppermann, 1975) that the first 
resonance in the total reaction probability of the H + H2 reaction does not 
disappear when averaging over J and its width is nearly the same as that 
obtained in 1D calculations. However, the resonance in the partial transi- 
tion probability P& disappears, since the corresponding resonance ampli- 
tude vanishes beginning at J = 7, whereas the nonresonance amplitude 
remains considerable up to J = 17. 

Three-dimensional calculations of the F + H2 reaction have shown 
(Redmon and Wyatt, 1975, 1977, 1979; Wyatt, 1980), that the resonant 
peak in the PT, transition probability previously obtained in the 1D calcu- 
lations was retained only when J = 0. However, this peak may be 
smoothed out by averaging overJ. The origin of that is the sudden shift in 
the Po2 peak probability to higher J values as the translational energy 
increases by only 3 kcaUmol in the resonant range (Redmon and Wyatt, 
1979; Redmon, 1979; Wyatt, 1980). This effect results in a variation of the 
angular distribution of the scattered product and was confirmed in the 
molecular beam experiment by Sparks et al., 1980. 

4. Direct Search of Resonances in the H + H2 Reactive System 
A direct method for searching for the poles of the S matrix, based on 

the construction of its Laurent expansion in the complex plane (see Sec- 
tion VI,A,l) was used to study the H + H2 reaction on the model PES in 
NRC (Basilevsky and Ryaboy, 1981). The method developed for real 
energy values (Basilevsky and Ryaboy, 1979a) turned out to be acceptable 
for solving the dynamical problem in complex energy plane. The only 
complication arising when solving Eq. (28) is the necessity of diag- 
onalizing the complex non-Hermitian matrix A-1WA-1’2 (Wilkinson 
and Reinsch, 1973). We search for the poles of the scattering matrix S( 8 
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- ir/2), considering it as afunction of two arguments 8 and r/2. Either of 
the two conditions of the pole existence, det W,(E) = 0 or det S'(E*) = 0, 
is available. Any standard procedure (Himmelblau, 1972) may be used to 
minimize absolute values of the determinants. We have used Jost matrices 
projected onto open channels (see Section IV,C,3) to avoid the computa- 
tional difficulties that originate from large values of the matrix elements of 
the propagator in closed channels. 

The calculated energy dependence of the transition probabilities is 
shown in Fig. 12. The positions of the S matrix poles (the resonant ener- 
gies) and partial widths, found by the direct search, are listed in the Table 
V. The positions of the resonances El and Es may be compared with the 
two singularities in the transition probabilities (Fig. 12). The two extra 
poles (E2 and E4) are not distinctly manifested in the energy dependence 
curves of transition probabilities. The reason for that is easily com- 
prehended. The maximum values (at the points E2 and E4) of the absolute 
values of the resonant terms in Eq. (1 1 l), coming from the resonances E2 
and E4, are considerably smaller than those corresponding to the reso- 
nances El and Es. This fact is mainly associated with the large widths of 

0.6 

0.2 

Po n 

0.8 

0 . 2 -  

._ 
1.8 2.0 2.2 

Flg. 12. Energy dependence of transition probabilities with reaction (PA ) and reflection 
(Pf") (the upper panel) and squares of the absolute values of the corresponding matrix 
elements for the resonant contribution to the S-matrix expansion [Eq. ( l l l ) ]  (the lower 
panel; notation is the same as in the upper panel). 
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TABLE V 

RESONANCE ENERGIES E ,  A N D  PARTIAL 
WIDTHS IyAn/* ( I N  hw,, UNITS) 

El = 1.8225 - 10.0277 

E2 = 2.0140 - 10.1883 

E3 = 2.4380 - 10.0934 

E4 = 2.5812 - 10.3607 

0 
I 
0 
1 
0 
1 
0 
1 

0.0252 
0.0047 
0.0049 
0.0606 
0.0460 
0.0439 
0.1106 
0.0480 

the resonances Ez and E4. The data listed in Table V show that the nor- 
malization condition (1 13) is approximately valid for the resonances with 
small widths. 

Since the spacing between resonances is comparable in magnitude to 
their widths, the interference of resonant terms in Eq. (1 11) takes place. i t  
is essential in this respect that the elements of the partial-width amplitude 
vectors yz and y4, representing the decay of the broad resonances E2 and 
E4 to the reactant and the product valleys, differ by 7r in their phases, 
while the corresponding elements of the vectors y1 and ys coincide. As a 
result of interference, squaring the absolute values of the resonance con- 
tributions to S-matrix elements results in different values for the reactive 
and nonreactive scattering in spite of the symmetry of the H + H2 system 
(Fig. 12). Besides that, for different S-matrix elements the maxima of 
squares of their absolute values occur at different energies. That is espe- 
cially noticeable in the region close to the energy g3. These displacements 
may be compared with extrema displacements of the reactive PT and 
nonreactive PR transition probabilities relative to the resonance position 

observable in the upper panel of Fig. 12. 

C. Commentary 
There is no direct way to calculate the background 

term in expansion ( 1  1 1). It ma.y be defined only by the subtraction of the 
resonant term from the complete S matrix (if the S matrix is known). The 
treatment in this section implies that the resonant states are the main 
subject of the investigation. 

Sectiori V I I , A , / .  
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Section Vtt ,A.2 .  A comparative description of the different theories of 
resonant nuclear reactions and an analysis of their advantages and disad- 
vantages was presented by Lane and Robson (1966, 1969). We mention 
only the theory by Kapur and Peierls (1938), in which the boundary condi- 
tions differ from Eq. (1 18). They accept /3 = M ( E ) ,  that is, the boundary 
condition becomes energy dependent and complex. In this case an expres- 
sion for the S matrix takes the simple form: 

Note that this boundary condition differs from the complex condition /3 = 

M(E,) corresponding to the Laurent expansion of the scattering matrix. 
The origin of the resonances in reactive scattering 

was first investigated for the case of H + H, (Levine and Wu, 1971, 
Schatz and Kuppermann, 1973). A variation of the phases of the S-matrix 
elements and their Argand diagrams at resonant energies were examined. 
A perturbation method was used to confirm the Feshbach origin of the 
resonances in the I + H, reaction (Chapman and Hayes, 1975, 1977). The 
Feshbach projection operator was used to calculate the parameters of 
resonances in He + HZ+ and I + Hz reactions (Liedtke et d., 1977). The 
model problem with a rectangular well in channel potentials was studied 
by Wyatt (1980). The resonances were also studied in terms of the semi- 
classical S-matrix theory. In particular, the first resonance in the H + 
H, reaction was investigated (Marcus, 1973; Stine and Marcus, 1974). 

Section VZI,B,l. 
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I. Introduction 
As is well known, the main laws governing the structure and proper- 

ties of isolated polyatomic systems (molecules and crystals) are deter- 
mined by the Schrodinger equation. In most cases of not very small mole- 
cules, exact analytical solutions of this equation are impossible, while 
numerical solutions are practically inaccessible. Therefore approximate 
models, methods, and solutions are of special importance in quantum 
chemistry. 

The first and most essential approximation introduced in solutions to 
molecular problems is the adiabatic approximation (Born and Op- 
penheimer, 1927; Born and Huang, 1954). It is based on the difference in 
the masses (and hence velocities) of the electrons and nuclei; due to this 
difference for every position of the nuclei at any instant, a stationary 
distribution of the electrons is attained, and this can be described by 
means of a wave function (instead of by a density matrix). Note that 
without the adiabatic approximation the notion of spatial structure (nu- 
clear configuration) of a polyatomic system loses its physical sense. 
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Almost immediately after the introduction of the adiabatic approxima- 
tion the most striking deviations from this approximation were also un- 
derstood. In 1934, L. D. Landau in a discussion with E. Teller (Teller, 
1972) pointed out that if the electronic state of a certain symmetric nuclear 
configuration is degenerate, then this configuration is unstable with re- 
spect to nuclear displacements which remove the degeneracy. This state- 
ment was afterward verified by Teller and Jahn and formulated as the 
so-called Jahn-Teller (JT) theorem (Jahn and Teller, 1937; Jahn, 1938). 
Actually, not only degenerate but also near-lying (quasi-degenerate or 
pseudodegenerate) energy terms cannot be treated by the adiabatic ap- 
proximation, the general criterion of validity of the latter being (A&/ 
AE,,) < 1, where AE, and AEe, are the energy-level intervals in the slow 
(nuclear) and fast (electronic) subsystems, respectively (Born and Huang, 
1954). 

In a more useful formulation, the most important deviations from the 
adiabatic approximation are due to the mixing of different electronic states 
by nuclear displacements (by vibronic interaction terms in the Hamilto- 
nian), and this vibronic mixing is the stronger the closer in energy are the 
mixed states and the greater is the appropriate vibronic constant. In this 
formulation there are no n priori limitations of molecular systems to be 
treated by the vibronic theory. In fact, the vibronic approach may be 
regarded as a new concept which enlarges essentially the structure- 
property bridge in physics and chemistry. The above-mentioned Jahn- 
Teller instability is a particular case when the vibronically mixed elec- 
tronic states have the same energy. Although the concept of vibronic 
interaction is much more general (and more adequate to the phenomena 
and effects under consideration), a great many works on this subject are 
published under the title of the Jahn-Teller effects. 

Although the JT theorem was formulated more than four decades ago, 
the rapid development of this area began only two decades ago. Until that 
time there was a very poor understanding of what kind of observable 
effects could be expected as a result of the JT instability. The reason is 
that the JT instability was taken quite literally to be the origin of spon- 
taneous distortion of the nuclear configuration. In fact, the real meaning of 
the JT theorem is concerned with the behavior of different adiabatic po- 
tential (AP) surfaces near the point of their intersection, where these 
surfaces have no physical sense (due to the breakdown of the adiabatic 
approximation). Therefore the JT theorem itself does not contain informa- 
tion about observable magnitudes (Bersuker, 1966a). The complicated 
behavior of the AP near the point of degeneracy, predicted by the JT 
theorem, results in a system of coupled (vibronic) equations for the nu- 
clear dynamics; their solution reveals a number of new effects and reg- 
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ularities which cannot in general be reduced to nuclear configuration in- 
stability and degeneracy removal-the vibronic effects are much more 
rich. 

At the present time the vibronic approach forms a well-defined area of 
research activity in physics and chemistry of molecules and crystals with 
applications to the full range of spectroscopy (including ESR, visible, UV, 
IR, Raman, and radiospectroscopy, as well as NMR, NGR, and ul- 
trasonics); crystal physics and chemistry, including crystal isomer forma- 
tion, structural phase transitions and ferroelectricity; and chemical reac- 
tion mechanisms, chemical activation, and catalysis-the overall number 
of publications on this subject is about 3000 (Bersuker, 1982a,b). Some of 
these works, mainly the early ones, are considered in several reviews 
(Sturge, 1967; Ham, 1972; Gehring and Gehring, 1975; Bersuker et d., 
1975; Bersuker, 1975; Bates, 1978; Bersuker and Vekhter, 1978), and in 
the book of Englman (1972). 

The aim of this article is to give a review of the latest achievements of 
the theory of vibronic interactions and JT effects (some of the earlier 
works are only mentioned briefly). In Section I1 of this article the theoreti- 
cal background and AP calculations, as well as symmetry properties of JT 
systems are discussed. Section I11 is devoted to solutions of the vibronic 
equations obtained mostly in more recent years. Section IV is concerned 
with one of the newest developments of the theory of vibronic interac- 
tions, the multimode JT effect. In spite of the review nature of this article, 
many questions are treated here for the first time. These include the 
rigorous deduction of the vibronic Hamiltonian and the separation of force 
constants from the vibronic ones, and the reduction of the multimode AP 
problem to the appropriate ideal one, etc. Note, however, that not all 
important vibronic problems are considered here. In particular, the very 
exciting results on the so-called cooperative JT effects are excluded from 
this review. Also omitted are the above-mentioned applications of the 
theory. The interested reader can find them in some of the above-cited 
review papers, in the book of Bersuker and Polinger (1982), and in the 
bibliography review (Bersuker, 1982a,b). 

11. The Vibronic Hamiltonian. The Jahn-Teller Theorem 

As mentioned before, because of the essential difference in the masses 
(and velocities) of the nuclei and electrons, the latter follow the former 
adiabatically, and for every position of the nuclei at any instant a station- 
ary distribution of electrons is adjusted. Therefore when considering the 
electronic states, the nuclei in the first approximation may be taken as 
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fixed, and in the next approximations their motions can be taken into 
account by the perturbation theory (Born and Oppenheimer, 1927; Born 
and Huang, 1954). 

As long as the space is considered isotropic and uniform, the transla- 
tional and rotational degrees of freedom of an isolated polyatomic system 
are described by cyclic coordinates and can be separated from the other 
ones. Note that the rigorous separation of the rotational coordinates is not 
trivial (Kiselev, 1978). Considering this problem solved, the Hamiltonian 
of the remaining degrees of freedom may be taken in the form: 

(1) 

Here H(r) is the operator of the kinetic energy of the electrons and of their 
mutual Coloumb interaction, V(r ,  Q) is the operator of the electron- 
nucleus plus nucleus-nucleus interactions, r and Q being the configura- 
tional coordinates of the electrons and nuclei, respectively, and T(Q) is 
the operator of the kinetic energy of the nuclei (the relativistic interactions 
are neglected). 

As mentioned above, when considering the electronic motions, the 
nuclear kinetic energy T(Q) may be taken as a small perturbation. The 
perturbation approach is qualitatively different for nondegenerate and de- 
generate electronic states. In the former case it results in the traditional 
adiabatic approximation. In the case of degeneracy (or pseudodegener- 
acy), the nonzero nuclear displacements lead to the so-called vibronic 
Hamiltonian which takes into account the nonadiabatic mixing of different 
electronic states. 

W r ,  Q)  = H(r)  + V(r,  Q) + T(Q) 

A. Nonadiabacity and the Vibronic Hamiltonian 

Schrodinger equation is 
In the zeroth-order perturbation theory with respect to T(Q), the 

(2) 

where n is the electronic quantum number. Its eigenvalues En(Q) and wave 
functions qn(r, Q) depend on the nuclear coordinates as on parameters, 
the set of pn(r, Q) functions being complete and orthonormal for every Q 
value. We look for the eigenfunctions of the total Hamiltonian in the form 
of the following expansion: 

CH(r) + Vr, Q)lpn(r, Q) = en(Q)p&, Q) 

where the coefficients xn(Q) are also functions of Q. For them, taking into 
account that T(Q)  = - t i 2 / 2 ) x f  MI' a2/aQf (where i labels the nuclear 
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degrees of freedom and M the appropriate reduced masses), after some 
simple transformations we obtain 

where Umn(Q) = 4 Q )  amn 9 Tmn = T(Q) am, + A m n  9 

Atnn = -ti2 M;'[A&(Q)(a/aQi)  + iB$L(Q)I (5 )  

(6) 
t 

A$,, = / qk(aqnlaQi) dr,  B% = / Vk(a2qnlaQr) dr 

The infinite system of coupled equations (4) can be presented in matrix 
form HX = EX, provided that the matrix Hamiltonian with the elements 
H m n  = T m n  + Umn and the column form of the eigenfunction x(Q)  are used. 

The nondiagonal matrix elements Amnr m # n, which couple Eq. (4), 
are differential operators called the nonadiabacity operators. Note that 
Tmn is the matrix presentation of the operator T(Q) with the basis elec- 
tronic functions qn(r ,  Q), and all the Tmn terms including Amn are of the 
order of M i ' ,  i.e., for infinite heavy nuclei (Mi + m), all the Tmn values 
vanish. Therefore, if the energy intervals le,(Q) - em(Q)l for the zeroth- 
order problem are much larger than the nonadiabacity contribution, the 
previously mentioned perturbation theory with respect to the small M i 1  
values can be used. 

Let us consider first a nondegenerate state q n ( r ,  Q) (which is supposed 
to remain nondegenerate for any Q values). In the first approximation, 
taking into account only the diagonal elements of the matrix Hamiltonian 
IlHtnnII = IITmn + Umnll ,  we obtain the following Hamiltonian for the xn(Q) 
functions: 

(7) 

which is equivalent to the neglect of all the terms in Eq. (3), except the 
nth: T(r, Q) = xn(Q)pn(r, Q). This result is not trivial. Due to electron- 
nuclear interactions the behavior of the nuclei should be described by 
means of the density matrix satisfying the quantum Liouville equation, 
and only the neglect of the nonadiabacity mixings Am,,, m # n allows to 
pass from mixed states to pure ones of the nuclear subsystem. The multi- 
plicative form of the total wave function means that the change of the 
nuclear configuration leads to appropriate deformations of the electron 
distribution not causing electron transitions between different electronic 
states. In other words, the electrons follow adiabatically the nuclear dis- 
placements, whereas the nuclear distribution is determined by the wave 
function x n( Q)  satisfying the Schrodinger equations with the Hamiltonian 

Hn = T(Q) + A n n  + 4 Q )  
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Eq. (7), which includes in its potential energy en(Q) the average field 
produced by the electrons; this is the adiabatic approximation. 

In the harmonic approximation the solution of the equation for xn(Q) is 
simple. Suppose that the potential energy € n ( Q )  + Ann(Q) has an absolute 
minimum at the point Q = Qo and consider that there are small vibrations 
near this point. Expanding the potential energy with respect to the small 
nuclear displacements from the point Qo and neglecting the cubic and 
higher order terms in Q ,  we have 

where J%' = 4 Q o )  + Ann(Qo),  KU = dY€n + Ann)/aQt 8Qj. 
Equation (4) with the potential equations (7) and (8) can be easily 

solved in normal coordinates, resulting in oscillator solutions. The adia- 
batic approximation is valid when the nonadiabacity perturbation first- 
order correction to the wave function "(r ,  Q) = xn(Q)pn(r ,  Q )  is small 
enough. Using the xn(Q) oscillator wave functions and approximate 
values of A,,,,,, m # n ,  in which the Ag,,(Q) and Z3gJQ) functions are 
substituted by their values at the point Q o ,  one can easily deduce the 
following criterion of validity of the adiabatic approximation 

(9) 

where w is the largest frequency of vibrations near the minimum point Qo . 
This criterion is hence applicable to stable configurations having a des- 
Crete vibrational spectrum. In the case of a continuous spectrum (unsta- 
ble configuration), the criterion of adiabatic approximation has another 
form; it can be reduced to the requirement that the so-called Massey pa- 
rameter IE - €n(Q)I/IEm(Q) - en(Q)I is small (Nikitin, 1970). 

If the adiabatic approximation criterion [Eq. (9)J is fulfilled, then using 
the uncertainty relations and the virial theorem, one can obtain the follow- 
ing useful estimation 

hw 4 IEp' - E'O' m l  

- - 
V - u(m/MI3'*, Q d(m/M)'", hw/AEel - (m/M)"* (10) 

where v and are the mean square values of the nuclear velocity and 
coordinate, respectively, u is the mean electron velocity, d is the linear 
dimension of the electron distribution, and AE,, = IE',O' - E',O'[. If the latter 
is zero or small enough and the criterion equation (9) does not hold, the 
adiabatic approximation [and hence the estimations of Eq. (lo)] is invalid. 
In particular, in symmetric molecular systems containing rotation axes C, 
with n 2 3, there are two (or several) different electron distributions with 
the same energy (electronic degeneracy), for which AE,, = 0 .  This and 
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other important cases of invalidity of the adiabatic approximation result- 
ing in new effects and regularities are considered below in the next sec- 
tions. 

From the estimation of Eq. (10) it follows that G / d  - (rn/M)’” and 
hence the harmonic approximation employing Eq. (8) is valid up to the 
order of (rn/M)1‘4. It means that as far as the harmonic approximation is 
also used, the small parameter of the theory is in fact K = ( ~ I / M ) ” ~ ,  but 
not ( ~ I / M ) ’ ’ ~  [or even ( rn/M)3’4] .  A substitution ~q = Q - Qo leads to 
new coordinates q = {qr} which do not contain small parameters. It allows 
us the explicit introduction of the small parameter K in the Hamiltonian 
and to use it as the expansion parameter of the perturbation theory (Born 
and Oppenheimer, 1927). The zeroth-order Hamiltonian can be obtained 
from the exact one Eq. (1) by excluding the kinetic energy operator T(Q) 
and assuming Q = Qo (since for Q = Qo, ~q = Q - Qo = 0) .  Hence the 
starting basis functions in this case are $,(r) = pn(r ,  Qo), which are 
eigenfunctions of the Hamiltonian 

(11) H(r,  Qo) = H(r)  + V(r ,  Qo) 

and instead of the expansion equation (3), we have 

The physical meaning of this approach can be understood if one takes into 
account the fact that in the ground vibrational state the nuclear distribu- 
tion has the form Ix(q)12 = ( K T ) ’ ’ ~  exp[-(Q - Qo)2/~2] ,  which at small K 

values ( K + 0)  is a 6 function. This allows the adiabatic total wave func- 
tion to be presented approximately’ as T(r, Q) = x(Q)qn(r, Q) = x(Q)qn(rr 
Qo) = x(Q)Jln(r). In other words, in the limit of very heavy nuclei, the 
latter are localized at the minimum point Qo, and there is a reason to 
consider only electronic states corresponding to this fixed nuclear con- 
figuration. This approach, as distinguished from the above adiabatic 
approximation is often called the “crude,” or the simple (or the Born- 
Oppenheimer) approximation.2 Although not less rigorous from the 
theoretical point of view, the simple adiabatic approximation may be 
essentially less accurate in calculations with a limited basis of functions. 

The Qo point nuclear configuration can in principle be obtained from 
empirical data. In a more consistent theory it has to be determined as a 

Note thatf(Q) S(Q - Qo) = f ( Q o )  6(Q - Qo) if the functionf(Q) is not singular at the 

* There is a discrepancy in the names of different variants of the adiabatic approximation 
point Qo.  

used by different authors (Azumi and Matsuzaki, 1977). 
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quantum mechanical averaged value elo) = ( O I Q t l O > ,  which implies that 
not only the electronic ground state, but that the nuclear and the total (0 ) 
states are calculated as well. This is a very difficult problem. Some infor- 
mation about the Qo point can be obtained by symmetry considerations. 
Indeed, the exact Hamiltonian of a polyatomic system is invariant with 
respect to permutations of identical nuclei and inversion of the coordinate 
system. All these symmetry elements form a group often called the 
Longuet-Higgins group (Longuet-Higgins, 1963). It contains some opera- 
tions R which, being applied to the Qo configuration, may be reduced to 
rotations or inversion of its nuclear framework. The remaining “nonrota- 
tional” operations permute the system between equivalent configurations, 
which in most cases are divided by very high barriers, except the so-called 
nonrigid molecules. For rigid molecules only the R elements should be 
taken into account. Then the Qo configuration must be chosen such that 
it has a maximum number of R elements. The appropriate group is de- 
noted by G o .  

For instance, for the triatomic molecule X, the G group is isomorphic 
with the symmetry group of a equilateral triangle DSb, and therefore the 
Qo configuration has to be taken in the form of an equilateral triangle. For 
a ML4 system the Longuet-Higgins group is ~ ( 4 )  X C, , where n(4) is the 
group of permutations (exchanges) of four identical iigands and Ct is a 
group containing two elements, the identity and inversion. Since the point 
of the M nucleus is privileged and takes no part in the symmetry transfor- 
mations, and the 744) group is isomorphic with the group of a tetrahedron 
Td , it is clear that the Qo configuration in this case should be a tetrahedron 
with the M atom in the center and L in the apexes. (The existence of 
square-planar complexes, thus, may be due to either JT, or pseudo JT 
instability of the tetrahedral structure (see Pearson, 1976; Bersuker, 
1982b). The permutation groups 746) and ~ ( 8 )  which correspond to 
ligand exchanges in the ML6 and ML8 systems, have no isomorphic 
analogies among the point groups, while the Oh group is the richest in 
rotational symmetry elements and therefore has to be chosen as the sym- 
metry group Go of the Qo configuration. The latter is thus an octahedron 
for ML6 and a cube for M L B .  

In this procedure of determining the Qo point, the totally symmetric 
coordinates remain uncertain. As shown below, they can be separated 
from the others and excluded from the vibronic problem. 

If the displacements Qi - a0) from the point Qo are small enough [see 
the estimations of Eq. (lo)], the operator V(r,  Q) in the total Hamiltonian 
equation (1) can be taken in the form of the expansion in which only 
several first terms are retained: 
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Note that the Hamiltonian H(r,  Q) is invariant with respect to the trans- 
formations of the Longuet-Higgins group G, and hence it is a scalar of the 
subgroup Go not only at the point Q o ,  but also in any of its neighborhood. 
The approximate Hamiltonian with V(r, Q) after Eq. (13) is also an in- 
variant of the group Go, but it is devoid of the other symmetry properties 
which complete the group Go until G. 

The Qi - Qro) displacements may be transformed to symmetrized 
combinations QI.Y belonging to the y line of the r representation. This 
transformation, performed by means of projection operators, is straight- 
forward. Some details concerned the separation of independent bases, in 
particular, the separation of translational and rotational degrees of free- 
dom may be found in the book of Wilson et d. (1956). In Ql.Y coordinates 
the approximate Hamiltonian [with V(r, Q) after Eq. (13)] is 

(14) N r .  Q) = T(Q) + W ,  Q> 

W ,  Q) = H(r, Qo) + Vl.y(r)Ql.y 
"Y 

where H(r ,  Qo) is given by Eq. (1 1) and 

Vi.y(r) = aV(r, Qo)/aQi.y,  WI y I I'PY? ( r )  = a2 V(r, Qo) / ~ Q I - ,  y I Q 1 .? y2 

(16) 

As mentioned above the Hamiltonian equation (14) is a scalar of the 
point group Go. It means that the last sum in Eq. (15) is a scalar convolu- 
tion of two tensors of the second rank, W,.Iy11.2yt and Ql.lYlQl.2Ys, their 
components realizing the basis of the direct production of rl and T2. Since 
rl x T2 is reducible, one can continue on to such convolutions of these 
tensors which transform as the irreducible representations of the Go 
group: 

W ( r 1  x r 2 ) h . Y  = 2 W1~,,,1~,,,(r) (rlYlr2Y21ry) (17) 

(Qrr x Qi,,Ii.y = Qi.IYIQi.tY1 ( ~ I Y ~ ~ z Y ~ I ~ Y )  (18) 

Y I Y 2  

Y l Y t  
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Here (rlylr2y21ry) is the Clebsh-Gordan coefficient of the Go group 
(Koster et al., 1963). Using these presentations and taking into account 
the orthogonality relations between Clebsh-Gordan coefficients, we have 

W, Q) = W ,  Qo) + z Vl~y(r)Ql.y 
I 'Y 

and for the vibronic problem, we get formally the same system of coupled 
equations (4), in which, however, Tm, = T(Q) S,, and 

Except for the harmonic approximation [Eq. (13)], the two systems of 
vibronic equations are exact and differ only by a unitary transformation of 
the basis functions. In Eq. (4) the potential energy matrix is diagonal, 
whereas the kinetic energy matrix is nondiagonal; however, with the &(r) 
basis the kinetic energy is diagonal and the potential energy is non- 
diagonal. The equivalency of the two approaches breaks down when ap- 
proximate methods are employed in concrete calculations. 

Consider now the case offfold degeneracy or pseudodegeneracy with 
states, Jlz(r), . . . , I/&), having the same or close energies. In 
accordance with the perturbation theory for degenerate terms, the matrix 
Hamiltonian with these basis functions consists off x f matrixes, their 
elements being differential operators of nuclear coordinates, and the vi- 
bronic system of equations contains f coupled differential equations with 
respect to the unknown functions xk(Q). The latter determine the zeroth- 
order correct functions 

Note that in contrast to the adiabatic or simple adiabatic approximations, 
the total wave function [Eq. (21)] is essentially nonmultiplicative [all the 
Xk(Q) functions are of the same order of magnitude]. Close energy values 
for different electronic states mean low electron velocities comparable 
with the nuclear ones. Therefore the latter cannot be separated from the 
electronic motion and considered as small vibrations in the mean field of 
electrons. The wave function Eq. (21) describes vibronic states to be 
distinguished from electron-vibrational states Y(r,  Q) = x,(Q)Jln(r) with 
appropriate independent electronic and vibrational energy spectra. If all 
the functions Jlk(r), k = 1, 2, . . . , f belong to the same irreducible 
representation of the Go group, the potential energy matrix using the 
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Wigner-Eckart theorem and assuming ('Pi.ylH(r, Qo)l~y . , )  = 0 takes the 
form: 

Here V,. and W , . ( r ,  x r,) are the reduced matrix elements of the oper- 
ators V,.,(r) and { W ( r ,  x T,)},., from Eq. (19), and C,., are matrixes of 
appropriate Clebsh-Gordan coefficients of the Go group determined in 
the space of the degenerate electronic states. In the second sum in Eq. 
(22) the totally symmetric terms with r = Al (proportional to C,,,) can be 
separated and united with the kinetic energy T(Q)CA,, resulting in a bi- 
linear form of coordinates and momenta, which can be reduced to oscil- 
lator form by means of an orthogonal transformation to normal coordi- 
nates. Finally, we arrive at the vibronic Hamiltonian in the matrix form: 

Here the totally symmetric linear terms V,-QryCl-y with r = Al are ex- 
cluded by means of reading off the Q A I  coordinate from its equilibrium 
position QZ) = -V,,,/w%,. The last two terms in the vibronic Hamiltonian 
Eq. (23), containing coordinates QI.Y for which V,. # 0 and/or W& X r,) 
# 0, are the so-called linear and quadratic vibronic interaction terms, 
respectively, while the parameters V,. and W,.( rl x r,) are the linear and 
quadratic vibronic coupling constants. Note that since mixing of only f 
degenerate states is taken into account in the above consideration, the 
vibronic Hamiltonian Eq. (23) is valid only when there are no other near- 
lying states with which under nuclear displacements, mixing may be es- 
sential. 

B. The Jahn-Teller Theorem 
Let us consider the shapes of the adiabatic potentials (AP), E ~ ( Q ) ,  n = 

1,2, . . . ,f, near the point of intersection Qo (el-, = 0, r # All. Assum- 
ing the Ql.y values to be sufficiently small, only the linear terms should be 
retained in the potential energy matrix Eq. (22), U = V,QrYC,.,. Itsf 
eigenvalues, as can be easily shown, have conical-shaped surfaces (which 
are not necessarily rotation surfaces) with the apex at the point at Qo. 
Indeed, consider the cross section of the E,,(Q) surface along an arbitrary 
direction specified by the unit vector e = {e,.,} in the space of nuclear 
displacements {Q,.,}. Along this section = qe,.,, U = q& VI-el-yC,.yr 
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and the eigenvalues of the U matrix are linear in q : e,,(Q) = A&, where A, 
are the eigenvalues of the numerical matrix &, Vr.el.,Cl.,. 

Since the spur of the C,., matrixes, r # Al, is zero and hence the 
“center of gravity” of the split term near the point Qo is preserved (the 
sum of all eigenvalues is zero), some of these cone surfaces should be 
oriented with the apex up and the bell shape down. It means that at least 
one of the AP sheets near the point of degeneracy Q,  is a conical-like 
surface oriented with the bell shape down, and hence the surface as a 
whole has no extremum at this point, provided the linear terms of the 
vibronic interactions (the linear vibronic constants V,.) are nonzero. As 
mentioned above this statement was first formulated in terms of instability 
by Landau and then verified by Jahn and Teller (1937) and Jahn ( 1938) by 
means of group-theoretical considerations. Looking over all the point 
groups and all the possible types of molecular systems belonging to a 
certain point group, Jahn and Teller have shown that in all possible cases, 
except linear molecules, and for all degenerate terms, except twofold spin 
degeneracy (Kramers degeneracy), there are such nuclear displacements 
Q,., for which the reduced matrix element V,. = (i=llVdr)[lT), calculated 
with the electronic functions +,.Jr), is nonzero (I‘ E [T2]). 

Thus the following theorem is valid: In the case of $fold electronic 
degeneracy (f > I )  of a polyatomic system among the f adiabatic potential 
sheets intersecting at the point Q,, there is at least one which has no ex- 
tremum at this point. Exceptions are the cases of ( 1 )  linear conjiguration of 
the atoms at the point Q, and (2) spin twofold (Kramers) degeneracy of the 
electronic term. More constructive analytic proofs of this theorem were 
suggested by Ruch and Schonhofer (1965) and independently by Blount 
(1971). 

These proofs are not exhaustive, since they deal with only 32 crystal 
point groups and two icosahedral ones. The symmetry considerations 
used in most cases are sufficient but not necessary conditions of lack of 
extremum of the AP at the point of degeneracy Qo ; the latter can be of 
“accidental” origin. Also accidentally all the linear vibronic constants V,. 
may be zero. 

The proof for both space and point groups based on the Frobenius 
theorem was suggested by Raghavacharyulu (1973a,b). A direct verifica- 
tion of the Jahn-Teller (JT) theorem for several space groups was per- 
formed by Birman (1962a,b). Algebraic proof of this theorem which also 
includes cases of accidental degeneracy is given by Aronovitz (1976). 

The lack of minimum of the AP at the point Qo is usually interpreted as 
an instability of the molecular system with an orbital degenerate elec- 
tronic state resulting in its spontaneous distortion and degeneracy re- 
moval. This interpretation, literally understood, is incorrect (Bersuker, 



Vibronic Interactions and Jahn-Teller Effect 97 

1966a). Indeed, in the neighborhood of the point of degeneracy Qo (small 
Q,.,,  E, = en), the nonadiabacity corrections -Amn/(Em - En) - (Vl.Ql~y)-l  
are not sufficiently small, and hence the adiabatic potential loses its physi- 
cal meaning as the potential energy of the nuclei in the field of electrons. 
The real behavior of the nuclei in this case follows the Schrodinger equa- 
tion with the vibronic matrix Hamiltonian [Eq. (23)], whereas the adiaba- 
tic Hamiltonian [Eq. (7)] is invalid. Nevertheless, for sufficiently strong 
vibronic couplings (V, .+ m), the area of applicability of the approximation 
U = c,., V,.Q,.,C,.,  may be larger than the region of small Q,., values where 
the adiabatic approximation is invalid, and the conclusion about the insta- 
bility of the nuclear configurations may be valid. But even in these cases 
the nuclear configuration, if correctly calculated as quantum mechanical 
averaged nuclear coordinates, is not distorted, and the degeneracy of the 
ground state is not removed (see Section 111). 

Note that the two exceptions to the JT theorem are quite different in 
nature. The Kramers degeneracy is determined by the symmetry of the 
system with respect to time inversion. This symmetry cannot be de- 
stroyed by any means of nuclear configuration distortion; the Kramers 
degeneracy cannot be removed by nuclear displacements and it remains in 
the range of all values. On the contrary, the exception of linear 
molecules is due to the fact that the orbital momentum determines also the 
parity of the irreducible representation: as a result of inversion the basis 
functions t,bm are multiplied by (- Therefore all the irreducible rep- 
resentations with even values of L are even, and those with odd values of 
L are odd. Since the double degenerate vibrations of a linear molecule are 
EL, L = 1, i.e., they are odd, the selection rules of parity result in 
V,, = 0, and there is no splitting of the AP in the first-order perturbation 
theory with respect to the nuclear displacements QE,.  

However, there is such a splitting in the second-order approximation. 
Indeed, Q E y  Q E y , ,  transforms as [4] = Al + E 2 ,  and the mentioned 
forbiddenness on parity is removed. Visually this is due to the fact that for 
the distorted (bent) configuration, the L value ceases to be a good quan- 
tum number. It follows that although for linear molecules distinguished 
from the nonlinear case the AP in the point of degeneracy has an ex- 
tremum, it may be split due to different curvatures of different sheets. This 
is the so-called Renner effect (Renner, 1934). 

From the JT theorem it follows that the lack of extremum of the AP in 
the point of degeneracy is due to the linear vibronic coupling. This allows 
us to assume that there may be cases when the nonadiabatic mixing of 
electronic states by nuclear displacements (vibronic mixing) can be con- 
sidered in the linear approximation, i.e., when the quadratic vibronic 
constants are neglected, W,.(Tl x r,) = 0. In these cases the vibronic 
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Hamiltonian [Eq. (23)] is essentially simplified. All the terms can be di- 
vided into two parts, one of which contains the Q,., coordinates with r E 
[T2 1 (JT active coordinates), the other includes the remaining (non-JT) 
coordinates for which V,. = 0. Accordingly, the Hamiltonian can be pre- 
sented as the sum of two commuting components, and the appropriate 
variables can be separated. For the non-JT modes the motion remains 
trivial (say, harmonic), and the total JT effect is described by the JT active 
part of the Hamiltonian 

where the sum over r includes only the JT active irreducible representa- 
tions. Their number is usually much less than the number of vibrational 
degrees of freedom of the molecule, but the problem still remains compli- 
cated. 

C. Adiabatic Potentials 
Calculation of the AP E,(Q) is an important step in the solution of 

vibronic equation (23). Knowledge of the AP has a special meaning in the 
case of strong vibronic coupling when the energy gap between different 
sheets of the AP in the regions far from the point of degeneracy Qo is 
sufficiently large and solutions with the Hamiltonian [Eq. (7)] are approx- 
imately valid. In these cases many qualitative features of the JT effect 
may be predicted by the AP shape without the solution of the vibronic 
equations. 

The simplest JT system is a molecule in a double orbital (non- 
Kramers) degenerate state belonging to the simple E representation of the 
molecular point group. These representations are inherent in polyatomic 
systems, for which the point group Go possesses at least one rotational 
(C,) or rotoflexion (3,) axis of the order n 2 3. There are two types of E 
terms. For odd values of n, and for even n not multiple with 4, the sym- 
metric square of the Ek representations [k  = 1, 2, . . . , ( n  - 2)/2, for 
even values of n,  and k = 1,2,  . . . , (n - 1)/2, for odd values] is [ E f ]  = 
A, + Ezk. It means that for such an electronic term E the JT active 
modes are of type E, and the vibronic problem is of the type E - e. 
For even n multiple with 4 there are also Ek representations for which 
[ E l ]  = A, + B, + B2, and the vibronic problem is E - (b, + bz). The first 
case is typical for molecules with C,, , Td , Oh, etc., symmetries, whereas 
the E - (b,  + bz), problem is inherent in systems with C4hr D d h ,  etc., 
symmetries. 

Consider first the linear E - e problem. If the complex coordinates Q+ - exp(2ikq) and Q- - exp(-2ikq) are chosen as normal (q is the angle of 
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rotation around the symmetry axis and k = 0, I ,  2, . . . , n), the operator 
of linear vibronic interactions can be written in the form of a scalar con- 
volution V+(r)Q- + V-(r )Q+.  Using the basis functions $* - exp(5ikp) 
and the transformation properties V J r )  - exp(+2ikp), it can be trans- 
formed to the matrix form V ~ d f ( Q + o -  + Q-(T+), where V,  is the 
reduced-matrix element, the vibronic constant, and (T* = ((T, + iuu)/2, 
and (T~, i = 0, x, y ,  z are the four well-known Pauli matrixes (the coeffi- 
cient d being introduced for convenience). For real coordinates Q,, , Q, 
and wave functions $&), $,(r),  

QH = (l/V”%Q+ + Q - ) ,  

Q, = -(i/*)(Q+ - Q - ) ,  

$H = (l/d%$+ + $-I 
$, = -G/d)($+ - $-I 

(25)  

the operator of linear vibronic interaction in the E - e problem takes the 
following form: 

(26) 

The same result can be obtained by the method described earlier in Sec- 
tion II,A using appropriate values of the Clebsh-Gordan coefficients. The 
difference in the sign of QH for cubic symmetry groups arises due to the 
difference in the “right” and “left” coordinate systems assumed for tri- 
gonal and cubic systems, respectively. 

V = v~(QHuz + QP,) 

For the potential energy matrix, using Eq. (26) we have 

U = b%(QH” + Q ~ Z ) ( T O  + v ~ ( Q t ~ z  + QP,) (27) 

Its diagonalization leads directly to the AP (in polar coordinates Q,, = p 
cos cp, Qd = p sin 9): 

(28) 

which is a rotation body (Fig. 1). Note the conical form of AP surface near 
the point of degeneracy Q and the equipotential trough of minima points 
in its E -  sheet, resembling a Mexican hat (sombrero). The radius of the 
trough and its depth-the JT stabilization energy &=-are 

€2 = b w i p *  + Iv,lp 

po = lV,l/wi, EJT = -€-(PO) = i(V%/wH) (29) 

At the point of minimum, the difference e + ( p O )  - e- (po)  = 4EJT may be 
sufficiently large, provided the vibronic constant is large. If this is the case 
the nuclear motion in the ground state is localized near the bottom of the 
trough and has the nature of free rotations along the latter (Section 111). 
Figure 2 illustrates the change in shape of an equilateral triangle molecule 
during this motion. The wave of deformations transforming the equilateral 
triangle into an isosceles is running around the geometry center of the 
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Fig. 1. The adiabatic potential of the electronic E term linearly coupled to E vibrations 
(the “Mexican hat”). 

triangle. But the molecule as a whole is not rotating: the atoms are de- 
scribing circles around their own equilibrium position and not around a 
common axis of the molecule as a whole. 

Quite similarly, the quadratic terms of the operator of vibronic interac- 
tions in the E - e problem take the following form 

Fig. 2. The change of the shape of a triangle molecule when moving along the bottom of 
the trough of the lower sheet of the AP in the linear E - e problem. The circles represent the 
trajectories of the atoms of the molecular framework. The extrema points along the bottom 
of the trough arising due to the quadratic terms of the vibronic interaction are marked by 
points on the circles (after Liehr, 1963). 
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where WE is the corresponding reduced matrix element, the quadratic 
vibronic constant. With the quadratic terms [Eq. (30)] included, the AP 
becomes more complicated. As seen from Fig. 3 and compared to the 
linear case (Fig. l), when the quadratic terms are taken into account, the 
AP surface becomes warped: three wells alternating with three humps 
occur along the bottom of the trough transforming the Mexican hat into a 
cocked hat (“tricom”). The extrema points of the c ( p ,  cp)  sheet of the 
surface are 

the points n = 1 , 3 , 5  being absolute minima (and n = 0 , 2 , 4  saddlepoints) 
when WEVE > 0, and vice versa for WEVE < 0. The minima depths-the 
JT stabilization energy EJT and the minimal barrier height between them 
are 

The steep slope connecting all the extrema points of the c- (p ,  c p )  sheet of 
the AP (Fig. 3b) is given parametrically by the following functions: 

Here again the energy gap between the two sheets of the AP surface 
near the minima points is e+ - E- - Vg/o%.  Therefore, if VE is sufficiently 
large, the nonadiabatic contributions A+.- and A_+ are negligible, and the 
AP surface ~ ( p ,  cp)  acquires the properties of the potential energy of the 
nuclei, qualitatively illustrating their possible motions. If A is not negligi- 
ble the above-mentioned free rotations along the bottom of the trough 
become hindered by the potential barriers between the minima. For suffi- 
ciently large A values the nuclear motion is localized in the minima in 
which the nuclear configuration of the molecular system is distorted (the 
C3,  symmetry is reduced to CSv, Td --* Dza , Oh -+ &h,  etc.). The degener- 
ate E vibrations in such a minimum configuration are split into A and B 
vibrations with frequencies determined by the appropriate AP curvatures: 
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Q E  

1 

- Qo 

I 

(b) 

Fig. 3. The adiabatic potential in the E - e problem with both linear and quadratic terms 
of vibronic interactions taken into account (“the tricorn”): (a) general view; (b) equipotential 
sections of the lower sheet c- . The steep slope line from the saddle points to the minima is 
shown by a dashed line. 
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In particular, if I WE[ > 4 / 2 ,  the system becomes unstable with regard the 
E-type nuclear displacements, provided the higher order terms in Q do not 
contribute to the stabilization of the nuclear configuration under consid- 
eration. This explains the origin of instability of a series of molecular 
systems with ground E terms, in particular H3 (Liehr, 1963; Porter et a / . ,  
1968). For stable systems the nuclear motion is rather complicated and it 
is not reduced purely to vibrations with the cSA and cSB frequencies, one of 
its important features being the tunneling between the minima (Section 
I11 ,A,2). 

For linear molecules, as mentioned above, VE = 0, and the vibronic 
interaction operator contains only quadratic terms [Eq. (30)]. The appro- 
priate AP have axial symmetry (Fig. 4): 

(35) 

If I WE I > wB/2, the lower sheet of the surface E -  has a maximum at p = 0 
and the system is unstable at this point (Renner instability). It may be 
stable for p > 0, owing to the contribution of the higher order terms in p .  

Consider now the other E-term problem, E - (b ,  + bz).  In real B, and 
B2 normal coordinates Ql and Q2 and real basis wave functions I/Jo and J I C ,  
the linear vibronic interaction operator has the form V = VIQlrr, + 

€* = 4w;pz f I w , p  = b(wB f 21 W,l)p2 

t 

1 

E 

Fig. 4. The adiabatic potential of a Renner-type molecule near the point of degeneracy 
Qo:  (a) the case of weak Renner effects with stable configurations at Q = Qo; (b) the case of 
strong Renner effect leading to dynamic instability at Q = Qo in the lower sheet state. 
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V2Q2aZ, where Vl and V2 are the reduced-matrix elements, the linear 
vibronic constants of the coupling to B,  and B2 displacements, respec- 
tively. The AP as eigenvalues of the potential energy matrix U = I(o3Qt + 
o reg)  + V can be found immediately. The appropriate surface is shown in 
Fig. 5 .  For the lower sheet €-(el, Q 2 ) ,  there are two types of extrema 
points: Q\O) = f Vl/w4, Qio) = 0, E:Y = i V : / o f ,  and Qso) = 0, Qio) = 
f V2/w;, EY? = i V f / o g .  If Ej:! > Ej$ the first type of extrema points are 
absolute minima in which, say, a quadratic square-planar molecule is 
distorted to a rhomb, while the second type of extrema points (in which 
the quadrat is distorted to a rectangle) are saddlepoints. And if EfY < E:$, 
the opposite case is valid, in which the rectangle configuration has the 

b) 

Fig. 5. The adiabatic potential of a tetragonal molecular system with an electronic E term 
linearly coupled to B1 and B2 vibrations: (1)  general view; (b) the section along the Ql 
coordinate (by the plane Q2 = 0) and the appropriate distortions at the minima points. 
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minimal energy and the rhombic configuration is at the saddlepoints. In 
the quadratic E - (b, + b,) problem there are some vibronic constant 
values for which the coexistence of the two types of minima is possible 
(Bacci, 1978). 

Threefold degenerate irreducible representations are inherent in cubic 
symmetry groups T, T,,, 0, Thr and Oh and in icosahedral groups 1 and 
I h  . For cubic systems without inversion symmetry [Tf] = [Ti] = A, + E + 
T2. For JT centers possessing inversion symmetry [Tf,] = [Tf,] = [Tf,] = 
[Tf,] = Alg + Eg + T,,. It follows that for triplet electronic states the 
double degenerate E and triple degenerate T2 vibrations are JT active. 
This results in the so-called T - (e + tz )  problem. As shown below (Sec- 
tion I1,D) the T - (e + t,) problem has a similar mathematical form for all 
cubic systems, and therefore we consider here the T,, term of an octahed- 
ral ML6 system with Oh symmetry as a typical example. 

It is convenient to discuss the transformation properties of the irreduc- 
ible representations of molecular groups starting from the spherical 
symmetry R(3) .  By reducing the latter to Oh symmetry the quintet rep- 
resentation D2), to which the hydrogen atomic d functions belong, is split 
into a doublet and triplet: W" = E,  + T,, . The three p functions belong to 
the D"' representation which transforms to T,, by the same symmetry 
reduction R(3) + oh. It follows that the P-d problem of an atomic P term 
interacting with quintet d displacements of the isotropic environment is a 
high-symmetry particular case of the cubic symmetry T - (e + t 2 )  prob- 
lem, in which the cubic splitting of the d mode is very small. This is just 
the case expected for the 2p states of the hydrogen-like F+ center in the 
CaO crystal; owing to their diffuseness the p orbitals do not sense the 
lower symmetry cubic structure of the lattice environment (Escribe, 
Hughes, 1971; see, however, Kushkulei ef d., 1976). 

Therefore we consider first the particular case of the T - (e  + t2) 
problem, the T - d problem. The potential energy matrix determined by 
real basis functions of the T,,, term, +&) - x, $,(r) - y ,  $Jr)  - z, has the 
form 

U = b2 Q V A  + V Q y C y  (36) 

where C, is a unit matrix, V is the reduced-matrix element (the linear 
vibronic constant), Qy are real normal coordinates transforming as the y 
line of the W2) representation of the R(3) group, i.e., having the trans- 
formation properties of hydrogen atomic d functions: QH - ( 2 z 2  - x2 - 
y 2 ) / d ,  Qe - x2 - y ' ,  Q, - 2 y z ,  Q,, - 2x2 ,  Qc - 2xy ,  and Cy are the 
matrices of Clebsh-Gordon coefficients of the R(3) group. Using the 
known 3 x 3 matrixes of a spin S = 1 system, 

Y Y 
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( 0  0 0 1 ,  ( 0  0 i), 

( 0  -i 0 )  

S, = 0 0 - i  s ,=  0 0 0 S, = i 0 0 (37) 

O i  0 - i  0 0 0 0 0  

one can obtain easily: C,, = (2s: - S: - S ; ) / d ,  C, = Sf, - S;, C, = S,S, 
+ S,Su, C, = S,S, + S,S,, Cs,= S,S, + S,S,. The AP of the T - d 
problem-the eigenvalues of the matrix (36) have been obtained by 
O’Brien (1969). The minima of the lower sheet of the AP surface form a 
two-dimensional continuum (a trough) of equipotential points with the 
following coordinates: 

Qlp) = (V/w2V3)(3 cos2 8 - l ) ,  elo) = (V/w2) sin2 8 cos 2+0 

Qio) = (V/w2) sin 28 sin cp, QY) = (V/w2) sin 28 cos cp 

Q:*) = (V/w2) sin 28 sin 2cp 
(38) 

(0 5 8 5 T ,  0 5 cp 5 2 n ) ,  the JT stabilization energy being E j T  = 2V2/3w2 .  
The change of the molecular shape of an octahedral system due to the 
rotation of the wave of distortion along this two-dimensional trough has 
been considered by Judd (1978). 

For the linear T - ( e  + t2) problem the potential energy differs from 
Eq. (36) by the splitting of the frequency and the vibronic constant, 

U = IwB(Q: + Q:)CA + Iw$(Q: + Q: + Q:)CA 

+ VE(Q, ,G + QecJ + VAQcC, + QqG + QtcJ (39) 

The appropriate AP were studied by Opik and Pryce (1957). The lower 
sheet of the AP surface has three types of extrema points: four equivalent 
trigonal extrema points (in which only trigonal coordinates are displaced), 

three equivalent tetragonal extrema points in which only tetragonal coor- 
dinates are displaced, ~ $ 3 )  = 2 ( V E \ / ( w i f i ) ,  cpn = ~ n / 6 ,  (QH = p cos cp, Q, 
= p sin cp), n = 1 , 3 , 5  for VE < 0 and n = 2 , 4 , 6  for VE > 0, Qio) = Q$O) = 
Q g o )  = 0,  EJT(E) = 2VB/3wB ; six equivalent orthorhombic extrema points 
with both tetragonal and trigonal coordinates displaced and &(OR) = 
[EJT(E) + 3EJT(T) ] /4 .  At the trigond extrema points the Oh symmetry of 
the octahedral system is lowered to D,,, , while at the tetragonal ones it 
becomes D4,, . In the linear approximation under consideration if EJT(E) > 
EJT(T), the tetragonal extrema points are minima and the trigonal ones are 
saddle points, and the opposite is true when < EJT(T),  the or- 
thorhombic extrema being always saddle points. 

There are some particular simplifying cases when the coupling to 
either E or T2 vibrations is negligible. If V ,  = 0, V, # 0 (T  - e problem), 

Qh0) = Q ,  = 0 ,  lQ>”I = lQ$O)l = lQlo)\ = 21V,1/30$, EjT(T) = 2 V $ / 3 ~ $ ;  
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Fig. 6. The adiabatic potentials of the T - e problem: three displaced parabolloids. 

the matrix (39) is diagonal and its eigenvalues in the space of the te- 
tragonal Q8 and Qe displacements have the form of three rotation 
paraboloids, their axes crossing the tetragonal extrema points (Fig. 6). 
Note that the nonadiabacity terms in the T - e problem vanish and the 
AP in Fig. 6 have the physical sense of nuclear potential energies for 
arbitrary VE values and nuclear displacements. If V ,  = 0, V ,  # 0 (T  - rz 
problem), the AP are surfaces in the four-dimensional space of E ,  Q, , Q, , 
and Q r .  The lower sheet has four equivalent trigonal minima divided by 
six orthorhombic saddle points. 

Taking account of the quadratic terms, the AP of the T - (e  + f z )  
problem becomes rather complicated. The reduced-matrix elements 
Wl.(Tl x Tz) (quadratic vibronic constants) in the Hamiltonian (23) are 
nonzero only for r E rl X Tz , and therefore in the space of the E and Tz 
displacements the following quadratic forms are possible: [E2]  = Al + E ,  
E X T2 = Tl + T z ,  and [El = Al + E + T z .  Since the total symmetric 
combination {QI. x is excluded and WT,(E X Tz) = 0 (the operator W 
is real and Hermitian), the quadratic vibronic coupling in the T - (e + f2) 
problem is described in general by four independent vibronic constants 
WE(E x E ) ,  WT2(E x T z ) ,  W,(TZ x T z ) ,  and WT2(Tz x Tz) .  The influence 
of the T2 x Tz terms (neglecting the others) was considered by Muramatsu 
and Iida (1970). The more complicated E x Tz were taken into account by 
Bersuker and Polinger (1973b, 1974). The general case including all four 
quadratic vibronic constants was discussed by Bacci et a/. (1975a,b) and 
Ranfagni et a / .  (1979). 

Three important conclusions can be drawn from these works: 

(1) The quadratic terms of the vibronic coupling essentially change the 
energy and curvature of the trigonal, tetragonal, and orthorhombic 
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extrema points of the linear approximation AP; as a result the orthorhom- 
bic extrema points may become absolute minima 

(2) For some relations between the vibronic constant values there may 
coexist different types of minima on the AP lower sheet: tetragonal with 
trigonal, tetragonal with orthorhombic, trigonal with orthorhombic, or all 
three types of minima simultaneously 

(3) Besides the three types of extrema points discussed above some 
new types of extrema points, 12-fold (12 equivalent) and 24-fold, are pos- 
sible. They may become minima only for very exotic combinations of 
vibronic parameters, and absolute minima only with taking account of the 
higher order terms in the low symmetry displacements in the expansion 
equation ( 13). 

The most favorable condition for the orthorhombic, as well as other 
new types of extrema points, to become minima is the approximate equal- 
ity of the tetragonal and trigonal extrema stabilization energies, &(E) = 
EJT(T), for which without quadratic terms the AP has the form similar to 
the two-dimensional trough of the T - d problem discussed above. The 
contribution of the quadratic terms warps the trough, alternating wells and 
humps occuring along its bottom similar to the case of the E - e problem 
(Fig. 7). 

i 

B 

Fig. 7. The domains of existence (occurrence zones) of different types of minima points 
in the quadratic T - (e + t,) problem with E x T,-type quadratic terms of vibronic interac- 
tions, W& x T2) = W # 0, in dimensionless parameters A = W / o , w T ,  B = WV,/&VT. 
The area of stability is limited by the inequality (A1 < I .  Along the lines A = C&h/Z, the 
depths of tetragonal and trigonal minima are the same. The vertical, horizontal, and inclined 
shadings indicate the domains of tetragonal. trigonal, and orthorhombic minima points, 
respectively. 
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In the papers of Bacci et al. (1975b) and Ranfagni er al. (1979), besides 
the quadratic terms of vibronic interaction the cubic terms E X E X E and 
T2 X T2 x T2 types were also considered, and simultaneously the totally 
symmetric coordinates Q A ,  have been included explicitly in the calcula- 
tion of the AP. The latter acquires different equilibrium values for different 
types of minima. 

The simplest case of an electronic quadruplet term is realized in cubic 
polyatomic systems having an odd number of electrons. This term belongs 
to the T8 irreducible representation of the Oh double group. Since [rg] = 
Alg + E, + T,, , the E, and T2, vibrations are JT active resulting in the T8 - 
(e + f2) problem [quite similar to the T - (e  + f2) problem]. The potential 
energy matrix has the same form as Eq. (36) for the T - (e  + fz) problem 
with the same expressions for the C, matrices by the Si spin matrices, but 
the latter, distinguished from the T - (e + t2) case, are 4 x 4 matrices of 
spin S = 3 / 2  (and can be expressed by Dirac matrices). 

The eigenvalues of this matrix can be evaluated directly. They are two 
Kramers doublets with the following energies: 

where pz = Q i  + Q:, Q 2  = Q i  + Q:  + Q : .  It means that in polar 
coordinates, E* does not depend on three rotation angles, and the equipo- 
tential cross sections of the surfaces are three-dimensional varieties. The 
lower sheet E- has two types of extrema points: tetragonal, po = 
I V E l d / w % ,  Qo = 0 ,  EjT(E) = 3VZ./208, and trigonal, po = 0, Qo = 
I V T I ~ / w $ ,  EjT(T) = 3V$/2w$,  the former being one-dimensional and 
the latter two-dimensional varieties. Depending on the r) = EjT(E)/EjT(T) 
value, either the tetragonal (when r) > 1) or the trigonal (7 < 1) extrema 
are absolute minima. If r) = 1 the lower sheet of the AP surface has a 
four-dimensional variety of minima points. When the higher order terms 
of the vibronic interaction are taken into account the AP surface is warped 
and discrete extrema occur instead of the continuum (Dixon, 1977), quite 
similar to the E - e (and other above-discussed) cases. 

Electronic triplets and quadruplets are possible also in icosahedral 
systems. The AP of JT triplet, quadruplet, and quintet terms were consid- 
ered by Khlopin et a / .  (1978). 

The most widespread vibronic situations are provided by the so-called 
quasi-degeneracy or pseudodegeneracy cases, when two or more elec- 
tronic nondegenerate states are sufficiently strongly mixed by the vibronic 
interactions. By way of illustration, consider the simplest case of two 
energetically near-lying nondegenerate electronic states separated by the 
energy gap 2 6 ,  which are mixed by one nondegenerate vibration (Opik 
and Pryce, 1957). The potential energy matrix has the form: 
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U = 4w2Q2u0 + Auz + V Q u z  (41) 
Its eigenvalues, the AP, can be derived directly (Fig. 8). Both sheets of the 
AP have an extremum at Q = 0, its curvature being w 2  +- V2/A.  It means 
that the vibronic coupling lowers the curvature of the c ( Q )  sheet and 
increases the curvature of the upper sheet. If A < V2/w2,  the curvature of 
the lower sheet at Q = 0 becomes negative and two minima occur at Q$‘) 
= f [ V 2 / w 4  - A2/V2]1’2 with the curvature w2 - wsA2/V4. The instability 
at the point Q = 0 (similar to the JT one) and its consequences are usually 
called the pseudo-Jahn-Teller effect (PJTE). If A 5 V2/wz, the effect is 
considered strong, and for A > Vz/w2  it is called weak PJTE. 

Note that the condition A 5 V2/w2 correlates three parameters, and 
therefore it can be obeyed even when the energy gap between the mixing 
electronic states is relatively large. If under this condition the criterion of 
Eq. (9) is also valid, the nonadiabacity can be neglected and the AP c ( Q )  
acquires the physical meaning of nuclear potential energy. Then the nega- 
tive curvature of the AP c ( Q )  at the point Q = 0 can be interpreted as 
instability caused by vibronic mixing (see also Bersuker, 1980a,b). 

One of the features of the PJTE, as distinguished from the JT effects, is 
that the vibronically mixing states $&) and Jl&) may belong to different 
irreducible - representations of the point group (whereas in the JT case, 
r = r). This enlarges essentially the space of possible PJT active vibra- 
tions f E T x r. In particular, for systems having an inversion center r 
and may have different parity. It means that in the PJTE odd-type 
nuclear displacements which take off the inversion center and lead to 

Fig. 8. The adiabatic potentials for two singlet electronic terms mixed by one singlet 
vibration in the case of weak (a) and strong (b) pseudo-Jahn-Teller effect. The same AP 
without taking into account the vibronic mixing are shown by dashed curves. 
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dipole moment formation can be JT active. If the PJTE is strong, this 
leads to the so-called dipolar instability: molecular systems having no 
proper dipole moments may have properties of rigid dipole molecules due 
to the dipole moments in the AP minima formed by the vibronic mixing 
with excited states (Bersuker, 1966a,b, 1969; Bersuker et a/., 1967). 

There are many interesting applications of the idea of dipole instability 
(see the Bibliography Review, ed. Bersuker, 1982a) and among them the 
so-called vibronic theory of ferroelectricity (Bersuker, 1966; see also the 
review article of Bersuker and Vekhter, 1978). The idea of vibronic mixing 
of the ground state with near-lying excited states was also usefully em- 
ployed in a series of chemical problems including elucidation of the origin 
of molecular dynamic instability (Bersuker, 1980a,b); of orbital symmetry 
rules in mechanisms of chemical reactions (Pearson, 1976); of vibronic 
chemical activation of molecular system by coordination in chemical reac- 
tions and catalysis (Bersuker, 1977, 1978a,b, 1980a,b). 

D. Symmetry of JT Systems 
Important results for the JT system properties can be obtained by 

means of group theory methods, including integrals of motion, and espe- 
cially symmetry properties of the AP: the number of extrema points, the 
symmetry of the system at each of the extrema points, the symmetry 
group of equivalent extrema points, etc. It is known that analytical solu- 
tions of the Schrodinger equation require, first of all, separation of the 
variables, explicitly or implicitly based on additional symmetry of the 
Hamiltonian. Approximations used in these solutions are aimed at neglect- 
ing some of the Hamiltonian terms in order to increase their symmetry. 

Consider the changes in symmetry owing to the above approximations 
in the solutions of the vibronic problem-to the limitation of the electronic 
spectrum by several states of the degenerate term and to the substitution 
of the operator of vibronic interaction V(r ,  Q) by its expansion with 
respect to the nuclear displacements Q, including terms up to the qua- 
dratic one of Eq. (13). The vibronic Hamiltonian may be written in the 
formH = HeI + H,  + V, where HeI = ErCAis theelectronicHamiltonian 
of the degenerate term with Er energy, C, being a unit & x matrix 
(usually this part of H is excluded from consideration by a change of the 
energy read off to &), H,. is the vibrational Hamiltonian in the space of 
the JT active coordinates, and V is the operator of vibronic interactions. 

The eigenfunctions of Hel + H,  have a multiplicative form T = 

J l r y ( r ) x ( Q ) ,  where JlrY and x are the eigenfunctions of the HeI and H ,  
Hamiltonians, respectively. The total symmetry group is thus a direct 
product Gel x G ,  , where Gel and G, are the symmetry groups of the &, 
and H, Hamiltonians. Since HeI is multiple with the unit matrix CA which 
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does not change under unitary transformations in the space of the basic. 
functions JIry(r) = I T y ) ,  the G,, group coincides with the unitary group 
V ( f r ) .  The properties of the groups V(n) are well known (Hamermesh, 
1964). The number of parameters determining an arbitrary element of this 
group equals n 2 .  The set of n 2  elements Iu = (i)  ( j l ,  i, j = 1,2,  . . . , n, is 
complete with respect to the operation of commutation: [Iu, Ikr 1 = Iir tiw - 
Iw t i t , ,  i.e., they produce an algebra. It can be seen that they commute 
with the unit matrix which represents the electronic Hamiltonian of the 
n-fold degenerate term, and therefore these elements may be chosen as 
generators of the group. 

The eigenfunctions of the Hamiltonian He, may be presented by col- 
umn matrices (spinors). These functions can be regarded as describing 
different states (of a certain particle), which differ in the value of the 
projection of a vector S in an auxiliary “energy” space, formally analo- 
gous to the spin vector (energy spin or pseudospin). It follows that the 
unitary group U(n) contains the group of rotations in the n-dimensional 
spin space R(n) as a subgroup. With respect to these rotations the 
operators IU = JI& are components of a tensor of second rank, which can 
be linearly combined in order to transform after the irreducible represen- 
tations x D(l), 21 + 1 = n. The components of the appropriate irreduc- 
ible tensors are determined by the following expressions: 

{ + ( I )  x JI“’}g = I*(lPk 1.m (42) 
P. 0 

where (lplqljm) are the Clebsh-Gordan coefficients of the group R(n).  
In particular, in the case of the linear E - e problem the electronic 

Hamiltonian is described by the unitary group U ( 2 )  with generators 
{ $ ( 1 / 2 )  x $ ( 1 / 2 ) } $ 0 )  = uo and {~,/~<l’z) x $(112)}(1) = (a = {u,, mu, u x }  are 
the Pauli matrices), the three operators u, , cr, , and a, producing a com- 
plete algebra. An arbitrary operator of the U(2) group is dependent on 
four n2 = 4 parameters cpo , vr, c p v ,  9% and can be written in the form: 
G = exp[i((pouo + p,a, + ( p ~ ,  + pxuz)]. It can be easily shown that the 
po parameter describes the trivial operation of multiplying the basis func- 
tions by a phase factor. Indeed, G(cpo) = exp(icpouo) = exp(icpo)uo, and 
G(cpo)JI* = exp(icp,)JI,. Excluding these trivial operations, we can limit 
ourselves to the three-parameter subgroup SU(2) of the group U(2), 
consisting of the unitary matrices G = exp(iqu) having a determinant 
equal to unity. 

The symmetry of the vibrational Hamiltonian is more convenient to 
consider within the presentation of secondary quantization. Let us intro- 
duce the following operators of creation and annihilation: 
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having the well-known commutation properties: [b,- ,  , b?,] = a,.? a,?. In 
these terms the vibrational operator H,. = fiw,. x, (bFYb,., + 3) is invariant 
with respect to arbitrary unitary transformations in the space of b,., 
operators not changing the commutation relations between b,., and b;'v 
(Demkov, 1953). 

In other words, the appropriate group for the n-dimensional oscillator 
is U(n) .  The operators Fu = b tb , ,  i, j = 1 , 2 ,  . . . , n, form a variety of nz 
elements, which is complete with respect to the operation of commutation 
[Fu ,  FkJ = Ffl SkJ - F ~ J  6 s .  It can be proved by direct verification that 
these elements commute with the Hamiltonian of an n-dimensional iso- 
tropic oscillator, and therefore they can be chosen as generators of the 
symmetry group. Similar to the above case, under the action of the 
operators of the R(n) subgroup of the V(n) group, the operators b, trans- 
form as components of the n-dimensional vector, i.e., as components of 
the irreducible tensor b(l), 21 + 1 = n. It follows that the operators b:b, 
transform as components of a tensor of second rank, which can be com- 
bined in irreducible [ in the group R(n)] linear combinations (Judd, 1974): 

b A,b k , ( h h l L M )  (44) (b(0 x b(l)}g) = 
ml m2 

where L = 0, 1, . . . , 21; ml, m, = -1,  -1 + 1, , . . , 1. 

venient to use as generators of the group the following operators: 
In particular, for a two-dimension oscillator (n = 2, 1 = )) it is con- 

Lo = b,fb, + b tb , ,  L, = b$bH - btb,  
(45) 

Note that these tensor operators form a complete set with respect to 
the operation of commutation, and this is most convenient for reduction of 
the U(2)  group to subgroups. For instance, L,, L,, and L, have the same 
commutative properties as the Pauli matrices mz, u, , crz, i.e., they pro- 
duce an algebra. An arbitrary element of the four-parametrical group 
U(2) ,  describing the symmetry of the H,. Hamiltonian, may be written in 
the form: G = exp[i(aoLo + a,L, + a,L, + a,Lz)], where at are real 
parameters. As above it can be shown that a. describes the trivial opera- 
tion of multiplication of the wave functions with a phase factor, and hence 
the three-parametrical subgroup SU(2)  of the U(2) group (ao = 0) is suffi- 
cient to describe the vibrational subsystem. 

Thus, without taking account of vibronic interactions the symmetry of 

L, = bzb, + b:b,, L, = -i(b,fb, - bfb,) 
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the JT E - e system is at least SU(2) X SU(2) and an arbitrary element of 
the group G ( a ,  cp) = exp(iaL + icpu) depends on six parameters a,, au, 
az, p,, pu , p,. The vibronic interaction lowers the symmetry of the sys- 
tem and the six parameters are no longer independent. The relations be- 
tween them can be carried out from the condition that the operator 
G ( a ,  cp) with interrelated values of ai and pi commute with the total 
Hamiltonian, in particular, with the vibronic interaction. For small cu, and 
pi values G = 1 + i aL  + icpu and the condition of commutativity is 
[ ( a L  + cpu), (&o, + Qp,,)] = 0. Inserting Q ,  = ( h / 2 ~ ~ ) ~ ' ~ ( b $  + b,) and 
calculating all the necessary commutative relations, we obtain 

[ ( k z  - az)QE + wiY-axf'H + auf' , ) ]~,  + [(a, - WzC,)Qo 

+ w=G1(d'e + auf'o)bu - 2(pxQ, - ( ~ & , j ) c z  = 0 

Taking into account the linear independency of mi, Q,, and P ,  , we have 
a, = a,, = 9, = cpu = 0, a, = 2p,, and 

(46) 

It follows that as a result of the vibronic interaction the six-parameter 
group SU(2) x SU(2) is reduced to a one-parameter axial group C, . An 
arbitrary element of this group has the form of Eq. (46), and the appropri- 
ate infinitesimal operator (Moffit and Thorson, 1957), 

(47) 

as can be easily proved, commutes with the total Hamiltonian, i.e., it is an 
integral of motion. 

This result makes clear-cut physical sense. Without taking account of 
the vibronic interaction the motion of electrons is independent of that of 
the nuclei, and the energy spin and vibrational moment L are preserved 
separately. The states of the electronic E term $&) having definite values 
of the projection of the energy spin on the z axis, are appropriate to the 
wave of electron density moving, say, in the case of the X, molecule, 
along its perimeter clockwise and counterclockwise, respectively. Simi- 
larly, the states corresponding to certain L, values are appropriate to the 
wave of deformations of the equilateral triangle running clockwise and 
counterclockwise. The vibronic interaction results in a special coupling of 
the electronic and nuclear motions, due to which the vibrational moment 
L and energy spin fa are no longer preserved separately; the energy of the 
system becomes dependent on the mutual orientations of L and ha, only 
the projection of the total moment J = L + iu on the z axis being pre- 
served. The above waves of electron density and nuclear configuration 
deformation are no longer running independently, but are correlated. The 

G = exp[ia(l, + 4oz)] 

J, = L, + 4uz 
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situation is similar to the coupling of orbital and spin motions in the LS 
scheme in atoms. On the other hand, the coherent rotations of the electron 
density and nuclear deformations are somewhat similar to solid-state 
polarons. 

The operator L, in the coordinate representation has the form: L, = 
fi-’(Q,P, - Q,PH), or in polar coordinates, L, = -id/acp. This explains the 
origin of the axial symmetry of the AP in the linear E - e problem. In 
addition to arbitrary rotations around the z axis, the Hamiltonian of the 
linear E - e problem is also invariant with respect to other independent 
operations (Leung and Kleiner, 1974): P = R,uz and 0 = K u z ,  where 
R, = exp(id:b,) is the operator changing the sign of the Qc coordinate, 
and K is the operator of the complex conjugation; P and 0 commute with 
the total Hamiltonian and obey the relations p2 = 1,0’ = 1, J, P + PJ, = 

0, J,O + OJ, = 0, KP = PK. The anticommutation of P and 0 with J, 
means that the energy does not change by the substitution J, + - J, , and 
hence it depends only on Ij(, wherej is the eigenvalue of J,. Taking into 
account that according to Eq. (47) the quantum numberj assumes only 
semi-integer values,j = 2 1/2, *3/2, . . . , we come to the conclusion that 
all the vibronic energy levels of the linear E - e problem are double 
degenerate. This proof is similar to that of the Kramers theorem for a 
“particle” with a semi-integer energy spin. 

The axial symmetry of the linear E - e problem emerges in fact from 
the coincidence of the E-type transformation properties in the trigonal and 
axial groups. The explicit form of the higher order terms in QEy in the 
vibronic interaction, i.e., the form of appropriate convolutions of the ir- 
reducible tensor operators, are determined by Clebsh-Gordan coefficients 
of the point group (but not the axial one), and therefore this axial sym- 
metry of the linear E - e problem is lowered when higher in Qm terms are 
taken into account. 

The question of the lowest possible symmetry of the AP of a given 
electronic state in the space of normal coordinates has been consid- 
ered by Dagis and Levinson (1967). In the space of all normal coordinates 
the AP should be an invariant of the Go group of the initial (highest 
symmetry) nuclear configuration. However, for some of the elements of 
the Go group, the corresponding matrices of the r representation are unit 
matrices. Such elements leave the coordinates unchanged. The set of 
such elements produce the so-called nucleus GI. of the representation I‘. 
The other elements of the Go group (including the identical one) form the 
factor group Go/GI.. The latter is just the symmetry group of the AP in the 
space of the coordinate QrY . 

For instance, for an octahedral molecule (Go = 0,) the nucleus of the 
EB representation of the JT active QH and Qc coordinates is the &h group. 
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Hence the symmetry group of the AP in the two-dimensional space of 
these coordinates is the factor group 0 h/&h,  isomorphous to C,, . This is 
just the symmetry of the AP in the case of the E - e problem, which 
occurs if the quadratic terms of the vibronic interactions are taken into 
account. It means that as far as the symmetry of the AP in general is 
considered (but not the number of extrema points; see below), higher 
order terms in the E - e problem may be neglected. 

This result has a general meaning for the E - e problem of any 
polyatomic system. Independent on the initial Go symmetry of different 
molecular groups (provided it contains E representation), the nontrivial 
transformations under the group elements are rotations around the third- 
order axis and reflections in the plane (+,. (if there are such elements in the 
Go group). Thus the factor group C,,, (or C,) is the general symmetry 
group of the AP in the space of E displacements independent on the initial 
configuration and symmetry of the molecule. This result forms the founda- 
tion of the mathematical equivalency of all the E - e problems indepen- 
dent of the origin of the electronic E term. 

In the case of the E - (b,  + b2) problem the factor group in the space of 
B1 + B2 vibrations and hence the symmetry of the AP is C,,, (cf. Fig. 5) .  
For cubic systems with T terms the AP in the space of T2 displacements 
has the symmetry 0 = Td if Go = 0, o h ,  and Td and T if Go = T, Th . The 
same symmetry of the AP remains also in the space of both E and T2 
vibrations. 

These group-theoretical considerations also allow the solution of the 
question of the number of terms in the expansion of the vibronic interac- 
tion with respect to the nuclear displacements &, which have to be 
retained in order to obtain, at least qualitatively, correct results. As men- 
tioned above in the E - e problem quadratic terms at least must be taken 
into consideration. In general, qualitatively correct results may be ob- 
tained by retaining those terms which give the lowest symmetry. The next 
terms change the results only quantitatively (and this may be important in 
the case of strong vibronic coupling). However, if the expansion equation 
(13) is broken too early, the symmetry of the AP becomes higher than the 
factor group, resulting in the “accidental” degeneracy of the vibronic 
energy levels. 

In principle, the number of possible types of extrema points of the AP 
is determined by the number of different subgroups of the factor group 
Go/G,. ; depending on the position relative to the symmetry axes or planes, 
any point of the AP may pertain to a certain type. Under the influence of 
the symmetry elements of the factor group the initial point is transferred 
to another equivalent point. The variety of equivalent points forms a 
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transitive set. In the case of the E - e problem, for which the AP has C,, 
symmetry, there are three transitive sets, three types of equivalent points. 
Six points of the first type are obtained by the action of all six elements of 
the C,, group upon the initial point occupying a general position not 
coinciding with any symmetry axis or plane. Locally, the AP at this point 
has the lowest symmetry C,  . The symmetry of the nuclear configuration 
in this point is C ,  X &h = DZh . Three points of the second type lay on the 
symmetry planes of reflexion v, of the C3, group with Iocal symmetry C5, 
the symmetry of the nuclear configuration being thus C, X D,, = DPh . The 
third type (one point) lies on the intersection of all the symmetry elements 
of the C,, group having thus local C3, symmetry, the molecular symmetry 
in this point being C3, x D 2 h  = oh. 

Thus the AP of an octahedral molecule in the space of E coordinates 
may have extrema points of three types: (1) six equivalent extrema points, 
in which the symmetry of the molecule is lowered to &; (2) three 
extrema points with DPh symmetry; and (3) one point with 0, symmetry. 
The latter can be the E - e problem with zero vibronic interaction. 

Note that in the above consideration of the number of extrema points 
the multiplicity of the degenerate electronic term is not involved. It means 
that the results are applicable to all the JT situations with given JT active 
coordinates. In particular, the above three types of extrema points ob- 
tained for the E - e problem may be inherent in the T - e problem and in 
singlet electronic terms vibronically coupled by E vibrations. The results 
obtained in this section are also applicable to the so-called multimode 
problems (Section 111). 

111. Solution of Vibronic Equations 
The central problem of the theory of vibronic interaction is the deter- 

mination of the energy spectrum and wave functions. In the limiting cases 
of weak and strong vibronic coupling this problem can be solved analyti- 
cally (Section 111,A). Special attention should be paid to the evaluation of 
the lowest vibronic states which demonstrate themselves mainly in vari- 
ous experimental situations. In the case of strong vibronic coupling the 
lowest energy levels result from the above-mentioned tunneling between 
the equivalent quasi-stationary states in the minima of the AP (Section 
III,A,Z). In many cases physical magnitudes can be evaluated without 
solution of the vibronic equations using only the so-called vibronic reduc- 
tion factors, provided these magnitudes are determined by pure electronic 
operators (independent of nuclear coordinates) and only by one (usually 
ground) vibronic energy term (Section 111,C). 
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A. Analytical Solutions 
In view of the great diaculties encountered in the solution of the 

system of coupled equations (4), and for general understanding of the 
expected JT effects, the analytical solutions for some limiting cases given 
below are of great importance. 

1. W e d  Vibronic Coirpling 
For zero vibronic coupling V,  = 0, W, = 0 (T # A,) ,  the nuclear 

motions described by the Hamiltonian equation (23) are harmonic oscilla- 
tions, and the energy spectrum consists of a superposition of equidistant 
energy levels spaced by hw, . The contribution of the linear vibronic cou- 
pling is roughly AE - V, Q,, - h a ,  (E,, /hw, )llz. Consider the case of 
weak vibronic coupling when EJT 4 hw, or V : / h w f  4 1. In this case the 
perturbation theory can be employed considering the dimensionless vib- 
ronic coupling constant k, = ( V : / ~ J ? ) ~ ' ~  as a small parameter. 

In the case of weak vibronic coupling the mean nuclear displacements 
0, , are relatively small and the quadratic terms in Q, may be neglected, 
i.e., the calculations can be performed by the linear Hamiltonian equation 
(24). If the signs of VI and all Q , ,  magnitudes are changed simultaneously, 
the Hamiltonian remains unchanged. It means that all the observable 
magnitudes which are independent of the Q , ,  values explicitly, if ex- 
panded in a series with respect to V, , contain only even power of V,  , the 
second-order contribution being additive with respect to the index I'. This 
allows us to consider the E - (b, + b,) problem as two separate ones, E - 
b, and E - bz,  the T - (e + t z )  problem as T - e plus T -  r z ,  the T8 - (e + 
t z )  problem as re - e and T8 - tz separately, and so on, i.e., in each case 
when there is simultaneous vibronic coupling to different types of vibra- 
tions the results equal the second-order sum in the V ,  contributions of 
each of these types of vibrations r .  

Let us represent the Hamiltonian equation (24) as Ho + V, where Ho is 
the oscillator Hamiltonian and V is the operator of linear vibronic coupling 
taken as a perturbation. The eigenfunctions of the I&, Hamiltonian are 
multiplicative with respect to electronic and vibrational variables, Wo) 
(Y, Q) = t,b,,(r)I* * * n , ,  . >, where *,,(Y) are the initial electronic states 
of the degenerate term and 1. * n ,  * * ) are the oscillator functions. The 
diagonal matrix elements of V with zero-order functions are zero, and thus 
the first nonzero contribution to the energy occurs only in the second- 
order perturbation theory. Therefore it is more convenient to perform 
unitary transformation to a new basis in which perturbation energy cor- 
rections already occur to first order. This can be done by means of the 
operator form of the perturbation theory (Tsukerblat rr NI., 1975). The 
second-order vibronic Hamiltonian acquires the following form: 
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The second term in Eq. (48) can be excluded by means of an appro- 
priate read-off, since &C& is a scalar of the symmetry point group 
proportional to the unit matrix, which mean that this term shifts all the 
energy levels by the same quantity. In Eq. (49), for Vz only the terms 
with r = f; contribute to the secular matrix build-up by the degenerate- 
term wave functions and they should be retained (Bersuker and Polinger, 
1982): 

The operators Q,.pPI.y - QI.,,Pl.,- transform as the lines of the antisym- 
metric production {r2} of the r representation and describe rotations in 
the subspace of the degenerate coordinates Ql, . Similarly, the i [CI., , Cl-,l 
possess the transformation properties of the representation {P } and de- 
scribe rotations in the space of degenerate electronic states. The sum of 
Eq. (50) is thus a scalar convolution of spin-orbital-coupling type in which 
there is the energy spin instead of the real one and the rotation of the 
deformation of the molecular framework instead of the orbital motions of 
the electrons. 

These symmetry properties of the perturbation operator are very im- 
portant and allow the construction of symmetry-adapted zero-order wave 
functions, which may be a difficult task, especially for highly degenerate 
excited vibrational energy levels. [Note that the nth level for E vibrations 
is (n + 1)-fold degenerate, and for T2 vibration it is (n + l)(n + 2)/2-fold 
degenerate, and these values must be multiplied by f c  in order to obtain 
the total multiplicity of the initial unperturbed energy levels.] As shown in 
Section II,D the symmetry of the unpertubed system is SU( fl.) x SU( f c ) ,  
and the vibronic interaction, if taken into account fully enough, lowers 
this symmetry to that of the point group of the nuclear framework. As 
seen from Eq. (50) in the second-order perturbation theory the symmetry 
of the system is still very high and equals the continuous group of rota- 
tions the group of the total momentum. It follows that the rotations of the 
energy spin and the deformation wave are no longer independent: the total 
momentum being equal the sum of the “orbital,” and the “spin” ones is 
preserved. The symmetry-adapted zero-order functions can be obtained 
similar to those for the case of LS coupling of the orbital and spin motions 
in atoms, i.e., by means of the appropriate Clebsh-Gordan coefficients. 
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Let us illustrate the above results in the case of the E - e problem as 
an example. The CEv operators determined by the basis electronic func- 
tions #&) are C,, = uz, CE, = uy (Section II,C), and the second-order- 
perturbation Hamiltonian is 

H = - ~EJT(To - ~ E J T L , ~ ,  (51) 

where EJT and L, are determined by Eqs. (29) and (43, respectively. Since 
the symmetry group of the two-dimensional oscillator is SU(2) = R(3) and 
that for the electronic term is SU(2) = R(3) ,  the I& Hamiltonian symmetry 
is R(3) X R(3).  Its energy-level degeneracy is 2(n + 1) (due to two possi- 
ble projections of the energy spin 1/2 and n + 1 values of the projection of 
the vibrational momentum), the corresponding quantum number 1 assum- 
ing the values -n, -n + 2, . . . , n. The “spin-orbital’’ interaction Lzu, 
partly removes this degeneracy since L and S are no longer preserved 
separately, and only the projection J, = L, + la, with the quantcm num- 
ber j = I * 1/2 is preserved. Nevertheless, as often happens in perturba- 
tion theory, 1 and 1 still remain “good” quantum numbers for L, and u, , 
respectively, and the appropriate operators in Eq. (51) can be substituted 
by their quantum numbers (Moffitt and Thorson, 1957): 

These energy levels remain twofold degenerate since for each state 1 
there is an appropriate (-1) state with the same energy. Thus, the vibronic 
interaction in the second-order perturbation theory splits the 2(n + 1)- 
fold degenerate levels of the Ho Hamiltonian into n + 1 equidistant 
twofold degenerate levels with energy intervals equal to ~ E J T .  The energy 
interval between the limit doublets is ~ E J T  , i.e., it may be comparable to 
or larger than hwg , even for small VE values. It follows that the perturba- 
tion theory is valid only for 4EJT/hWg -e n - l .  

As mentioned earlier, the twofold degeneracy of the energy levels has 
a Kramers-type origin (Section II1,D). In particular, the ground state of 
the Ho Hamiltonian is not split by the vibronic interaction but shifted: 
EO.O,fl,*llZ = hwE - 2EJT. Thus the initial twofold electronic degeneracy of 
the ground state is not removed by the vibronic interaction but trans- 
formed into twofold vibronic degeneracy. 

The wave functions of the ground state are no longer multiplicative, 

EjT/hwE having the sense of the probability to find the JT system at 
T = 0 K in the “one-phonon” state 9 + ( r ) ( O l )  or #-(r)llO). 

*O,O,*l,*l/Z = $zt(r)lOo) - v E $ Z ( r ) ( l 1 0  ) 2 ))(2fLwg)-1’29 V$/2h& = 
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For the linear T - t2 problem the operators i [CF2, ,  Cnr] can be rep- 
resented by matrices of the energy spin S = 1. Taking into account the 
rules of quantization of the vibrational momentum, 1 = n, n - 2, n - 4, 
. . . , 1 or 0, n being the number of the vibrational state, we have (Moffitt 
and Thorson, 1957) 

E,JJ = hwdn + 4) + &EJT(T)[j(j + 1) - /(I + 1) - 61 (53) 
wherej is the quantum number of the operator P assuming the values 
j = I, I '-t 1 for I 2 1, a n d j  = 1 for I = 0, and EJT(T) is the appropriate JT 
stabilization energy determined in Section I1,C. The multiplicity of each 
of these energy levels is 8 + 1. In particular, for the ground state n = 0, 
I = 0 , j  = 1, 8 + I = 3, i.e., the initial threefold degeneracy of the elec- 
tronic term is preserved (transformed in vibronic degeneracy). 

For the linear re - e problem the results obtained by the second-order 
perturbation theory formally coincide with Eq. (52) with the only differ- 
ence that in addition to the twofold degeneracy due to the two signs of the 
j value all the energy levels are also twofold Kramers degenerate, in total 
fourfold degenerate. The Hamiltonian of the re - tz problem is formally 
similar to that of the T - fz with 4 x 4 matrices of the energy spin 
S = 312 instead of i[CF,, , Cnr]. The problem is thus reduced to the LS 
coupling of the appropriate momenta and results in the same energy-level 
scheme as in the T - tz problem given by Eq. (53), in which, however, the 
quantum number of the total momentum j = I * 312, I +- 112 if I > 1, 
j = 312 ? 1 if 1 = 1 ,  a n d j  = 312 if I = 0. 

In the case of E - bl , E - b,, and T - e problems all the C,., matrices 
in the vibronic Hamiltonian are mutually commutative and hence all of 
them can be reduced to the diagonal form by means of a unitary transfor- 
mation of the basis functions. The corresponding system of vibronic equa- 
tions can be solved directly. The more complex T - ( e  + t z )  problem with 
arbitrary coupling to E vibrations and weak coupling to fz vibrations has 
been solved by the perturbation theory (Bersuker and Polinger, 1973a). 
Vibronic states of Renner-type systems with weak vibronic coupling were 
considered analytically by Moffitt and Liehr (1957) and Pople (1960). The 
pseudo-JT effect for two nondegenerate states mixed by one vibration 
were considered by Witkowski (1961) and by Fulton and Gouterman 
(1961). 

2 .  Strong Vibronic Coupling 
Analytical solutions of the vibronic equations are also possible in the 

other limiting case of strong vibronic coupling, when EJT 9 b,. . In this 
case the inequality of Eq. (9) is also valid, and the AP in the regions near 
the minima points (and far from the point of degeneracy) have the physical 
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sense of the potential energy of the nuclei, and the adiabatic approxima- 
tion can be employed. 

Our main interest is in the solving the equations of nuclear motion [Eq. 
(7) ] .  Here two different cases may be distinguished: (1) the lower sheet of 
the AP has an equipotential continuum of minima points (a trough), and 
(2) there are several minimum wells divided by potential barriers. Since 
the coordinates of the minima points are proportional to the vibronic 
coupling values, the quadratic terms of the vibronic interactions cannot be 
neglected in general. It means that case 1 above is exceptional. Neverthe- 
less, taking into account its theoretical importance, we shall consider this 
case in more detail. 

The simplest case with an AP trough is the linear E - e problem. 
Using the adiabatic electronic basis functions which diagonalize the po- 
tential energy matrix [Eq. (27)] and neglecting the nonadiabacity contribu- 
tion, we come to the Hamiltonian of the type shown in Eq. (7)  for each of 
the AP sheets separately. As shown in Section II,D, the linear E - e 
problem Hamiltonian has an integral of motion which in the adiabatic 
basis can be presented by the operator L, = -ia/acp. It means that its 
wave functions exp(ijcp)l(2~)l/~ are also eigenfunctions of the Hamiltonian 
as a whole. In other words, the angular and radial motions are separated, 
and the total wave function can be sought for in a multiplicative form: = 

exp(ij9)x ( p ) / ( 2 ~ p ) ~ “ .  Here the polar coordinates are used, and the factor 
p-’” is singled out for convenience. The Hamiltonian for the radial motion 
is (Longuet-Higgins et ul., 1958): 

The potential energy in Eq. (54) differs from the AP of Eq. (28) by the 
presence of the centrifugal energy hZj2/2pz, the diagonal element Ann in 

Note that the quantum numberj can be only a semi-integer,j = -+1/2, 
-r3/2, . . . , and hence the contribution of the centrifugal term is never 
zero. It is especially large for small p values, in particular, for the lowest 
vibronic states of the upper AP sheet e+(p),  which are localized in the 
vicinity of the minimum point at ph+) = (h”j/lVEI)lc(. This minimum point 
results from the mutual compensation of two dominant (in this range) 
forces: the JT force ( - 1  VE 1) and the centrifugal force h Zjz/p.  In the lower 
sheet and for the lowest vibronic states, the motion is localized near the 
bottom of the trough at a much greater distance po from Eq. (29). Here the 
contribution of the centrifugal terms may be negligible. The lower sheet 
minima points, distinguished from those of the upper sheet, result from 
the compensation of the distorting JT force 1 V, I with that of the elastic 

Eq. (7) .  
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force -oBp. Accordingly, the equilibrium states of the lower sheet are 
sometimes called elastically stabilized, whereas those of the upper sheet 
are said to be centrifugally stabilized (Slonczewski, 1963). 

For the lowest vibronic states using the harmonic approximation for 
the AP with respect to small displacements r = p - po from the minima at 
po and with an accuracy up to the terms -Vg2,  we obtain oscillator solu- 
tions of Eq. (54) with energies (Longuet-Higgins et al., 1958): 

(55 )  

Similarly, in the same approximation for the states of the upper sheet of 
the AP: EJS) = d(h2V%/b))1’3(n + 1) (Slonczewski, 1963). However, for 
the upper sheet states the anharmonicity and the nonadiabatic mixing with 
the lower sheet states may change this result essentially. 

The physical sense of the solution [Eq. (531  is clear. Alongside the 
usual radial vibrations of the distorted (at p = po)  molecular framework 
with the energy Evib = ho& + $), there are free rotations of the deforma- 
tion around the geometric center of the molecule (see Fig. 2) with a cen- 
trifugal contribution to the energy Erot = h2j2/2p%, and an appropriate 
deformation of the electronic distribution freely following the deformation 
of the framework, its energy being Eel = -EJT. The energy gap between 
the two sheets of the AP at the minima points is proportional to V g  
(Section II,C), the vibrational energy spacing being AEVib = A W ~ ,  whereas 
the intervals between the rotational levels are AErot - V i 2 .  Therefore for 
strong vibronic coupling AE,,,, 4 AEvib 4 AEeI. This energy-level scheme, 
in which each electronic level is accompanied by its own equidistant 
vibrational spectrum, each of the levels of the latter having its own rota- 
tional structure, is quite similar to the usual cases of, say, a diatomic 
molecule. However, as stated above (Section II,C), these rotations are 
not real rotations of the molecule as a whole but pseudorotations in which 
each atom rotates around its own axis (Fig. 2). 

The ground state with n = 0, j = f 1/2 after Eq. (55 )  is twofold degen- 
erate and has the same transformation properties, as the initial electronic 
doublet. 

Analogous results for the T - (e + tz)  problem within the so-called 
d-mode model were obtained by O’Brien (1969, 1971). Here the “rota- 
tions” of the system correspond with its free displacements along the 
two-dimensional equipotential trough. The ground state is again of the 
same symmetry and multiplicity as the initial electronic term. The same 
ideas were used by Pooler and O’Brien (1977) for the solution of the Ts - 
(e + t2)  problem in the d-mode model. 

In case 2, above, when instead of the equipotential trough there are 
several minima points divided by potential barriers, we start again with 

ES)  = hw& + 1) + ( h 2 j 2 / 2 p 3  - EjT 
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the simplest case of the quadratic E - e problem with the potential energy 
matrix of Eq. (27). There is a continuous transition in the E - e problem 
from case 1 to case 2 by a continuous change of the value of the quadratic 
vibronic constant WE from zero to (WE( 5 I w b .  For the sake of simplicity 
we consider first the case of weak quadratic coupling I WE/ Q wB. Here, 
again, if we pass to the adiabatic electronic basis, neglect the nonadiabac- 
ity mixing of different sheets of the AP (near the bottom of the trough p - 
I V E l / ~ &  expand the Hamiltonian of the lower sheet in a series with 
respect to the W,/W~ values, and retain only the linear terms, we obtain 
(O’Brien, 1964): 

-JVE~P - W,P2 COWCp) (56) 

As above, the total wave function is = (a/G and Eq. (56) determines 
the factor (a. If WE is sufficiently small, the last term can be taken into 
account by means of the perturbation theory. Then the Hamiltonian and 
solutions-energies and wave functions-of the linear E - e problem 
obtained above can be taken as a zero approximation. The perturbation 
operator is proportional to cos(3cp), and the matrix elements are nonzero 
for only pi = +3. It means that the ground state ( j  = *A) cannot be split 
by this perturbation (in any order of the WE value). The same is true for all 
the excited states except those with J j (  = 3(2v + 1)/2, u = 0, 1 ,  2, . . . . 
The first excited level with j = +3/2 is split in the first-order perturba- 
tion theory, the fourth level withj  = 29/2 is split in the third order, the 
seventh with j = +15/2 is split in the fifth order, etc. 

The splitting of the first excited state is AE0,*s12 = W ~ p 8  = wEvi&i4. 
This value should be much smaller than the spacing of the “rotational” 
levels of the linear E - e problem AE,, - h2pC2 - h2 w E / ~ E J T  : w i / l W ~ l *  
(2EJT/fiWg)2. The group-theoretical analysis shows that the twofold de- 
generate energy levels with bl = 3(2v + 1)/2, which are split by the 
quadratic-term perturbation transform as Al + Az (i.e., they are “acciden- 
tally” degenerate), whereas the remaining levels with 11 # 3(2u + 1)/2, 
which do not split, transform as the twofold irreducible representation E. 

If the inequality w%/(WE( 9 (2EJT/h~g)2 is not valid (but wg/lWE( 9 11, 
the perturbation theory becomes inapplicable, although the Hamiltonian 
of Eq. (56) is still valid. In this case the separation of the p and cp variables 
can be carried out by means of the adiabatic approximation considering 
the radial and angular motions fast and slow, respectively. The Hamilto- 
nian of the fast motion contains the angle cp as a parameter: 
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Neglecting the last term, which is of the order of IWEl/wZ. 4 I ,  we arrive at 
the simple harmonic oscillator equation, in fact the same as in the linear 
case. 

The potential energy of the slow subsystem for the “rotational” states 
appropriate to the ground vibrational level of the radial motion can be 
obtained from Eq. (57) by its averaging with the ground-state vibrational 
function xo(p - po). The appropriate Hamiltonian is (O’Brien, 1%4) 

(58) 

where LY = h2/2pi = h2w1/4EJT, /3 = W ~ p j  = 2A, EJT and A being 
determined by Eq. (32). The results of numerical solution of this equation 
obtained by O’Brien (1%4) using the rotational states of the linear E - e 
problem exp(ijcp)/dr,  j = +1/2, ?3/2, . . . , as a basic set are pre- 
sented in Fig. 9. Similar ideas have been employed by O’Brien (1969) in 
the solution of the linear T - (e + rz) problem. 

It is obvious that if the potential bamers between the minima are high 
enough, the criterion of adiabatic separation of the cp and p variables in 
the Hamiltonian is invalid. In this case another approach based on the 
idea of tunneling splitting can be employed (Bersuker, 1961, 1962). In the 

H ( v )  = -a(az/aq2) - p COS(3Cp) - EjT 

0 4 a 12 16 20 

\ 
- IPI /a 

Fig. 9. The energy spectrum of hindered rotations in the quadratic E - e problem; 
P/a = 21W,IV$/fi*0$ is the dimensionless quadratic vibronic constant, while e / a  = 
2EVE/R2w1 is the dimensionless energy. 
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zero approximation the nuclear motion is assumed to be localized near 
the AP minima, and this assumption is equivalent to the supposition that 
the barrier height between the minima is infinite. Taking account of the 
finite dimensions of the barriers results in tunneling transitions of the 
system between the minima point configurations leading to appropriate 
splittings of the energy levels of the vibrational states of these config- 
urations. 

We denote the adiabatic approximation wave function of the system 
.localized in the ith minimum of the AP by 

Yz)(r, Q )  = Jlo(r, Q(l))Qrn(Q - Q 9 ,  i = 1, 2, . . . , N (59) 

where qo(r, Q"') is the electronic wave function of the lower sheet of the 
AP taken at the point of the ith minimum Q = Q(l) ( N  is the number of 
e,quivalent minima points), and Qm(Q - Q(*)) is the wave function of the 
mth vibrational state in this minimum configuration. Note that for a more 
accurate calculation the adiabatic approximation wave function $o(r, Q )  
must be used instead of the Jlo(r, Q(l)) wave function of Born- 
Oppenheimer. If one neglects the tunneling transitions, the states de- 
scribed by Eq. (59) are N-fold degenerate due to the equivalency of the N 
minima configurations. The functions of Eq. (59) are not mutually ortho- 
gonal. In the case of weak tunneling one can look for the total wave 
function in the form of a linear combination of these functions taken as a 
basis set. For the ground state 

The diagonalization of the Hamiltonian with Eq. (60) results in the follow- 
ing linear equations with respect to the energy E and the coefficients c t :  

where Ski = ( q b k ) ( r ,  Q)lY#)(r, Q ) )  are the overlap integrals. The equation 
determining the energies is 

det(Htk - ESlk) = 0 (62) 
Its solution is straightforward. In particular, for the E - e problem 
( N  = 3), the threefold degeneracy of the zero-order problem is removed 
by the tunneling resulting in a singlet A doublet E: 

E(A) = (H11 + 2H12)/(1 + 281, E(E) = - Hiz)/(l - S) (63) 

The tunneling splitting is thus equal to 
6 = E(A) - E(E) = 3r, r = w12 - ~ ~ ~ s ) / ( i  + s - 2s2) (64) 
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and using the wave functions of Eq. (59) and the notation p 2  = Wi/Oa = 
91 WE[( wZ. - I W E ] )  -l ( W A  and OB are the two frequencies of the E vibrations 
split in the minimum configuration), we have: 

f i W A ( 1  + 3p) 
pEJT 1 16p )" exp[ -6 

2 (g  - p2)(1 + 3p)2 
9 + 54p - 6p3 - p4 r - E j T  

6 6EJT ( $)'I2 exp( -6p "> fiWE 

It follows that 6 > 0 and hence the ground state is a vibronic doublet, 
quite similar to the case of the linear problem E - e. In the case of T - t2 
or T - (e + t2) problems, the localization of the nuclear motion in the four 
trigonal minima of the AP leads to a fourfold degeneracy, which is re- 
moved by the tunneling resulting in a singlet A and a triplet T, the latter 
being the ground state; as in other vibronic solutions it coincides with the 
initial electronic T term in multiplicity and transformation properties. In 
the case of six orthorombic minima of the quadratic T - (e  + t2)  problem, 
the tunneling splitting results in TI + Tz (Bersuker and Polinger, 1973b, 
1974). For more T-term details see Bersuker et al. (1975) and Bersuker 
(1975). Other cases of tunneling splitting were also considered by Bacci 
(1979) [tunneling between different types of minima of the quadratic T - 
(e  + tz ) ,  when coexisting], Dixon (1977) (tunneling in the re - tz prob- 
lem with strong vibronic coupling), and others (see the Bibliography 
Review, Bersuker, 1982a). 

The group-theoretical analysis of the possible tunneling splittings has 
been carried out by Martinenas and Dagis (1969) (see also Bersuker and 
Polinger, 1982). It is obvious that the tunneling approach is valid only if 
6 Q fiwE (or S 4 f iW,  , hWB). This inequality is obeyed even for EJT 2 h w E .  
It means that if the JT stabilization energy is of the order of or greater than 
the magnitude of the appropriate vibrational quantum, there are tunneling 
splittings of the minimum configuration vibrational energy levels. Hence 
the tunneling splitting phenomenon is in principle quite general for JT 
systems with strong or moderate vibronic coupling. The same statement 
applies as well to systems with multiminimum AP of pseudo-JT origin. 

Visually, the tunneling phenomenon may be presented as pulsating 
motions of the JT deformations when the system is performing many (at 
least several) vibrations in the distorted configuration of the AP minimum 
and then changes the direction of distortion to another one, which corre- 
sponds to another minimum, equivalent to the first one, and so on. The 
frequency of these pulsations of the deformation equals the tunneling 
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splitting, and they are accompanied by appropriate redistributions of elec- 
tron motions, adiabatically following the changes of the nuclear configu- 
ration. 

However, from the quantitative point of view the results given by Eqs. 
(62)-(65) are not accurate enough, since they are based on a very poor 
basis set [Eq. (59)l. The magnitude of the tunneling splitting, as seen from 
the above equations, is sensitive to the behavior of the vibrational wave 
functions in the region within the potential barrier where the anharmonic- 
ity is important, and hence the use of harmonic oscillator functions in the 
calculations may be inadequate. This fault is only partly compensated by 
diagonalizing the total Hamiltonian. The results can be improved by either 
enlarging the number of minimum configuration vibrational functions used 
in the basis set, or by improving the behavior of these functions in the 
underbarrier region (say, by means of the variational principle). In princi- 
ple, correct behavior of the wave functions in the classically forbidden 
underbarrier region can be reached also in the quasi-classical approxima- 
tion considered in the next section. 

3 .  The Quasi-Classical Approximation 
The quasi-classical approximation can be very useful in solving vi- 

bronic problems, provided they can be reduced to one-dimensional ones. 
Consider again the two cases of vibronic problems: (1) the AP has an 
equipotential trough and (2) the AP has a discrete set of minima points. In 
case 1 the quasi-classical approximation can be applied to the description 
of radial motion after the separation of angular motion along the equipo- 
tential variety. In case 2, the angular motion cannot be separated. Never- 
theless, the tunneling may be approximately reduced to the one- 
dimensional motion along the step slope curve from the saddle points to 
the minima points, the criterion of these separations is given below. 

Let us consider the simplest JT system of the case 1 type, the linear 
E - e problem (Voronin er al., 1976; O'Brien, 1976). Neglecting the 
nonadiabatic mixing of the two sheets of the AP, the energies of the 
excited vibronic states can be obtained from the well-known Bohr- 
Sommerfeld condition of quantization: 

&(E) = $ {2[E - E+(p)]}1'2 d p  = 2 d ( n  + 1) (67) 

where E,(p)  is the potential energy from Eq. (54). The graphical solution 
of this equation is demonstrated in Fig. 10. The nearly linear function 
S-(E) displays that for the highly excited vibronic states of the lower 
sheet of the AP the energy spectrum is almost equidistant. It means that 
the result of Eq. (55) has in fact a larger range of validity than that deter- 
mined by the criterion of the harmonic approximation used in its deduc- 
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S 

E 

Fig. 10. Quantization of the radial motion in the linear E - e problem after Bohr- 
Sommerfeld: the graphical solution of the transcendental equation S,(E) = 27rfi(n + 4). The 
energy and the action S, are plotted in fiuE and f i  units, respectively. 

tion. The equidistant energy levels of the lower sheet in accordance with 
Eq. (55)  are almost linearly decreasing with increasing Vg , while those of 
the upper sheet are increasing. For some of the V,  values some of the 
upper and lower sheet energy levels intersect, and an accidental degener- 
acy arises. At these points the nonadiabacity contribution A+- = 
( +I-h'ju,/2p21- ), removing this degeneracy becomes of first impor- 
tance (Fig. 11). 

Note that the quasi-classical approach is not necessarily limited by the 
adiabatic separation of the AP sheets or by the approximation of strong 
coupling. Indeed, Voronin et al. (1976) worked out a quasi-classical solu- 
tion of the coupled system of vibronic equations arising from the 
Schrodinger equation with the Hamiltonian [Eq. (24)]. In particular, it 
follows from this work that with taking account of the nonadiabacity 
contribution A+-, the condition of quantization equation (67) changes to 
cos(S+/fi) cos(S-/h) = +x+-/4.  A somewhat different approach to the 
problem has been developed by O'Brien (1976) by including the 
nonadiabacity operator in the potential energy matrix. 

By way of example of case 2, let us consider the quadratic E - e 
problem. Separating out the one-dimensional motion along the curve of 
steep slope [Eq. (33)l and joining together the quasi-classical solutions in 
the neighbor minima regions and in the classically forbidden region under 
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Fig. 11. The vibronic energy levels (in fiwB units) versus the dimensionless vibronic 
constant in the E - e problem for j = 41/2 without (a) and with (b) taking nonadiabacity 
into account. 
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the potential barrier, we obtain for the tunneling splitting the following 
expression (Polinger, 1974): 

where ~ - ( q )  is the lower sheet of the AP; a and b are the points of classical 
return at the entrance and exit from the forbidden underbarrier area; 
respectively, w is the frequency of vibrations in the AP minimum config- 
uration along the steep slope line, and Eo is the energy of the ground 
vibrational level. The integral in Eq. (68) is taken along the contour of Eq. 
(33). The direct evaluation of this integral in the case of \WE\ G 0% gives 

6 3 ( h w E / 2 ~ )  exp[-0.6p(Ej,/hU~)] 
In the same paper (Polinger, 1974), quasi-classical estimations of the tun- 
neling splitting for the case of trigonal minima of the T - (e + f2 )  problem 
were also obtained. 

The above quasi-classical approach to the problem of tunneling split- 
ting allows us in principle to obtain assymptotically exact results, pro- 
vided that the vibronic coupling is sufficiently strong. The larger the V,. 
value is, the better the criterion of the quasi-classical approach obeyed 
and the less is the error introduced by neglecting the nonadiabacity con- 
tribution along the total curve of steep slope. Strictly speaking, the inte- 
gral in Eq. (68) has to be taken along the stationary trajectory under the 
potential barrier (Baz' et a/., 1971). The use of the steep-slope curve 
instead of the stationary trajectory is equivalent to neglect of the cen- 
trifugal force (Karkach and Osherov, 1978). For sufficiently large vibronic 
coupling constants V,. , resulting in large radius of curvature of the trajec- 
tory, the contribution of the centrifugal term becomes negligible. 

B. Numerical Solutions 
Most vibronic problems EJT - hw,. and analytical solutions of the 

vibronic equations are inaccurate, at least from the point of view of quan- 
titative results. Most numerical methods used in JT problem calculations 
are based either on the reduction of the problem to an algebraic one using 
an appropriate basis set, or on the use of classical variational methods. 

The simplest basis set seems to be that of the weak vibronic coupling 
formed by the eigenfunctions of the zero-order Hamiltonian Ho (Section 
III,A,I). The total wave functions of the Hamiltonian [Eq. (23)l may be 
sought for in the form of the following expansion: 

* n f ,  . . 
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This leads to the usual secular equation for the coefficients c g  * * * nl .y  * * 

and energies, its order being determined by the number of functions re- 
tained in the expansion of Eq. (69). This method gives acceptable results 
in the case of weak and, sometimes, moderate vibronic coupling, but it is 
invalid in the case of strong coupling. The larger the vibronic coupling is, 
the larger should be the number of terms in the expansion equation (69), 
and hence the dimension of the secular equation to be solved in order to 
get reasonable results. The upper limit of the vibronic constant values, for 
which the weak basis-set method is still applicable is thus limited by the 
computer’s ability. On the other hand, the inaccuracy of the method is 
greater, the higher in energy is the vibronic state to be evaluated. 

These limitations of the method may be lessened by means of sym- 
metry considerations. As usual, the latter allow us to reduce the problem 
to numerical solutions of simplified equations resulting from the appropri- 
ate separation of variables, for which there are integrals of motion. For 
instance, in the case of the linear E - e problem, only the equation of the 
radial motion has to be solved numerically. The separation of the angular 
variables should be carried out also for the basis functions. The two- 
dimensional oscillator wave functions In,, n, ) within the degenerate set 
with a fixed number of phonons n = n, + n, can be transformed to the 
linear combinations -exp(ilq)X,&), I = -n, -n  + 2, . . . , n. This can 
be done by means of the matrices of irreducible representations of the 
appropriate chain of subgroups SU(2) = R(3) + C, [see the discussion 
following Eq. (51)l. Thus the radial functions xnc(p) of the two- 
dimensional oscillator (in the representation where L, = -ia/ap is 
diagonal) can be taken as a basis set. For this latter the matrix of the 
Hamiltonian has a tridiagonal form (Moffitt and Thorson, 1958; Longuet- 
Higgins et a/.,  1958). The solutions of the appropriate E - e problem have 
been also obtained by Struck and Herzfeld (1966), Uehara (1968), and 
Muramatsu and Sakomoto (1978). The energy-level dependence on the 
vibronic constant value is illustrated in Fig. 12. For small V, values the 
energies are close to those obtained in Eq. (52) by means of the perturba- 
tion theory. For large V, values the vibronic levels have the vibrational- 
rotational structure well described by the formulas of strong vibronic 
coupling [Eq. (55)l. 

The solution of the problem carried out separately for eachj  value is 
equivalent to the decomposition of the matrix of the total Hamiltonian in 
blocks labeled by the irreducible representations of the axial group El,, . 
This enlarges essentially the computer abilities allowing us to take into 
account a greater number of terms in the expansion [Eq. (69)l. Here the 
classification of the basis functions on the irreducible representations of 
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Fig. 12. Vibronic energy levels in the E - e problem versus k = 1 V,l/(ho$) * I g  obtained 
by numerical calculations (after Muramatsu and Sakamoto, 1978). 

the chain of subgroups 

V (  f;~) + SU( fr) + R( J;.) + R(3) + Go (70) 

wheref;. is the multiplicity of the degenerate term, may be very useful. It 
is important that the consequent reduction of the symmetry on the order 
of Eq. (70) and the appropriate reduction of the irreducible representa- 
tions as a rule does not result in repeating irreducible representation. This 
makes the construction of symmetry-adapted basis functions and their 
labeling with genealogic quantum numbers easier. The Hamiltonian is a 
scalar of the Go group, but transforms as nontotally symmetric representa- 
tions of the higher symmetry groups. The application of the Wigner- 
Eckart theorem to the nontotally symmetric tensor operators of the 
Hamiltonian simplifies the procedure of block separation of the matrix 
Hamiltonian; for more details see the review article by Judd (1974). 

The above method of group genealogy is most efficient when the Go 
group of the vibronic Hamiltonian is one of the irreducible Lee groups, as 
in the case of the linear E - e problem. But even if this is not the case, the 
genealogic quantum numbers still simplify the solution of the vibronic 
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problem. For instance, they have been successfully used by Caner and 
Englman (1966) in the solution of the linear T - t2 problem. Linear com- 
bination aim belonging to the irreducible representations D"' of the R(3) 
group (eigenfunction of the vibrational momentum operator L)  have been 
constructed by the wave functions In,n,n,) of the three-dimensional iso- 
tropic oscillator of the T2 vibrations. Then, taking into account the fact that 
the electronic functions of the T-term transform as D"' of the R(3) group 
(the energy spin S = l ) ,  the wave functions of the total momentum J = 
L + S were built up according to the rules of the addition of momenta. 
These functions are the weak-coupling basis set. The further reduction 
R(3) + Oh results in repeating representations mixed by the operator of 
vibronic interactions. 

The result of diagonalization of the appropriate matrix by the weak 
coupling basis, cut at the state J = 13, is given in Fig. 13. Note that in 
agreement with the results of perturbation theory in the case of weak 
coupling (the left-hand side of the Fig. 13), the spectrum consists of 

3.0 
1 .o 

0 1 .o 2.0 
c 

E J T / ~ W T  

Fig. 13. Vibronic energy levels in the T - I* problem versus the JT stabilization energy 
(after Caner and Englman, 1966). 
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equidistant levels (with a spacing equal to hw,) weakly split by vibronic 
interaction. In the strong coupling limit there are two equidistant sets of 
energy levels with hwT and h o , m  spacings, respectively, describing 
the appropriate harmonic vibrations in the trigonal minima. 

For more complicated cases when the symmetry of the vibronic 
Hamiltonian cannot be described by a Lee group, the computational pos- 
sibilities may be enlarged by using special algorithms. One of them is the 
so-called method of minimal iterations, the Lancozs method (Faddeev and 
Faddeeva, 1963). It has been used by Muramatsu and Sakamoto (1978) to 
solve the E - (b, + 6,) problem by diagonalizing a 231 x 231 matrix, 
which corresponds to the mixing of all the vibrational states with n, + 
n, 5 20. In the case of w1 = 0, and V ,  = V, , this solution corresponds to 
the E - e problem. For the latter the results of the diagonalization of the 
200 x 200 matrix for the statej  = 1/2 corresponding to the mixing of the 
vibrational states with n, + n, 5 199 have been obtained. 

The number of mixing basis states to be retained in the expansion 
equation (69) depends also on the number of degrees of freedom of the JT 
active coordinates. The multiplicity of the nth vibrational level of an sfold 
isotropic oscillator is -f;.n"-'/(S - 1)  !, where f;: is the multiplicity of the 
electronic term. For instance, for the T - (e + f z )  problem (f, = 3, S = 5 ) ,  
and if the mixing of the vibrational states up to the N = 8 is taken into 
account, nH + n, + n, + n, + n, 5 8, the matrix to be solved has the 
dimension 3861 x 3861. If symmetry-adapted functions are used, the di- 
mension of each block of this matrix is reduced by an order of magnitude. 
But even then the diagonalization of the matrix is at the upper limit of the 
computer abilities. On the other hand, mixing of the vibrational states up 
to N = 8 allows us to obtain satisfactory results only for moderate vi- 
bronic coupling with EjT 5 2hw,. and only for the lowest vibronic states. 
The present status in the calculations of the vibronic spectrum of the 
linear zs+lT - (e + t2) problem is illustrated schematically in Fig. 14. 

The solution of the re - f z  problem was carried out by Thorson and 
Moffitt (1958) and by Judd (1977) (Fig. 15). With the variation of the 
vibronic constant, the excited states oscillate near the average values 
hw,(n + #) - EJT , at some points forming accidentally degenerate multi- 
plets. Similar results for the E - e problem were obtained by Muramatsu 
and Sakomoto (1978). A more refined calculation shows that the intersec- 
tions of different levels have a small dispersion. The origin of the effect as 
a whole was discussed by Judd (1977). Numerical solutions of the I-8 - 
(e + te )  problem in the case of the d-mode model (wE = w,, VE = V,) were 
obtained by Pooler and O'Brien (1977). 

There is a large class of vibronic systems with pseudodegenerate terms 
for which if A - h a ,  the solution can be carried out but numerically. This 
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Fig. 14. Present status of the vibronic spectra calculations in the T - (e + r z )  problem. 
The tetragonal EJT(E) and trigonal EJT(T) JT stabilization energies are plotted on the axis in 
h w ~  = hw, = hw units in a logarithmic scale. The area of possible parameter values in this 
scheme is divided into domains of applicability of the perturbation theory of Moffitt and 
Thorson (1957) (horizontal shading), the numerical results of Caner and Englman (1%6) 
(incl!ned thick shading), the perturbation theory of Bersuker and Polinger (1973a) (inclined 
thin shading), the d-mode model, EjT(E) = EJT(T), of O'Brien (1971) (inclined line), the 
qualitative results of O'Brien (1969) (double shading), the numerical calculations of 
Muramatsu and Sakamoto (1978) and Boldyrev et a!. (1981) (marked by points). 

also concerns the case when the group of near-lying electronic terms 
originates from the spin-orbit splitting. If the latter occurs in the first- 
order perturbation theory, the splitting is usually not small and must be 
taken into account alongside and simultaneously with the vibronic interac- 
tion. The cubic polyatomic system in triplet electronic states are typical 
examples of this kind. They lead to the one of the most difficult computa- 
tional 2S+1T - ( e  + r 2 )  problem with taking account of the spin-orbit 
interaction and low-symmetry crystal fields (or other low-symmetry per- 
turbations). The latter lower the symmetry of the system thus making the 
group-theoretical classification more difficult. In addition to the large 
number of mixing electronic statesf = 3(2S + 1) and of the vibrational 
degrees of freedom (in addition to the five JT active E and T2 coordinates, 
the electronic states may be mixed by other coordinates, too), there are a 
large number of free parameters (two vibrational frequencies, three 
spin-orbit constants, at least two vibronic constants, and one or more 
low-symmetry perturbation parameters). All this increases enormously 
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Fig. 15. The vibronic energy levels of the Ta - t2 problem in fLwT units versus D =. 

E J T I ~ L w T .  

the dimension of the secular matrix to be solved and requires its repeating 
solution. For instance, for the 4T - (e + t z )  problem with the number of 
mixing vibrational basis states &nr 5 8 and without additional complica- 
tions, the matrix dimension is 15444 x 15444. One of the ways to over- 
come these difficulties by using the so-called method of coordinate relaxa- 
tion based on consequent minimization of the functional of the energy for 
each of the coordinates c y  . * rzl.y . * . of the function [Eq. (6911 was sug- 
gested recently by Boldyrev et a / . ,  1981. 

Note that in all of the iteration methods based on the variational prin- 
ciple the transformation properties of the probe function are preserved 
during the minimization process. This means that if the probe function 
Vr;? was chosen transforming as the y line of the r representation the 
minimization procedure results in the lowest energy function Vr,.y with the 
same transformation properties. One of the advantages of the method of 
coordinate relaxation is that it is not necessary to retain in the computer 
memory the whole matrix to be diagonalized. If, as in the case under 
consideration, the matrix elements are sufficiently simple, they can be 
recalculated when necessary, and then only the calculated eigenvectors 
have to be retained in the memory. In this case the occupied memory 
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volume is proportional to the dimension of the basis set M, but not M 2  as 
in the usual methods. The results for the 3T - (e + t2) problem, taking 
account of the spin-orbit interaction and the trigonal field splittings, were 
obtained by Boldyrev et al. (1981). 

Another method based on the variational principle is the method of 
canonical transformations. As a result of the shift transformation U = 
exp(XS), where the operator S may be taken, for instance, as a combina- 
tion of a/aQ,., and C,., magnitudes, the vibronic Hamiltonian can be 
reduced to the form Ho + P, where 8, is sufficiently simple. The param- 
eter A can be obtained from the condition of energy minimum in the 
ground state of the f&, Hamiltonian. As a result of this shift transformation 
the operator of vibronic coupling becomes proportional to the so-called 
renormalized coupling constant V,.  exp[ -aEJT/(ho)] ,  where a is a numer- 
ical coefficient. This renormalized constant can serve as a small parameter 
of the perturbation theory for both limit cases V,. + 0 and V,. --* w. It may 
be expected that such a perturbation theory gives acceptable results also 
for intermediate values of V,. (Wagner, 1972; Barentzen and Polansky, 
1978; Barentzen er al., 1981). The method gives good results for the 
ground state of the system, and this is quite understandable in view of its 
variational nature. 

C. Vibronic Reduction Factors 
Some general properties of the ground vibronic state can be elucidated 

using group-theoretical considerations. In all the vibronic problems con- 
sidered so far the ground vibronic term has the same multiplicity and 
transformation properties as the initial degenerate electronic term r. But 
until now nobody proved the theorem evidencing that this is a general fact 
and the ground vibronic state remains independent of the vibronic pa- 
rameters of the system. Nevertheless, as far as nobody proved the con- 
trary, the vibronic ground state may be assumed to be r. 

Consider the properties of the system determined by the ground vi- 
bronic state. In the presence of small perturbations described by the 
operator F,., the perturbation matrix determining the observable proper- 
ties can be evaluated by means of the Wigner-Eckart theorem. The prob- 
lem simplifies when F,.,, depend on either electronic or nuclear coordinates 
(and not on both). Suppose, first, that the former case is realized, F,., = 
F&). The vibronic wave function of the ground state can be presented in 
the form of a tensor convolution: 
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where rl obeys the condition: E rl x i?. Calculating the matrix elements 
of the operator F,.,(r) with the wave functions [Eq. (70)1, we have (En- 
glman et d., 1970; Englman, 1972; Bersuker and Polinger, 1973a) 

( W J r ,  Q)lF,.y(r)[%&-, Q) ) = K(r) ( ~ ~ y l ( r ) l F l . y ( r ) ~ ~ ~ ~ ~ ( r )  ) (71) 

where 

Here {:::} is the 6r - symbol for the Go group; j (r,) is the fictitious 
moment of the rl representation; and the ( x f  ) values are determined by 
the following equations: 

(73) 

For instance, for the E - e problem of a trigonal or cubic system, we 
have: 

(X, -IYl lXr~rY.)  = ( X ’ r l )  STII.. S Y I Y S  

K(AJ = 1 = ( x i , )  + ( x i 2 )  + ( x i )  
= P = (xi,) + ( x i , )  - ( x i )  

N E )  = 9 = (x4 , )  - ( x 4 2 )  

(74) 

Since (xf  ) z 0 for all the r values and their sum equals a unity, K(T)  I 1 
for all the r # Al.  Thus for the ground-state properties the vibronic 
interaction reduces the matrix elements of electronic operators K( r) 
times. This effect is called vibronic reduction, and K(r) values are called 
vibronic reduction factors. 

In the cases when the symmetry of the problem becomes “acciden- 
tally” higher than G o ,  some of the irreducible representations r of the 
Go group unite in irreducible representations of higher dimension. It 
means that some of the ( x f  } values are interrelated, resulting in some 
relations between the appropriate vibronic reduction factors K( I-). Let us 
consider the linear E - e problem which is “accidentally” axially sym- 
metric. Since the wave functions qIIH(r,  Q) ,  VJr, Q),  Jle(r), Jr,(r), and the 
normal coordinates Q,, and Qt are real, the functions xry(Q) in Eq. (70) are 
also real. On the other hand, using the energy spin functions tfikIl2(r) and 
**112(r, Q), 
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we can rewrite Eq. (70) in the following form: 

(76) 
where in polar coordinates xj(Q) = h(p) exp(ijq),j = 0, +1/2, & I ,  and 
h ( p )  is a real function. By comparison of Eqs. (76) and (70), one obtains 
(Leung and Kleiner, 1974): 
x A I = R e x o ,  X A ~ = - ~ X D ,  ~ ~ H = a R e x i ,  

xEc = - ~ % m  x1 (77) 
Since x o  = &(p) is real, xAr = 0 and (Ham, 1968) K(A2) + 1 = 2K(E),  or 

2 q - p = 1  (78) 

This is an exact relation, provided the ideal linear E - e problem is con- 
sidered. For real systems it becomes approximate, the deviations being 
due to the contribution of quadratic terms, to mixing with excited states, 
to the multimode nature of the vibronic coupling (Section IV), etc. In 
general, ( x ~ ~ )  2 0 and 2q - p = 1 - 4 ( x f 2 )  5 1. 

Similarly, for the linear T - d problem, the Hamiltonian is “acciden- 
tally” of higher (than Go) symmetry R(3),  and the irreducible repre- 
sentations E ,  and T28 are unite in the representation lY2) of the three- 
dimensional group of rotations. It means that K ( E )  = K ( T ) .  By means of 
considerations similar to those used above in the linear E - e case, it can 
be shown that in the linear T - d  problem the tensor convolution, Eq. 
(70) does not contain terms - x ~ , ~ ( Q ) .  Accordingly, ( x f l )  = Oin Eq. (72). 
Together with the equation K(E) = K(T2),  it leads the following relation 
(O’Brien, 1971; Romestain and D’Aubigne, 1971): 

(79) 

(80) 

9 1 / 2  = X D h Z  + x1+-1/2 3 9-112 = X T h 2  + xa4-1/2 

K ( E )  = K(T2) = 5 + W(T1) 

K(E) + %[K(T,) - K(Td1 = 1 - 3 ( X k )  5 1 

In general, ( x f l )  2 0 and 

Analytical expressions for the vibronic reduction factors as functions 
of the vibronic parameters can be obtained, but for the limiting cases of 
weak and strong coupling, for which the wave functions are known 
explicitly. Following Eq. (71), the K(T) values can be calculated as the 
relation between the matrix elements ( 9 r y ( r ,  Q)lFry(r)19 pyz(r, Q ) )  and 
(Jipyl(r)lFl.y(r)J+~yl(r)) .  For instance, in the linear E - e problem in the 
second-order perturbation theory approximation with respect to the vi- 
bronic constant V,  , we have q = I - 2EJT/haE,  p = 1 - 4E,,/hwE. In 
the case of strong vibronic coupling using the adiabatic states [Eq. (49)], 
one obtains q = 112, p = 0. 

Similar results for the T - (e  + re) problem and its particular cases, the 
T - e and T - t2 problems, were obtained by Ham (1965, 1972) and 
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Englman et al. (1970). In the case of weak coupling, K(E) + gK(T,)  - 
K(T,)]  = 1. It follows from the comparison with Eq. (80) that (&) = 0. A 
more accurate calculation shows that this relation is valid only up to 
fourth order in the V ,  value and slightly breaks in the range of moderate 
coupling, while in the strong coupling limit it becomes again exactly valid 
(Leung and Kleiner, 1974). 

The general feature of all the vibronic reduction factors is their strong 
dependence on the E&u value, due to which, even for moderate vi- 
bronic coupling, the vibronic reduction of physical magnitudes may be 
very strong (reaching several orders of magnitudes). This was first noted 
by Bersuker and Vekhter (1963) by calculating the spin-orbit splitting of 
the 2T2 term with taking account of vibronic interactions. Ham (1%5, 
1968) generalized this idea, proving its applicability to all cases of physi- 
cal magnitudes dependent on only electronic variables (the effect is some- 
times called the Ham effect). 

In the second-order perturbation theory the influence of the operator 
Fry(r) can be taken into account by means of the following tensor convo- 
lution: 

(81) 9F(T2(r9 Q )  = C F r y l ( d 9 ( r ,  Q)Fry l (4  (rylrr216) 
Y l  Y2 

where the Green’s function 9 ( r ,  Q)  is 

Here the summation is performed over all the excited states *,.yn(r, Q) 
(Eo being the energy of the ground state). Without vibronic interactions 
the *,.yn function can be factorized into electronic and vibrational func- 
tions, the latter being excluded due to their mutual orthogonality. Then 

becomes independent on nuclear coordinates. When the vibronic interac- 
tions are taken into account two implications arise. First, the excited 
vibronic states of the electronic term under consideration may be en- 
volved as intermediate states due to the nonorthogonality of the vibra- 
tional states. This possibility was considered by Ham (1965) in the case of 
the T - e problem with spin-orbit interaction XLS taken into account as a 
perturbation. In the limiting case of strong vibronic coupling, EJT(E) 9 
hug ,  the appropriate perturbation operator takes the form: 
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The physical sense of this result becomes clear if one takes into ac- 
count that in the case of strong vibronic coupling 3EJT(E) is just the energy 
gap between the AP sheets at the point elo) of the AP minimum configura- 
tion. It means that in the limit case of strong vibronic coupling the JT 
distortion is equivalent to the appropriate static tetragonal crystal field, 
and the correct result can be obtained from Eq. (83), where the summa- 
tion is carried out over the upper sheets of the AP in the configuration of 
the AP minimum at Q = Qio). 

Another source of influence of the vibronic interactions on the 
second-order splitting is due to the contribution of the excited electronic 
states. Owing to the same transformation properties of the operator 
5:!;(r, Q) after Eq. (81) and 91!;(r) after Eq. (83), the difference in their 
matrix elements can be taken into account by means of second-order 
vibronic reductions factors Ktz) (F)  (Vekhter, 1973). If only one excited 
electronic term at an energy distance A is taken into account and the 
energy difference Ern - Elm between its vibronic states is neglected as 
compared with A ,  A %- 1Ern - E r m l ,  then K@’(f) = K(i=) .  In general, 
however, the higher order vibronic reduction factors are not reduced to 
that of the first-order K(T). This is true also in the cases when there is 
more than one excited term mixed with the ground-state term by the 
perturbation, provided that not for all of them A + IE,, - Elhl). 

The idea of vibronic reduction factors can be generalized to arbitrary 
matrix elements of not only the ground-state term. Let us denote the 
vibronic factor (in the case under consideration it is not necessarily a 
reduction factor) by 

This vibronic factor may be especially useful when, as in the case of 
strong vibronic coupling, there are near-lying vibronic states which are 
necessarily mixed by the perturbation. For instance, in the quadratic 
E - e problem these are the two tunneling energy levels E and A, which 
are mixed by electronic operators of E symmetry. In this case the matrix 
elements ( ~ A ~ F m 1 9 g y )  can be reduced to the vibronic factor Y = 
K(A(E(E).  In the strong-coupling limit the Y value can be calculated by 
means of tunneling functions Eq. (49), resulting in r = +a (Ham, 
1972). 

Consider now as a perturbation the operator F,.,(Q), which is a func- 
tion of nuclear coordinates Q. The case of the F,., = AI.,Ql., perturbation 
and its change under the vibronic interaction influence is of practical 
interest, say, in the analysis of the quadrupole splittings in the ESR and 
acoustic nuclear resonance spectra. In these problems A,., are functions of 
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the nuclear spin of the JT center. The influence of the el.? operator on the 
vibrational subsystem through the vibronic coupling affects also the elec- 
tronic subsystem. If this influence is sufficiently small and can be taken 
into account as a perturbation splitting the ground state, the matrix ele- 
ments of the perturbation can be expressed by the vibronic reduction 
factors. On the other hand, this same splitting determined directly is 
proportional to the reduced-matrix element ( 9,. IIQl. ) . It follows that 
( 9F[lQr{19,=) = -V , -K(T) /w$  (Ham, 1972), i.e., the matrix elements of JT 
normal coordinates increase with the vibronic constant Vr . This “vi- 
bronic amplification” of the splittings caused by nuclear coordinate 
operators may manifest itself not only in the quadrupole splitting, but also 
in other effects, in particular in the Stark effect in systems without inver- 
sion symmetry. 

IV. The Multimode JT Effect 
The vibronic problems considered above are called ideal problems in 

the sense that the number of JT active doordinates with given symmetry is 
taken minimal. Meanwhile in real polyatomic systems there are more than 
one vibration of a given type. For instance, even in the simple tetrahedral 
ML4 molecule there are two sets of T2-type vibrations both JT active, and 
therefore the vibronic problem for a T term of this molecule is not T - (e 
+ t 2 ) ,  but T - (e + t ;  + t i ) ,  including thus eight vibrational degrees of 
freedom instead of five in the ideal case. The greater the number of atoms, 
the greater the number of JT active modes of the same type, provided that 
systems with the same symmetry are compared. The multimode JT prob- 
lems are thus more widespread than the ideal ones, the former including 
also the problems of impurity centers in crystals. 

For the multimode problem the notion of vibronic coupling must be 
specified. For large systems the assumption that the degenerate term 
under consideration lies far away in energy from the other terms means 
that the appropriate electronic states are localized near a small group of 
atoms (usually called the JT center), and the vibronic coupling is essen- 
tially nonzero only for the interaction with the displacements of these 
atoms. This does not mean that there is no coupling to all the JT modes. 
Indeed, the local displacements contain all the JT modes, since owing to 
elastic interactions the displacements of all the atoms including the local 
ones are mixed. However, the local nature of the coupling allows the 
reduction of essentially the number of vibronic coupling constants em- 
ployed in the calculations. 

In the multimode problems the ideas employed for simplification of the 
calculations are similar to those used above for ideal problems: analytical 
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solutions are obtained in the limiting cases of weak and strong coupling, 
many qualitative results can be deduced from the shape of the AP without 
completely solving the vibronic equations. 

A. Adiabatic Potentials of Multimode JT Systems 
The extrema properties of the AP of multimode JT systems are qual- 

itatively the same as for ideal vibronic systems, i.e., all the qualitative 
results obtained for the AP in Sections II,C and II,D are valid also for 
appropriate multimode systems (Bersuker and Polinger, 1982). 

In general, the potential energy matrix of a multimode system in the 
case of the linear JT effect has the form: 

where wn(r)  and Vn(r) are the frequency and linear vibronic coupling 
constant for the vibrational coordinate Qnry, n numbering the N ( T )  ir- 
reducible representations of the same type r.  This expression can be 
transformed by means of a scale transformation: 

(Inrv = wn(r)QnrY (87) 

and a rotation in the subspace of each group of N ( r )  coordinates trans- 
forming as the same line of the same irreducible representation I' in such a 
way as one of the directions of the transformed coordinate system coin- 
cides with q1 I'y, 

In these new coordinates we have 

where 

and the normalizing factor V F ~  is introduced for preserving the orthog- 
onality of the transformation 
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The matrix U after Eq. (89) consists of two commutative terms: the first, 
UjT, corresponds to an ideal vibronic system, whereas the second, con- 
taining the unit matrix C,, depends on all the other non-JT coordinates. 
Its eigenvalues are 

where cj jT)(ql ) is the eigenvalue of the matrix UJT (ql ). Therefore the num- 
ber of extrema points, their characteristics, as well as the JT stabilization 
energies are determined by only the ejJT)(ql) term describing an ideal 
vibronic system with JT active modes qlr,. The coordinates of the ex- 
trema points are thus 

4:yy # 0, q ‘ 0 ’  lI‘, = 0 7 n f 1 (93) 

The inverse transformation from the qnr, coordinates to &,-, requires 
the knowledge of all the matrix elements of the transformation matrix, 
while Eq. (88) provides only the first line of this matrix. It means that in 
the inverse transformation only the first column is known: 

N( I ‘ )  

gnl- ,  = “IrF1[vn( r)/w,( r ) l q l  rY + Rnmqmr, (94) 
m= 2 

However, taking into account that all the qgi-, are zero, except that for 
m = 1 ,  we obtain 

ciioJ, = “Irlrl[Vn(T)/on(T)lq:o~Y (95) 

and for the initial normal coordinates en,-, = ijnry/q,(r), we obtain: 

Thus, the extrema-point coordinates Qko,$ of the AP of a multimode 
system are expressed by the coordinates qio*y of the extrema points of the 
AP of an ideal vibronic system, the JT stabilization energy remaining the 
same as for an ideal system with the effective vibronic constants de- 
termined by Eq. (90). For instance, in the case of the linear multimode 
E - (el + e2 + 1 * .) problem, taking qle = p cos (c, and qlr = p sin (c, we 
have 

QLoA = [Vn(E)/wt(E)I cos cp, QLoJ = [Vn(E)/wi(E)I sin cp  

From here it follows that the AP of the multimode E - (el + e2 + . . a )  

problem has a continuum of minima points forming a one-dimensional 
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trough, quite similar to the ideal E - e problem. If the nuclear motions 
are localized in this trough they are like a wave of distortions of the 
nuclear framework running around the JT center. The amplitude of this 
wave is rapidly decreasing by going from the JT center to the peripheral 
atoms. 

B. Solutions of the Multimode Problem 
In spite of its complexity the multimode problem can be solved analyt- 

ically in the limiting cases of weak and strong vibronic coupling. The 
appropriate ideas are illustrated below by considering the multimode E - 
(el + ea + . .) problem for a JT center of a small radius, i.e., when the 
electrons forming the degenerate electronic term are coupled essentially 
to the displacements of the atoms of the first coordination sphere only. 
These kinds of systems are widespread among coordination compounds of 
transition metals and rare-earth elements with localized d and f electrons, 
as well as dielectric and large-gap semiconductor crystals with point de- 
fects (small radius impurity centers, some F-centers, etc.). 

The Hamiltonian of a small radius JT center with a multimode E - 
(el + e2 + * .) problem may be written in the following form: 

where V is the linear vibronic constant and X,,., (r = El 6 E r) are the 
symmetrized displacements of the atoms of different coordination spheres 
labeled by the index n.  The X,,., magnitudes are related to the normal 
coordinates en,., by the orthogonal transformation 

Expressions for the unm coefficients for some particular cases are given by 
Steggles (1977). Substituting XI, and X1, obtained from Eq. (99) into Eq. 
(98), one can obtain the Hamiltonian containing the potential energy ma- 
trix in Eq. (86). 

After the orthogonal transformation of Eq. (99) we obtain, instead of 
Eq. (981, 

H = 4 2 + 4 X n y ( a 2 ) n m X m v  
ny n.m.y 

+ V(XlfP, + Xlr(+J (100) 

where n and m number both different coordination spheres and different E 
representations within the vibrational representation of each coordination 
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sphere, and (o~ ) , ,~  = z k a ~ ( E y ) a h ( E y ) 0 2 .  Let us present the JT center 
of a small radius as two interacting subsystems. The first subsystem in- 
cludes the JT ion plus the first coordination sphere, while the second 
contains all the other vibrational degrees of freedom of the polyatomic 
system. The Hamiltonian [Eq. (loo)] can be presented as the sum HJT + 
H :, + Hint , where HjT is the vibronic Hamiltonian of the first coordination 
sphere having the form of Eq. (23) with the force constant of = ( W Z ) ~ ~ ,  

H : .  is the Hamiltonian of harmonic oscillations of the remaining atoms, 
and 

is the operator of interaction of the “JT modes” (“interacting” modes) 
XIH and X1, with the remaining part of the polyatomic system (here, the 
polar coordinates X,, = p,, cos (c, and X, = pn sin cp,, are used). 

Owing to the factor cos(cp, - cpl) the deformations of all the coordina- 
tion spheres are involved in the coherent rotation of the electron density 
and the wave of deformation of the first coordination sphere, resulting in a 
wave of deformation which covers the total polyatomic system. In gen- 
eral, this collective rotation is stationary, since the appropriate momen- 
tum J, = L, + Av2, L, = z,,(-ia/13cp,,), is an integral of motion (Section 
11,D). Besides, the oscillations of the magnitude of the deformation of the 
first coordination sphere owing to the term pnpl are transmitted to the 
next spheres and propagate in the form of diverging (from the JT center) 
waves. 

1. The Case of Weak Coupling 
The simultaneous change of sign of both V,(T) and Qnl, in Eq. (86) 

does not change the Hamiltonian. This means that the observable mag- 
nitudes expanded in series with respect to the Vn(T) values contain only 
even powers. The quadratic contributions to Vn(T) are additive with re- 
gard the index r, allowing us to consider the multimode problems for each 
type of vibration separately (E - e, T - e ,  T - t 2 ,  re - e ,  re - t z ,  and E - 
b, , E - b2)  and to summarize the results if there is simultaneous coupling 
to different types of vibrations. 

The Hamiltonian of the second-order perturbation theory for these 
“separated” problems has a higher symmetry than the initial one Go 
(Sections II,D and III,A,l) and the operators F,., in the Green’s function 
( ( F:, IF,., ) ) have to be classified after the irreducible representations of 
the enlarged group. This allows us to choose the Fry operators in such a 
way as to be able to determine separately the energy spectra of states 
having different transformation properties: at T = 0 K the contribution to 
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the poles of the Green’s functions are nonzero only for the vibronic states 
177) which have nonzero matrix elements (i=yIFr,)O ) with the ground 
state 10). 

The difficulties arising due to the electronic degeneracy of the ground 
state can be overcome by employing the idea of quasi-averaged values 
(Bogolubov, 1961). In so doing a low-symmetry term AA removing the 
degeneracy of the ground state must be added to the Hamiltonian, and 
then one has to assume A = 0 after taking T -+ 0 K.  For instance, for the 
E - e problem described by the Hamiltonian [Eq. (98)], the term to be 
added is Am,, which removes the degeneracy of the ground statej = ? 1/2, 
preserving the axial symmetry (Section 11,D). If A > 0 the ground state is 
j = -1/2, and the Green’s function ((XolX-)) (X, = (Xle 2 iXIE)/V% 
takes into account only excited states with j = -3/2. Since the X+ 
operators change the oscillator quantum numbers of the unperturbed sys- 
tem by unity, it is clear that the first nonzero corrections to this Green’s 
function contain the information about the excited vibronic states arising 
from the first excited vibrational state with transformation properties j = 
-3/2. If A < 0, the ground state is j = 1/2, and the above Green’s func- 
tion describes the states with j = - 1/2 arising also from the first excited 
vibrational state. Complex conjugated states are described by the Green’s 
function ((X-lX+)). 

If the Hamiltonian of the system can be presented in the form of the 
sum H, + V(X,), where H ,  is the Hamiltonian of harmonic vibrations and 
V(Xl) is the perturbation caused by the local displacements of the atoms of 
the first coordination sphere, the following integral equations of motion 
are valid (t 2 0): 

Here, as usual, the time dependence of the operators is determined by 
the Heisenberg representation with the total Hamiltonian H = H ,  + V(Xl), 
except X\O;,(t) for which the zero Hamiltonian H, is taken instead of H 
and Gfo’(t) = -ih-%(t) ([X$\(t), XI,.,]) is the retarded zero Green’s func- 
tion, 

Substituting Eqs. (101) and (102) (written for the E - e problem) into 
the expressions for retarded Green’s functions G = ( (X+lX- ) ) and 
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9 = ( (u+(X- )), and assuming the decoupling ( ( u , , X + / X -  ) )  = 
( u, ) ( (X+ IX- ) ), one can obtain (Rozenfeld and Polinger, 1976) the fol- 
lowing: 

(104) 

(Here the presentation of functions by Fourier integrals and the well- 
known theorem of convolution are also used.) The spectrum of one- 
quantum excitations is determined by the Green function poles, i.e., by 
the roots of the following transcendental equation: 

4 r (  a , )V2G#)(w) = hw (105) 

As mentioned previously, at T = 0 K, A = +0, one has (a,) = - 1 and the 
Eq. (105) describus the spectrum of vibronic states withj = -3/2. At A = 
-0, (a,) = 1, and Eq. (105) determines the energy levels withj  = - 1/2. 
In the particular case of the ideal vibronic system when w, = wE for all n 
values, Eq. (105) can be solved directly resulting in solutions obtained in 
Section III,A,I. 

In particular, for a JT impurity center in crystals the spectral density 
p(w)  = 2 Im G(w + k) ,  e = +0, determining the observable magnitudes is 
of special interest. It happens that p(w)  is a function of the “priming” 
density of states pIo’(w) = 2 Im GIo)(w + k ) ,  E = +0, and its Gilbert 
transform 

G(w) = GLo)(w)[l - ( 4 r / h w )  ( u ~ ) V ~ G # ’ ) ( W ) ] - ~  

Taking into account Eq. (104), it can be shown that in the vicinity of 
those roots w ,  of the transcendental equation 4 r ( u , ) V 2 r ~ ) ( w )  = h w ,  for 
which the “priming” density of states p$”(w) is small, the redeter- 
mined spectral density p(w) has a Lorentz shape with a semiwidth y, = 
p # ’ ’ ( w ~ [ d r # ’ ) ( w ~ / d w , J - ’ .  If the root w ,  falls into the forbidden zone where 
p$”(w,) = 0, then y, = 0 and the Lorenzian changes to a 6 function. 

Thus, even the weak vibronic coupling may lead to the essential rede- 
termination of the energy spectrum, in particular, to the occurrence of 
local and pseudolocal new vibronic states. 

This result may be given a clear-cut visual interpretation. Without 
taking account of the vibronic interactions the spectrum of the system 
corresponds to infinite motions of free phonons. The vibronic interaction 
breaks the multiplicative form of the wave function of the ground state 
with respect to electronic and vibrational variables, mixing them by one- 
phonon excited states. The descrete local states which occur due to the 
vibronic coupling correspond to the finite motion of the impurity-phonon 
system, to the bonding of the phonon to the JT center. In other words, 
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owing to the vibronic interaction the free-rotating low-symmetry 
electron-density distribution involves in its motion one phonon seized into 
a stationary orbit. 

The above qualitative deductions about the vibronic structure of the 
density of states of a multimode JT system are valid also in more compli- 
cated situations. Thus, coupled states of the phonon with the impurity 
center arise also in the case of the pseudo-JT effect, considered by Kogan 
and Suris (1966) (local states) and Aminov and Kochelaev (1969) 
(pseudolocal states). The general theory of such bounded states con- 
cerned impurity centers in crystals is given in the review article by Levin- 
son and Rashba (1973). 

2. Strong Vibronic Coupling 
As for ideal problems, in the multimode vibronic problems with strong 

vibronic coupling two cases have to be distinguished. In the first case the 
lower sheet of the AP has a continuum of equipotential minima points 
forming a trough, while in the second case there is a finite number of 
absolute minima divided by potential barriers. In the simplest linear E - 
(el + e2 + . . - )  problem the lower sheet of the AP has a continuum of 
equipotential minima points forming a circular trough. In the adiabatic 
approximation the operator of the potential energy (including centrifugal 
energy) is 

Qnv . * * 

where Z = &Q;y is the momentum of inertia of cooperative rotations. 
Equalizing the first derivatives dE,/aQw to zero, we find 

where 0 = hj/Zo is the angular frequency of the cooperative rotation of the 
deformation, Zo = xny QgB is the momentum of inertia for the motions 
along the trough at its bottom, cp = arctan(Xle/XIH) is the angle determin- 
ing the orientation of the deformation in the first coordination sphere. 
Substituting the Qlp: values from Eq. (108) into the expression for Zo, we 
have 

V 2 R  2 [a : , (y ) / (o ;  - 522)2] = hj (1 09) 
n 

Graphical solutions of this equation are illustrated schematically in 
Fig. 16. 
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Fig. 16. Graphic solution of the transcendental Eq. (109). (a) The molecular multimode 
case. The dashed lines are the asymptotes of the left-hand side of the equation crossing the 
points R = w.. In the case of strong vibronic coupling only two solutions R+ and R- remain. 
(b) The case of a JT (impurity) center in crystals. The inclined dashed line is the envelope of 
the minima points of the left-hand side of Eq. (109) in the region of small frequencies. 

In the case of molecular JT systems (Fig. 16a) with strong enough 
vibronic coupling all the minima of the left-hand side of Eq. (109) situated 
in between the singularities at R = wn lie over the line hj. It means that 
Eq. (109) has only two solutions, R, , 0- , which obey the inequalities 0 < 
0- < and wmax are the smallest and the 
largest on frequencies, respectively. It can be seen from Eq. (108) that R- 
determines the points of the trough of the lower sheet, whereas 0, per- 
tains to the upper sheet. 

and R+ > w,,, , where 
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For impurity centers in crystals the situation is essentially different 
from the molecular case, since in this case urn,,, = 0. The envelope of the 
minima points situated in between the singularities = wn (the dashed 
line in Fig. 16b) in the range of small 42 values is described by the linear 
dependence V2w442, where 

It is obvious that Eq. (109) has an infinite number of roots in the range of 
small fl values (for any V values), the absolute minimum corresponding to 
SZ-  = 0. This value of the angular frequency is appropriate to the infinite 
moment of inertia Zo = h,/42-, This result can be understood as follows. 
As stated above the minima of the lower sheet of the AP result from the 
compensation of the destabilizing JT and centrifugal force by the elastic 
ones --w:Qn,. For low-frequency acoustic vibrations with w, --* 0, the 
stabilization by the elastic force can be reached only at infinite values of 
Qlp,‘. This is the reason for the devergency of the lo value first noted by 
Slonczewski (1963). 

This result means that in general stationary rotation of the wave of 
deformations covering the whole crystal is impossible because of the infi- 
nite value of the moment of inertia. Nevertheless, quasi-stationary rota- 
tions are possible without participation of the long-wave acoustic pho- 
nons, the interaction with the latter causing the weak decay of these 
rotations. Owing to the very small density of the long-wave acoustic pho- 
nons, this interaction is also very small. 

To summarize, in the space of the “radial” degrees of freedom which 
are orthogonal to the angular displacement along the trough, the potential 
energy E- from Eq. (107) has an infinity-approaching narrowing well with 
a warped bottom. Because of this narrowing of the well the JT stabiliza- 
tion energy EJT = 1 V 2 P i s  difficult to attain. As a result quasi-stationary 
rotations with a finite value of the moment of inertia occur in the system. 
Accordingly, some well-defined rotational resonances have to be present 
in the vibronic density of states. 

The mathematical realization of the above physical considerations was 
carried out by Polinger and Bersuker (1979a). In higher orders, with re- 
spect to the v-’ value, the equilibrium positions Q$ are not infinite. The 
Hamiltonian of the lower sheet of the AP in the harmonic approximation 
takes the form H = &b + H,,, + He, ,  where &b is the Hamiltonian of 
small vibrations near the bottom of the trough in the “radial” directions, 

(111) 
Zo = V2w4 is the moment of inertia corresponding to the quasi-stationary 
cooperative rotation. A part of the variables in the Hamiltonian Hlib 

H,, = h 2j2/2Zo, He, = - E J T  = -1V2w7 



Vibronic Interactions and Jahn-Teller Effect 153 

which are not changed by the separation of the angular variable cp, gives 
the initial contribution to the phonon dispersion law. The spectrum for the 
remaining variables is essentially changed and can be found by means of 
Green’s functions. (Polinger and Bersuker, 1979a). Since the evaluated 
equilibrium values of the coordinates Qg) are not exact, the Hamiltonian 
also contains small (with respect to V-l) terms linear in Q,,, , which cause 
the relaxation of the rotational levels described by HFot. 

The vibrational states of the Hamiltonian HVib may be expanded in the 
series with respect to the complete set of vibrational states of the system 
without vibronic interactions. In the case of strong vibronic interaction 
this expansion contains multiphonon states. From this point of view the 
rotational states can be interpreted as describing the motion of a mul- 
tiphonon electron-vibrational formation of polaron type localized on the 
degenerate quasi-stationary orbits near the JT center. When the vibronic 
constant increases, the lifetime of this quasi-polaron also increases and, 
accordingly, the width of the rotational resonances decreases. Mathemat- 
ically, by increasing the V value, the spacing of the rotational structure of 
the energy spectrum decreases, and the rotational energy levels fall into a 
lower frequency spectral range, where the density of states and hence the 
probability of direct decay is smaller. 

The vibronic spectrum of the upper sheet of the AP can be found by 
considering the Hint value from Eq. (101) as a perturbation. In the initial 
approximation the JT “interacting” modes X,, are separated from the 
others, and in the centrifugal stabilized states of the upper sheet they give 
a discrete energy spectrum which is sunken in the vibrational spectrum of 
the remaining degrees of freedom. The spacing AE::: of the rotational 
levels of the upper sheet is -V2I3, and for strong enough coupling it may be 
larger than the quantum of the highest frequency vibrations. In this case 
direct decay processes are forbidden by the energy-preservation law. The 
decay of rotational states hence may take place only in the second or 
higher order perturbations with respect to Hint. Taking into account the 
fact that the probability of second-order processes is --HJAE;:), we 
come to the conclusion that the stronger the vibronic coupling, the less the 
width of the appropriate resonances in the vibronic density of states, and 
this confirms the validity of the perturbation theory in these cases. [The 
quasi-stationary states of the upper sheet of the AP are usually called 
Slonczewski resonances (Slonczewski, 1963).] However, the width of the 
Slonczewski resonances are determined not so much by the rotational- 
vibrational relaxation processes within the upper sheet of the AP, but by 
the nonadiabatic relaxation to the lower sheet of the AP (Slonczewski and 
Moruzzi, 1967). 

For the states of the lower sheet of the AP the Hi,,, term in Eq. (101) 
can be taken into account by means of the perturbation theory only in the 
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cases when the elastic interaction of the displacements of the first coordi- 
nation sphere atoms with the others is sufficiently small, and when in the 
zero approximation the coupled motion of the electrons of the JT center 
and the deformation of the first coordination sphere can be assumed to be 
independent of the vibrations of the atoms of the other coordination 
spheres. This is the so-called quasi-molecular or cluster model of the 
problem; it was suggested by O'Brien (1972). The development of the 
cluster approach to the multimode vibronic problems is presented in the 
review article by Englman and Halperin (1978). The solution of the mul- 
timode E - e problem with strong vibronic coupling given in present 
article follows the works of Slonczewski (1963) and Polinger and Bersuker 
(1979a), and is not limited by the frames of the cluster model. A similar 
approach to the re - (e + t z )  problem3 with strong linear vibronic coupling 
was used by Fang Li-Zhi and Ou Zhi (1966a,b). 

Let us now discuss the case of multimode problems, in which the 
lower sheet of the AP has several absolute minima points divided by 
potential barriers. In the simplest case of the quadratic E - e problem, 
the Hamiltonian differs from that of Eq. (98) by an additional term w[(Xy, 
- XfJu, - 2XlHXlcuy] [cf. Eq. (30)], or Wpf cos(3cpl), which does not 
allow to separate the angular motion along the cp, coordinate. If, how- 
ever, the spacing of the energy spectrum corresponding to the motion 
along (0, is small with regard to the energy spacing in the vibrational 
subsystem, then the appropriate motions can be separated in the adiabatic 
approximation, quite similar to the ideal vibronic problem case (Section 
II,A,2). The spectrum of the fast subsystem can be obtained by excluding 
the terms with d/dcp, from the Hamiltonian. For the lowest vibronic states 
the motion along all the other degrees of freedom can be reduced to 
harmonic oscillations near the new equilibrium positions. Considerations 
similar to those used in the deduction of Eq. (1 11) lead to results (Ber- 
suker and Polinger, 1981), some of which are briefly mentioned below. 

The vibrational Hamiltonian of the fast subsystem can be presented as 
a sum of two commutative parts, HA + HB appropriate to the decomposi- 
tion of the Eg representation of the 0, group into two representations A@ 
and B,, in the configuration of the AP minimum of Dgh symmetry. The 
Hamiltonian H B  and its appropriate density of states have the same form, 
as Hvib in Eq. ( 1  11) in which only the linear vibronic coupling is taken into 
account. The Hamiltonian H A  describes radial vibrations (in the minima 

It is interesting to note that the interaction of a nucleon with the field of mesons (in the 
charged pseudoscalar model) is described by the Hamiltonian which is formally similar to 
that of the multimode I', - to problem, its first solution having been obtained about 40 years 
ago (Pauli and Dancoff, 1942). 
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configurations) weakly changed by the quadratic vibronic coupling. These 
changes are similar to those expected when taking into account the 
changes in the force constants in the vicinity of the JT center due to the 
impurity defect. 

To consider the slow subsystem, i.e., the rotations along the bottom of 
the AP trough warped by the quadratic terms of vibronic interactions, one 
has to average the Hamiltonian with the ground vibrational state of the 
fast subsystem. Keeping only the first terms in V-I and W, we obtain the 
Hamiltonian [Eq. (58)l with Q = h2V-Z(>2)-2/2 and p = V 2 W ( 0 2 ) 2 .  
Thus, the spectrum of hindered rotations in the multimode E - e problem 
formally coincides with that of the appropriate ideal problem (Section 
II,A,2), but the a and p parameters depend on all the frequencies w, (or 
their averaged values). 

The hindered rotations in the multimode JT system under considera- 
tion may be interpreted as the motion of the above-discussed multiphonon 
formation of polaron type which suffers reflections from the potential 
barrier. If p is great enough the minima wells of the AP are separated by 
high potential barriers. In this case the motion of the quasi-polaron is 
similar to the pulsating motions in the ideal case and can be reduced to 
tunneling through the barrier. 

The energy levels of the motion of the slow subsystem (hindered rota- 
tions or tunneling between the minima configurations) are sunken in the 
vibrational energy spectrum of the fast subsystem. If the vibronic cou- 
pling is strong enough the spacing of the energy spectrum of the slow sub- 
system is exponentially small, its excitations falling in the spectral range 
of very small frequencies the densities of which are also very small. 
Owing to this circumstance the nonadiabacity corrections to the adiabatic 
separation of the radial and angular motions are small. The adiabatic 
separation of motions also causes limitations for the possible value of the 
quadratic vibronic constant W, namely 1 W ( w ”  4 1 .  Analytic expressions 
based on the quasi-classical approach for the tunneling splitting mag- 
nitude, free of this limitation, are given in the book by Bersuker and 
Polinger (1982). The multimode T - (e + tz)  problem with predominant 
coupling to E vibrations was solved by Polinger (1979). 

C. Vibronic Reduction Factors in Multimode Problems 
As in the case of ideal problems the ground vibronic state wave func- 

tion %r7(r, Q) has the same multiplicity and transformation properties as 
that for the ground electronic $&). Therefore, similar to the ideal case, 
multimode vibronic reduction factors can be introduced in order to deter- 
mine matrix elements of electronic operators with vibronic states by cal- 
culating those with electronic states. All the previously mentioned (Sec- 
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tion II1,C) ideal systems up to Eq. (77) are also valid for multimode 
systems. However, the relation 2q - p = 1 for the E - e problem does not 
hold in the multimode case. This is due to the fact that in the multimode 
problem there are complex scalars xo of the axial group such as xA2 = -1m 
xo # 0 [cf. Eq. (77)]. For instance, in the two-mode E - e problem such a 
scalar may take the form of a series x o  = xjfj( p l ,  p2)eg("'-@'). As follows 
from Eq. (74) in the multimode linear E - e problem, 2q - p < 1. How- 
ever, this inequality cannot serve as an absolute criterion of the mul- 
timode nature of the JT problem since, as mentioned in Section III,C, 
there are other contributions to this inequality (quadratic vibronic cou- 
pling, second-order effects, etc.). In the case of weak vibronic coupling 
the breakdown of the relation 24 - p = 1 begins at the fourth-order 
perturbation theory (Gautheir and Walker, 1973; Halperin and Englman, 
1973): 

p = 1 - -@-3 2vz-  + 4 v 4  (-)2 3 

n n 

In the case of strong vibronic coupling in the multimode E - e problem 
with linear coupling p = 0 (this is a result due to the adiabatic separation 
of the two sheets of the AP), whereas for q we obtain (Polinger and 
Bersuker, 1979b), q = 4 exp(-M/2) where M - V-2. In the particular 
case of the two-mode E - e problem 

The numerical investigation of the vibronic reduction factors in the two- 
mode E - e problem (Evangelou at al., 1980) shows that the difference 
between 2q - p and unity is relatively small for any values of the vibronic 
constants and on frequencies. 

V. Concluding Remarks 
In this review article on the theory of vibronic interactions in 

polyatomic systems, the latest achievements for ideal and multimode JT 
problems are considered. As mentioned in Section 11, the discussion of 
numerous applications of the theory to concrete systems, now the subject 
of separate monographs (Bersuker, 1982b), is beyond the aim of this arti- 
cle. Also, the important problems of cooperative JT and pseudo-JT effects 
in crystals are not considered here. 
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One of the important problems of the general theory of the JT effect, 
the determination of vibronic constants, remains unsolved. The main pa- 
rameters of the vibronic Hamiltonian (Section 11) are the vibronic con- 
stants V,. and the vibrational frequencies w , . .  While the latter are well 
known (either empirically or from direct calculations), the vibronic con- 
stants occur only in the vibronic interaction scheme, the possibility of 
their evaluation being studied very little. On the other hand, all the 
applied aspects of the theory are determined by the V,. value (Bersuker, 
1982b). 

The difficulties arising in the calculations of the vibronic constants are 
due first of all to the lack of sufficiently precise wave function for the 
initial configuration of the system Qo determined in Section 11. For the 
pseudo-JT effect and for the JT effect of an excited degenerate term the 
appropriate excited-state wave functions are also needed. But the lack of 
wave functions does not exhaust the above difficulties. Indeed, the total 
wave function of the system employed in the calculation of the vibronic 
constants, strictly speaking, includes also the states of the inner strongly 
bound electrons. Some of the observable magnitudes calculated with 
these V,. values (e.g., the AP curvature, or the vibrational frequencies in 
the AP minima configurations), occur as a small difference of two large 
numbers, resulting thus in a very low accuracy of the calculated values. 
Liehr (1958) suggested using in these cases the so-called “floating” basis 
set. However, in so doing the problem of the number of electronic states 
to be considered by “floating” orbitals occurs. 

One of the possible ways to overcome the difficulties with this and 
other problems is provided by the so-called orbital vibronic constants 
determined as one-electron matrix elements of the vibronic interaction 
operators (Bersuker, 1977, 1978b, 1982b). The latter are one-electron 
operators, and therefore in the approximation without configuration in- 
teraction the vibronic constants for the JT effect (and in the approximation 
of “frozen” orbitals also for the pseudo-JT effect) are equal to the sum of 
orbital vibronic constants. Empirical schemes have been proposed for 
their evaluation. The description of the vibronic coupling by means of 
orbital vibronic constants also allows the consideration of some interest- 
ing applied problems, in particular, the influence of one molecular system 
upon another by their weak coordination (e.g., in catalysis), which leads 
to the change of the orbital occupation numbers and hence to the change 
of the orbital contributions to the vibronic constants (Bersuker, 1977, 
1978, 1982b). 

There have been also some suggestions to use semiempirical methods 
for vibronic constant calculations (Obert and Bersuker, 1978; Bacci, 1979; 
Nikiforov et nl., 1980, etc.), but the problem as a whole is still unsolved, 
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remaining one of the most interesting in the vibronic theory under consid- 
eration. 
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I. Introduction 
Since the discovery of the high conductivity of doped polyacetylene 

(Chiang et id., 1977), increasing attention has been directed toward the 
development of microscopic models of the electronic structure of poly- 
mers in general and of conjugated organic polymers in particular. The un- 
derlying physical model, namely the one-particle picture, is being widely 
used in this field and is considered basically correct. On a practical level, 
this means that periodic models are usually constructed which justify 
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using the terminology of energy-band theory (e.g., Callaway , 1964). With 
refinements of calculational tools, self-consistent calculations at even the 
ab initio level have become widespread. In this article, wherever possible 
we shall cite the most refined lib inirio calculations, although a number of 
important effects such as the Peierls distortion or the Hartree-Fock (HF) 
instabilities can be understood at a very simple level of sophistication 
[e.g., the Huckel or Pariser-Parr-Pople (PPP) models], which can be 
useful in interpreting the results of more sophisticated calculations. The 
prototype of conjugated polymers is as mentioned, polyacetylene (PA) or 
(CH), (Fig. 11, and we shall discuss its “bond-length alternation prob- 
lem” in detail below. The electronic structure of the prototype of the 
saturated polymers, polyethylene (CH,), , has been adequately discussed 
in this serial publication in a previous article (Andre, 1980), so we shall 
not focus on it here (see also Fabish, 1979). Another interesting group of 
polymers may be obtained by regularly replacing H atoms of (CH,), by 
large pendant groups such as -&H,. These pendant-group polymers 
have many interesting spectroscopic properties which can be understood 
on the basis of localized electronic states (Duke and Fabish, 1976; for a 
review see Fabish, 1979; Duke, 1981) and thus are not within the scope 
of this article. Inorganic quasi-one-dimensional (ID) crystals (e.g., chains 
of tetracyanoplatinate ions; Whangbo and Hoffmann, 1978) can be con- 
sidered polymer-like systems having many features in common with such 
polymers as PA (e.g., the Peierls theorem of 1955). However, we do not 
discuss these inorganic systems here since a good review has already 
appeared (Whangbo, 1981); we also neglect the large and important field 
of the electronic structure theory of biopolymers (for good reviews see 
Ladik, 1973, 1978). 

In this article we focus on methodological problems related to the 

H H 

H H H 
Fig. 1. Polyacetylene (PA) or (CH), in all-trans configuration. 
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treatment of the electronic structure of polymers, such as the boundary 
conditions and problems related to the large size of these systems, lib 
initio techniques, and a symmetry dilemma connected with the quasi- 
degeneracy of partially filled bands. The results of the application of these 
and semiempirical techniques to the carbon atomic chain to (CH), and a 
series of related polymers, polydiacetylene (PDA), and some further con- 
jugated polymers, are compared with experimental results. Most of the 
discussion is based on 1D models. 

11. Quantum Chemical Methods for Treatment of the 
Electronic Structure of Periodic Polymers 

A. On the Boundary Conditions 
It is customary to impose periodic boundary conditions (BC) (Born 

and von Karman, 1912) on a chemically periodic polymer in order to be 
able to treat practically the large number of electronic degrees of freedom 
and to take the infinite-size limit of the resulting equations. We shall take 
this course below, but before doing so we would like to discuss this point 
critically. There are a number of important phenomena in which end 
effects are basically important. In performing band-structure calculations 
one focuses on properties independent of the BC, Le., on the bulk prop- 
erties. In principle, bulk properties can be obtained from infinite clusters 
by definition independent of the BC. One is justified in asking to what 
extent the periodic BC results in the infinite-size limit can be obtained 
from calculations done on a finite, small fragment or cluster of the chain. 
As it turns out, there are cases when a cluster of polyethylene as small 
as five CH, units gives excellent results when compared with those 
based on periodic BC (see Table I). Differences are much smaller here 
than for changes due to the inclusion of a larger basis set. Similarly, 
Bredas et crl. (1980) find that conformational preferences of polyethylene 
can be very accurately decided on the basis of clusters as small as CsHlo. 
In more polar chains (e.g., hydrogen bonded), however, results on clus- 
ters are not as close to the periodic BC results (Table 11). 

On the other hand, the energy band structure and the density of states 
(DOS) are in principle more sensitive to the size of the cluster, partly 
because of the van Hove singularities (e.g., Callaway, 1964), especially 
pronounced in ID calculations. Nevertheless, a rough idea on the band 
structure can be obtained from small clusters, as done, e.g., by Duke and 
Paton (1981) in their CNDO study of the UV photoemission spectra of 
(CH), . They find that by increasing the number of (CH) units to over 16, 
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TABLE I 

COMPARISON OF CLUSTER CALCULATIONS' A N D  PERIODIC BOUNDARY 
CONDITION CALCULATIONSb O N  POLYETHYLENE USING 

STO-3G BASIS SET 
~ ~~ 

CIusteP Periodic BCb 
~~ 

Equilibrium C-C distance (bohr) 2.916 2.924 
C-H distance (bohr) 2.058 2.058 
HCH (deg) 107.1 107.0 
CCC (deg) 112.4 112.6 

Longitudinal elastic modulus (GPa) 405 406 

Crist et t i / .  (1979). 
Karpfen (1981a). 

the theoretical valence DOS does not change on the scale of -0.7 eV 
(width of the supposed resolution). Due to finite resolution, the van Hove 
singularities are smeared, thus permitting cluster calculations for DOS in 
polymers. The problem of the finiteness of the cluster within the periodic 
BC situation can be discussed on an analytical example based on the n- 
electron Huckel (193 1)  study of a model for PA. As shown by Longuet- 
Higgins and Salem (1959) the eigenvalues of a Hiickel model with periodic 
BC of 4n + 2 C  atoms can be given as 

TABLE I1 

BINDING ENERGY PER HYDROGEN BOND I N  
HYDROGEN FLUORIDE A N D  HYDROGEN CYANIDE CLUSTERS 

A N D  INFINITE CHAINS (IN kJ/mol) 

Clusters 

Periodic 
System n = 2  n = 3  n = 4  n = 8  BC 

Kertesz rt c t l .  (1975), ub initio, STO-3G. 

Kertesz et c d .  (1976a), ob initio, STO-3G. 
* Karpfen pt d. (1974), CNDO/2. 
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c.? = +{P? + Pf + 2PdZ 
x cos[27rj/(2n + I)J}I'Z 

where PI and Pz are the two different resonance integrals and j = 0, + 1, 
+2, , . . , +n. From this, the forbidden energy gap (E,) is 

(2) 
In the usual solid-state limit n + CQ and Eg = 21P1 - Pzl. For large n, 
expansion in l /n  gives at lowest order of l /n ,  

Eg = 4: - 4, 

without a I/n term. Expansion of the band a t j  = n/2 for n even gives 

1 plpzL+ . . .  
P? + P% 2n 

x (  1 - (4) 

We note that for the metallic case (PI = P z )  the gap approaches zero as 
I/n, thus the system is never exactly degenerate for finite n. In general, 
energy values of a finite cluster are expected to differ at most up to the 
order of I/n from those of an infinite chain except for a few finite levels 
(nonbulk or localized states). 

It is not only the superiority of the bulk results in this sense which 
justifies the use of periodic BC, but primarily the numerical work is 
greatly simplified. Through the introduction of the reciprocal k space, 
instead of one large matrix problem, a set of k-vector-dependent small 
problems arise. Furthermore, use of k vectors and Brillouin zones (BZ) 
brings order into the large number of states. It should be mentioned that 
use of periodic BC leads to results independent of the choice of the ele- 
mentary cell [although self-consistent field (SCF) procedures do not 
always converge independently of this choice]. This fact can be used to 
test numerical procedures and computer programs (Kertesz, 1976a; 
Kertesz et d.. 1980d; Piela and Stolarczyk, 1981). 

B. Bloch Functions and Wannier Functions 
The overwhelming majority of the polymer quantum chemical calcula- 

tions are based on the linear combination of atomic orbitals (LCAO) ex- 
pansion. The LCAO crystal orbital ansatz for the one-electron wave func- 
tions in solids is due to Bloch (1928): 
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qJk = (N-1” ) 2 eikRX(r - R) 
R 

where N is the number of unit cells in the crystal ( N  + m) and R runs over 
the crystal lattice. In a 1D case, R = ja( j = 0, 1,2,  . . . , N - 1 )  and k = 
[27r/(N - 1)](al/la12), 1 = 0, 1 ,  2, . . . , N - 1 .  In higher dimensions 
reciprocal lattice vectors are used (e.g., Callaway, 1964). The above 
Bloch functions are symmetry orbitals which transform according to the 
irreducible representations of the translation operations of the crystal lat- 
tice. In case there are m atomic orbitals (AO) in the unit cells, the sym- 
metry orbitals [Bloch functions (BF)] will have besides k the index of the 
A 0  in question 

Then, as usual, BFs with the same k can mix to form one-electron func- 
tions of the more complex systems (e.g., Kouteck9 and Zahradnik, 1961; 
Ladik, 1965): 

m 

= (N-1’2) e;kR“C,(k)&(r - R) (6) 
R o=l  

where n is the band index. The C,,(k) mixing coefficients are to be 
determined from a secular equation depending on the model Hamiltonian 
(see Section 11,B). 

Bloch functions are delocalized over the entire infinite crystal; how- 
ever, they can be localized to Wannier functions (WF) (Wannier, 1937), 
leaving the many-electron Slater determinant unchanged 

In the LCAO case, 
m 

%W = 2 Wn,( R’ - R)xU(r  - R’) (8a) 

Wn,(R) = N-’  eikRCn,(k) (8b) 

R’ a=l  

where 

k 

It is a well-known property of Eqs. (8a) and (8b) that in the specific case of 
one orbital per cell (rn = 1) and orthonormal xa(r - R) - s, Cn,(k) can be 
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taken as 1 and then the Wannier function becomes identical with the AO: 

If the AOs are not orthonormal, (X(r)lX(r - R) ) = S(R). Then ( ( O k l p k '  ) 
= t i k t ' S k  with s k  = xReikRS( R). As a consequence the norm is k dependent 
even for this simple case. Therefore the WFs extend over more than one 
AO. In fact, since the WFs form an orthonormal set they are a possible 
choice of well-localized orthogonalized orbitals (Lowdin, 1956). 

We mention an interesting asymptotic property of the WFs: In the limit 
of weak interaction of the elementary cells the WFs become equal to 
molecular orbitals (MO) of the isolated cell. [This follows from the k 
independence of the C,,(k) in this limit.] Thus while the WFs approach 
the MOs, the BFs remain unphysically delocalized over the whole infinite 
crystal. This asymptotic property has led to the idea (Kertesz et a/ . ,  
1979e), of localizing the WFs further within the elementary cell by com- 

bining WFs from different occupied bands, as is usual in the calculation 
for localized orbitals in molecules. These further localized functions are 
very similar to localized orbitals in molecules and can be assigned to lone 
pairs, u-bonding orbitals, etc. Actual transformation of BFs to WFs is 
inhibited by the difficulty of determining the free phase factor of the BFs 
in an optimal way. [The transformation (Pnk + (pnk  exp(iwnk) leaves the 
BFs invariant but not the WFs.] Some progress has been achieved by 
deriving a variational equation forwk (Kertesz and Biczo, 1973). Other re- 
strictions can lead to symmetrical WFs (Van Boehm and Calais, 1979). 
Some applications on numerically available ab initio BFs have also been 
made (Kertesz el al., 1979a,e; Suhai, 1980a). Thus it is realistic to hope 
that numerical WFs can be used in local perturbation and correlation 
problems in the near future. 

= ~ ( 4 .  

C. Hartree- Fock- Roothaan Theory for Polymers. The SCF Crystal 
Orbital Equations 
The Hartree-Fock-Roothaan (HFR) formalism (Roothaan, 195 1) is 

well known in molecular quantum chemistry. Its crystal orbital (CO) ver- 
sion constitutes one of the most important theoretical tools for the study 
of the electronic structure of polymers. Some notable differences of this 
CO scheme as compared to the MO scheme (k-space integration, lattice 
sums) are also discussed in this section. 

1. Generul Formalism 
In the 1960s the molecular HFR method was extended by several 

authors to encompass periodic solids within different semiempirical 
schemes (Peacock and McWeeney, 1959; Ladik and Appel, 1964; Popov 
and Shustorovich, 1965; Andre and Leroy, 1967; Imamura, 1970; 
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Morokuma, 1970; Evarestov ef al., 1976), taking the density matrix de- 
pendence of the Hamiltonian into account as required by the H F  scheme. 
The general HFR CO equations have been derived by Del Re ef ul. (1967) 
and independently by Andre et al. (1967). The derivation is omitted here; 
we merely mention that the key step is to use the Bloch form of Eq. (6) as 
a trial function. As a consequence, a set of k-dependent m x m matrix 
equations arise, which we summarize here to enable the further discussion 

H(k)Cn(k) = cn(k)S(k)Cn(k) (9) 

These complex pseudoeigenvalue equations can be solved directly for a 
set of k points by the computer program of Zakrajsek and Zupan (1975). 
The k-dependent matrix elements are Fourier lattice sums of the direct- 
space matrix elements. In ID, 

a 

F(k) = 2 exp(ikja)F(j) 
5=-a 

The direct-space Fock and overlap matrix elements are defined by use 
of integrals over AOs as follows 

(12) 

(13) 

S a , d j )  = (xa(r)Ixu(r - j a ) )  = (2l-h) 
hndj) = (,OJ-tAl:) - & P ( A  

where ZI is the charge of nucleus I at position Xh.1 in the nuclear attrac- 
tion term &s( j). Summation over I includes all nuclei in the unit cell h . 
The Fock matrix elements also include the two-electron integrals (3 1::) 
with the (11/22) index convention. (In Section II,E the (12112) con- 
vention is used because of the complex nature of BFs.) The density 
matrix elements contain a sum convertible to an integral over the doubly 
occupied part of the BZ 

The Coulomb term 
m m  
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and the exchange term 

169 

contribute to the Fock matrix in the usual way 

The total energy per cell is 
m 

E,, = E / N  = N-' z z (occ)r,(k) + z Tr(h(j)D(j)) + N R  (19a) 
k I I  j=-m 

I z,z, N R =  2 
j>Z=-m IJ IXjJ - XZA 

where the prime on the sum indicates omission of the term with zero 
denominator. Expectation values of one-particle operators 6 = (all 
electrons) &(rJ can be expressed through the density matrix as (Kertesz 
er a/., 1979c) 

Mulliken populations can be defined in terms of sums over products of 
density matrix elements and overlaps, e.g., the atomic populations for 
atomA are 

m A  

As usual, the Mulliken population analysis is a subdivision of the total 
electronic charge. The total electronic charge of the unit cell is 

2 .  Semiempiricril Formalisms 
As in molecular quantum chemistry, semiempirical versions of the 

LCAO crystal orbital formalism have found widespread applications. 
These can be derived by, e.g., substituting into the general formalism the 
corresponding Hamiltonian matrix elements. Usually, the range of their 
applicability is very similar to that of the original molecular methods. The 
simple 7r-electrons-only methods as that of Huckel (1931) and PPP 
(Pariser and Parr, 1953; Pople, 1953) have found widespread applications 
to conjugated chains or other polymers (e.g., Lennard-Jones, 1937; 
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Ooshika, 1957; Longuet-Higgins and Salem, 1959; Koutecky and Zahrad- 
nik, 1961; Salem, 1961; Popov and Shustorovich, 1965; Ladik, 1965, 1973; 
Andre and Leroy, 1967; Kertesz et ul., 1974; Wilson, 1975; Yarkony and 
Silbey, 1977; Kertesz, 1979; Balasubramanian and Yarkony, 1980). Next 
in sophistication, and perhaps most popular is the extended Huckel theory 
(EHT; Hoffmann, 1963), especially for the band structure itself, because it 
is free from the tendency of the HF methods to predict forbidden energy 
gaps too large. Applications of EHT to saturated polymers have been 
reviewed by Andre (1980); results on conjugated polymers (Whangbo et 
al., 1979) are discussed together with results of other methods in Sec- 
tion 111. 

Self-consistent field methods such as the different variations of neglect 
of the differential overlap (NDO) (Pople et al., 1965) have also been used 
for polymers (for a review on saturated polymers see Andre, 1980). Some 
available calculations on conjugated systems are discussed in Section 111, 
and the nice agreement between CND0/2 and ab initio STO-3G calcula- 
tions is generally noteworthy. Some other techniques, e.g., the simultated 
ab initio methods (Duke and O’Leary, 1973; Delhalle et al., 1977) can be 
considered as non-SCF one-electron methods based on pattern mole- 
cules. Thus they are very closely related to EHT. The same remark holds 
for the nonempirical effective potential approach of Nicolas et ul. (1980). 

The quality of the results of semiempirical methods has been found to 
be the same as for smaller molecules, of course. Computationally, how- 
ever, they are at least one order of magnitude cheaper than their ab initio 
counterpart with a minimal basis set, not to mention large sets. Further- 
more, there is a severe technical limitation for the full geometry optimiza- 
tion of periodic polymers related to the low-frequency phonon modes. 
Namely, one may enlarge the unit cell in order to include several chemical 
repeat units. Such an increase of geometry freedom permits the formation 
of “secondary” (or higher order) structures through the formation of 
weak bonds among units being “far,” measured along the main chain but 
geometrically rather close. These higher order structures are of primary 
importance in the physics and chemistry of polymers and their biological 
functioning, but usually the physical repeat unit is too large in such a case 
to permit ab initio treatment. The role of this problem should not be 
underestimated and it will be one major reason to continue with serni- 
empirical polymeric electronic structure calculations. 

D. Computational Aspects 
In addition to the convergency problems familiar from MO calcula- 

tions (convergency with respect to the density matri? to self-consistency 
and convergency with respect to basis set), in CO calculations one has to 
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TABLE I11 

FUNCTION OF ENERGY GAPS O N  T H E  F I N I T E - N E I G H B O R  APPROXIMATION A N D  BASIS S E T  

~ ~~~ 

Number of 
neighbors Gap 

System Basis set included (a.u.) Reference 

(C, I* STOJG 2" 
4b 
3" 
4' 
6" 

(7,3) 2" 
4" 

(733 9 1 )  2" 
(CHI, STO-3G 2" 

4b 
4" 

8 ~ 4 ~ 1 4 s  2" 

0.3647 
0.408 
0.3758 
0.3828 
0.3853 
0.2553 
0.2885 
0.2679 
0.3109 
0.2660 
0.2958 
0.2116 

Karpfen ( 1979)' 
Kertesz cf id. (1978a) 
Karpfen (1979) 
Karpfen (1979) 
Karpfen ( 1979) 
Karpfen (1979) 
Karpfen (1979) 
Karpfen (1979) 
Karpfen ( 1979) 
Kertesz cf d. (1977a) 
Karpfen (1979) 
Karpfen ( 1979) 

" In unit cells. 
* Atomic neighbors along main chain. 
' Personal communication. 

consider convergency with respect to (1) the number of points in the k 
mesh representing integrals in Eqs. (15) and (19); (2) the number of in- 
cluded neighbors in the lattice sums of Eqs. (lo), (1 l), (14), (16), (17), (19), 
and (20); and (3) the shape of the Fermi surface (FS) in systems with 
partially filled band(s) (Kertesz, 1976a). Aside from the FS problem, it has 
been the general experience (see Table 111) to assess the relative impor- 
tance of the various convergence problems by the simplified relations 
(Kertesz, 1976a; Karpfen, 1978, 1981a; Kertesz et ul., 1980d) basis set 
> lattice sums > k-point integration. An exception is the case of the 
metallic (partially filled band) situation, where the lattice sum of the ex- 
change term [Eq. (17)] is slowly convergent (Ukrainskii, 1975; Kertesz, 
1976a; Monkhorst and Kertesz, 1981). 

1. k-Spuce Integrution 
No difficulty is posed by k-space integration in ID. Even though finite 

k-mesh is used, a strict correspondence with a periodic cluster is usually 
lost, because the ? n / a  point is not included in the latter [see Eq. (1) for 
j = n]. The number of k points should be sufficiently large to ensure the 
reliability of the density submatrices for large j in Eq. (15). 
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2. Finite- Neigh bor Approximation 
It is desirable to evaluate the long-range Coulomb terms (Lowdin, 

1956), however, in practical computer realizations the integrals over AOs 
in Eqs. (12)-(19) can be evaluated explicitly over a finite range only. We 
shall designate this the finite-neighbor approximation. Coulomb integrals 
fall off slowly, asymptotically as 

Because of electrical neutrality of the crystals, however, an approximate 
cancellation of the Coulomb terms enables the finite neighbor approxima- 
tion to give meaningful results. Several alternatives for the choice of the 
cutoff region are possible. The four different cutoff methods discussed 
below in fact represent different constructions of model Hamiltonians, 
possessing somewhat different properties, the differences going to zero as 
the cutoff region increases. In practice, this limit can be reached by using 
the special techniques of long-range lattice sums (see Sections II,D,3 
and 4). 

Cellitlur Mth-neighbor approximation (Andre and Leroy, 
1971; Karpfen and Schuster, 1976; Karpfen, 1981b). Integrals are calcu- 
lated for a cluster with M + 1 elementary cells, and those are kept which 
involve at least one orbital from the reference (zeroth) cell. (Beyer and 
Karpfen, 1982 have successfully used a multipole expansion technique 
combined with this method.) It is easy to write the code of a computer 
program for this scheme based on existing MO programs, however, small 
artificial asymmetries in the resulting density matrices are introduced. 
These are avoided by method 2. 

Symmetric Mth-neighbor approximation (Kertesz, 1976a; 
Kertesz et al., 1980d). This uses a similar scheme, but further integrals are 
neglected on symmetry grounds within the M + 1 cell cluster, namely 
those which are equivalent by translation symmetry to another formally 
M + 1-st neighbor integral: if interaction Cz-C6 is neglected (on Fig. l), 
then the same type of integral involving atoms C1-CI cannot be retained. 
This symmetric cutoff is achieved practically by means of a distance 
parameter p (p-cut procedure, Kertesz, 1976a). This procedure had some 
role in clarifying the (sometimes important) consequences of the small 
inaccuracies of method 1 (Kertesz et d., 1977a, 1980d) especially for 
total energies and band structures of chains with a near-metallic state. 

Method I .  

Method 2. 
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Method 3.  A more involved finite-neighbor approximation is being 
used by the Namur group in connection with their techniques using long- 
range lattice summations (Delhalle et al., 1978; Piela and Delhalle, 1978; 
Bredas, 1980). In the finite-neighbor part their limit for h in Eqs. (14) and 
(16) is -M to M a s  in methods 1 and 2. However, in contrast to those, the 
summation over I in Eq. (16) do not go from -M to M but from h - M to h 
+ M .  This method, together with the next one, has the advantage that the 
charge distributions dtb = Xa(r - ha)b(r - la) also contain contributions 
when h approaches M for values of 1 larger than M .  This justifies the 
different limits in the 1 and h summation. A similar scheme has been used 
by Euwema et al. (1973) and Wilhite and Euwema (1974) in their 
“charge-conserving integral approximation.” In method 3, e.g., an inte- 
gral ($$I%” ) is retained although it is neglected in methods 1 and 2. Such 
an integral occurs in a cluster containing at least 2M + 1 unit cells. On the 
other hand, a much larger integral from the 2M + 1 cell region ($1 $%*’) is 
neglected (or approximated by a classical term) in this approach. Thus 
method 3 corresponds to an intermediate case between Mth- and 2Mth- 
neighbor approximation in the sense of methods 1 and 2. This method has 
been used in connection with the long-range summation methods with 
considerable success. 

Two-cutof parameters upproximation. Suhai ( 1980a) has 
recently used a scheme which can be considered a refinement of method 3. 
In Suhai’s scheme the summation over 1 is extended from h - M ’  to h + 
M‘, not as in method 3 from h - M to h + M .  The introduction of the new 
parameter M ‘  is justified by the high degree of localization of the overlap 
charge distribution dh,’p. This scheme is intermediate between the Mth and 
M + M’th-neighbor approximation in cellular sense and might be more 
economical in practical calculations because M ’ can be chosen signifi- 
cantly smaller than M. Somewhat surprisingly, however, in actual calcu- 
lations based on this method the total energy converges slowly as M in- 
creases; e.g., even for M as large as 20, the total energy per cell differs by 
-1 eV from the M + 30 extrapolated value. 

Unfortunately, since no calculations using these four methods have 
been performed on the same polymer, a critical comparison is not possi- 
ble. Nonetheless, it is satisfying to note that results on H chains using 
methods 1 and 2 converge to the same numbers (Kertesz et al., 1976a; 
Karpfen, 1979a,b). Results on LiH chains (Delhalle et al., 1980) estab- 
lished agreement between methods 1 and 3. While these findings prove 
that all these methods should lead to the same results if M is sufficiently 
large, in actual calculations considerable differences occur due to com- 
puter limitations in choosing M sufficiently large. A way out of this prob- 

Method 4 .  
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lem is provided by the analytical treatment of the long-range parts of the 
summations. 

3 .  Long-Range Lattice Sums. Coulomb Terms 
Considerable progress has been achieved (Delhalle et a/., 1978; Piela 

and Delhalle, 1978; Andre e ta / . ,  1978; Bredas, 1980; Piela, 1980) in treat- 
ing the sum of the two (individually divergent) Coulomb sums, the nuclear 
attraction and electron repulsion terms in the expression of the Fock 
matrix elements 

m m  

I=-m y,6=1 

as well as an analogous term in the total energy per cell 

resulting from nuclear repulsion and electron nuclear attraction. In both 
cases terms with large h are Coulombic in character, and due to the 
neutrality of the elementary cell these converge in the same way as do 
usual Madelung sums. For large h terms with II - hl -e [hi, Ijl 4 1/11 are 
significant due to the fast decrease of the overlap charge densities Xa(r - 
ha)XO(r 2 (I - h)a) and xa(r)xO(r - j a ) ,  respectively. Then a multipole 
expansion can be applied to the Coulomb interactions (Piela and Delhalle, 
1978; Piela, 1980), which is easy to perform as only one-particle matrix 
elements are to be calculated. Numerical experience has shown that this 
procedure is very effective even in the case of a (LiH), chain with large 
long-range (LR) contributions for both the Fock matrix elements (Piela 
and Delhalle, 1978) and the total energy (Delhalle et a/., 1980). An alterna- 
tive approach (Andre er d., 1978; Fripiat and Delhalle, 1979) based on the 
Fourier transform technique of Harris and Monkhorst (1970) gives equally 
excellent results but it is restricted at present to Gaussian basis sets. By 
the use of this latter method Bredas et a/. (1980) have demonstrated that 
the LR terms may have a dramatic effect on the total energy differences of 
chain conformations. The energy difference of the T and G conformations 
of polyethylene per (CH,) unit was found to be ET - EG = 0.02672 a.u. 
without LR terms. The correct value with LR corrections is -0.00464 



Electronic Structure of Polymers 175 

a.u., thus even the sign may be wrong. Most remarkable is, however, that 
up to seven significant figures for the same total energies and up to all 
significant figures for the same energy differences resulted from small- 
cluster (CSHIZ, CBHl4) calculations as well. While this confirms the cor- 
rectness of the procedure, it also sheds some light on the nature of the LR 
corrections which are rather more mathematical than physical in charac- 
ter in that case. 

Finally in this section on LR Coulomb sums we mention an attractive 
and very simple approach. Piela and Stolarczyk (1982) and Stolarczyk and 
Piela (1982) have proposed to use the freedom in the definition of the ele- 
mentary cell to supplement it by point charges having the following 
properties: (1) they are placed at the boundaries, (2) pairwise opposite in 
sign and equal in magnitude so that they cancel due to translational sym- 
metry, and (3) are chosen in such a way as to make the dipole, quad- 
ruple, etc., moments zero if possible. This ensures a very fast direct-space 
convergence, as demonstrated by numerical examples (L. Piela, 1981, 
personal communication). This scheme, which is a generalization of the 
Madelung summation method of Calara and Miller (1976) is very promis- 
ing due to its simplicity especially in 3D, while for polymers it is limited to 
chains with the dipole moment parallel to the chain. 

4. Long-Rcrnge Lattice Sums. Density Mr1tri.r and E.uchunge 
The exchange term in the Fock matrix [Eq. (17)l contains the LR term 

giving a contribution to the FaB(f) direct-space Fock matrix element. The 
behavior of this sum is strongly influenced by the asymptotics of DY6(l) 
for large /. In the case of a metallic chain with one orbital per unit cell 
( m  = 1, so A 0  indices may be omitted) in the Hiickel model C(k) = 1. 
Substituting this into Eq. (16) we obtain for the density matrix elements 
(1 + 0) 

+R J-;r/t =I' I 

D(1) has a very slow (111-l) decay, producing an 111-2 decay of terms in the 
sum (27). A similarly slow decrease results for any partial filling of the 
band, while for the fully filled band D(1) = 261,*, thus within this simple 
model no LR term occurs. 

The problem of the slow convergence of this exchange sum has been 
shown to lead to inaccuracies in band and total energies (Kertesz, 1976a; 
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Piela et al., 1981). The first attempt to understand this slow convergence is 
due to Ukrainskii (1979, who studied the nonalternating PA (effectively 
one electron per unit cell). He found that in accordance with Eq. (28) the 
terms in the sum (27) fall off like (- l) l /-z leading to zero DOS at the Fermi 
level (FL). This nonphysical result of LR exchange in HF  theory was long 
known for the free-electron gas and was proven recently by Monkhorst 
(1979) for any half-filled band system in any number of dimensions. 

More recently, Piela er a/. (1981), as well as Monkhorst and Kertesz 
(1981), have attempted to analyze the behavior of the LR exchange term 
in polymer quantum calculations. Both groups concluded that in a system 
with nonzero energy gap this sum converges much faster than in the 
metallic case. The faster decay of the density matrix elements could be 
anticipated on the basis of well-known results of Kohn (1959) and Des 
Cloizeaux (1964) related to the proof of existence of exponentially decay- 
ing Wannier functions. The density matrix elements can be expressed in 
terms of the WFs LCAO coefficients [Eq. (8b)], as 

occ m 

D d j )  = w,(j - h)w,,,(h) (29) 
R h a - m  

provided no partially filled band is present. Since all W,,(l) - s decay 
exponentially, so does Dap( j )  for large j ,  with the rate of the slowest 
decaying WF from the occupied set. Monkhorst and Kertesz (1981) have 
studied analytically two-band models and established a relationship 
between this exponential behavior and the energy gaps and bandwidths 
of the polymer. It was possible to show (Salem, 1961; Monkhorst and 
Kertesz, 1981) that 

where the dimensionless p < 1 is a complicated function, but it can 
usually be approximated by 

p = [ I  + 6/(1 + y)Z]-' (3  1) 

where 6 is the band gap/bandwidth ratio and y is the largest overlap of 
neighboring orbitals in the chain. This connection of the band parameter 
6 and the localization parameter p may be used to discriminate differently 
localizable (T,  u, core) electrons (Kertesz et ul., 1982~).  In the metallic 
limit 6 3 0 ( p  + l) ,  and thus the exponential decay disappears in agree- 
ment with Ukrainskii's (1975) result. 

It is expected that for the general case p can be approximated by 

[1 + &in/(l + ~)'l-' (32) 
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where timi,, is the smallest bandgap/bandwidth ratio. Then the con- 
vergence of the exchange sum (27) can be monitored by evaluating the 
asymptotic term as (for p < 1) 

where a is less than -3/2. For large M, X,,,. =( -p )*M”.  Numerical 
experience on different chains at ab initio level (Kertesz et al., 1982c) has 
shown that the asymptotic region is reached as fast as 4-5 neighbors. We 
may thus conclude that the LR exchange sums are under control for 
systems with nonzero gap. 

It is instructive to relate the LR behavior of the density matrix to ele- 
ments of the Hamiltonian matrix. A recent analysis (Sudan et al. ,  1982) 
has shown that starting from strictly localized orbitals, the asymptotic 
tails of the WFs (and thus those of the density matrix) have two kinds of 
contributions: (1) “through-space” terms arising from a delocalization 
correction over large distance and much larger (2) “through m-bond” 
delocalization terms resulting from successive perturbations of “through 
1 ,  2, . . . , m - 1 bond” delocalization corrections to the strictly 
localized orbitals. This leads to an exponential decay, too, with a rate 
analogous to that of Eq. (30). These latter, through m-bond delocalization 
tails of the WFs do not change in first order if bond length and bond angles 
are fixed. Consequently, although these dominate the LR decay of the 
density matrix, the smaller through-space terms may control conforma- 
tional potential curves. 

E. Instabilities in the Case of Partially Filled Bands 
Instability of HF wave functions appears in cases of near degeneracy 

or degeneracy (Ooshika, 1957; Overhauser, 1960; Thouless, 1961; Ciiek 
and Paldus, 1967; Fukutome, 1968; Paldus and Ciiek, 1970) which leads 
to the occurrence of lower lying symmetry-breaking solutions. Such bro- 
ken symmetry (BS) solutions are essentially of two types (according to 
terminology of Ciiek and Paldus, 1967): 

(1) singlet instability (in the case of doubly filled Slater determinant, 
space-unrestricted HF), and 

(2) nonsinglet instability (if the double-occupancy restriction is re- 
leased, spin-unrestricted HF, UHF). 

Such problems are of particular importance in discussing the electronic 
structure of polymers with partly filled energy bands having zero energy 
gaps. 

Another related but different problem is whether the presence of the 
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P, P 2  P, a2 

a1 Q 2  a1 a2 
-’-’-‘-’- 

Fig. 2. Huckel model of a simple two-atom-per-elementary-cell chain; a1 and a, are the 
Coulomb integrals, p1 and p2 the resonance (or hopping) integrals, respectively: r = )(rl + 
r 2 ) ;  Ar = rl - re;  A = p1 - p2.  

HF instability is driving the lattice to distort or not. Although there are 
indications that these two effects are closely connected, in the absence of 
detailed knowledge about electron correlation effects some caution is in 
order (Calais, 1977). In the remaining part of this section we shall discuss 
the electronic instability problem in polymer calculations (which is essen- 
tially a manifestation of the “symmetry dilemma”; Lowdin, 1969) and its 
relation to the lattice instability (Peierls, 1955). This is connected to the 
study of the potential energy curve of the nuclei around the equidistant 
configuration. A classification is already possible with a very simple two- 
atom two-electron per unit cell (Huckel) model (Kertesz er al., 1980a), 
illustrated in Fig. 2. Here the rf bond lengths, the pi hopping (resonance), 
and the af on-site (Coulomb integrals alternate. The metallic state corre- 
sponds to parameters a1 = a2 and p1 = pZ. A relation of the type Pf = a 
exp(-br,) is assumed, ensuring coupling of the geometry and the elec- 
tronic parameters. The total energy as function of A = p1 - p2 around 
Ar = rl - r2 = 0, 

where xi are parameters; yf are related to the other (frozen core) electrons 
not taken into account explicitly in this model. Thus, the metallic state 
(34a) always distorts independently of the elastic part (Peierls, 1955). This 
is due to the one-dimensionality of the system because an appreciable 
fraction of the states in the BZ reach stabilization due to the distortion, as 
illustrated in Fig. 3. The magnitude of the distortion is limited by the 
elastic constant yl. The heteroatomic chain (34b) may or may not distort, 
depending on the relation of A and Ar as well as on the magnitude of x2 
and yz . For completeness we mention that the total energy per cell can be 
expanded around other points of the curve, too, yielding 

(34c) EtOtIN = -x3(Ar) + Y J W 2  
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Fig. 3. Simple argument to illustrate the Peierls distortion. Upon distortion of the lattice 
(bond-length alternation in PA), a forbidden energy gap occurs. Since only the lower branch 
is filled with electrons, a stabilization of the electronic energy term occurs. Distortion is 
limited by elastic forces of the lattice (2a is the translation of the distorted chain). 

Equation (34c) describes the potential energy curve around a nonequidis- 
tant point (rl f r2) and is thus not applicable to the study of the behavior 
of the curve around rl = r2 within the Huckel Hamiltonian. However, if 
Coulomb interactions are included, this case will be realized by the 
bond-order alternation-wave ground state (the three possibilities are illus- 
trated in Fig. 4). 

1. The Singlet Instabilities. Charge-Density Waves and Bond-Order 
Alternation Wuves 
We shall use as an example a one-electron-per-atom chain. This cor- 

responds to the above model with r1 = r,, PI = P2,  and al = a2, and 
describes a half-filled-band metallic chain. Then the Bloch functions L/ ,;I", ,,I, -~ 

A (Ar) A(Ar )  A(Ar)  

(a )  ( b )  ( C )  

Fig. 4. Three possible dependencies of the total energy as function of the asymmetric 
distortion of the lattice: (a) Peierls case, Eq. (34a); (b) diagonal charge-density wave, Eq. 
(34b); (c) off-diagonal CDW, Eq. (34~) .  
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[Eq. (6)l having no variational freedom can be reduced to [Eq. ( 3 1 .  
Energy gain is possible, however, by breaking the symmetry (Lowdin, 
1969), using lower symmetry Bloch functions 

In this way it is possible to introduce new degrees of variational freedom 
in the now already broken symmetry (BS) wave function in several ways; 
e.g., 

(37) 

The symmetric function is a special case of this whenfk = n / 4  and wk = 0. 
If this restriction is released, the function cpfs has a lower symmetry than 
before, corresponding to a doubling of the elementary cell because the 
coefficients of the odd and even sublattices are no longer related by sym- 
metry. Thus, effectively, we have a two-electron-two-orbital unit cell. 
The corresponding densities describe different kinds of charge waves, as 
is apparent from Table IV. With charge density waves (CDw), the charges 
alternate (as for a chain in the Hiickel model with parameters a1 # a2 ; 
p, = p2) and the bond orders are equal, but with bond-order alternation 
waves (BOAW), bond orders alternate and charges are uniform (as for a 
chain in the Hiickel model with parameters a1 = a2 ; p1 # p2). The appli- 
cation of the above Huckel analysis (Fig. 4) would thus predict distortion 
of the lattice for BAOW, but not necessarily for CDW. 

Whether any of these has lower energy than the symmetrical one, 
cannot be answered in general (eiiek and Paldus, 1967), although criteria 
for the existence of the different kinds of instabilities have been given for 

,pfs = eiwk cos &.,pi + sin fkqi 

TABLE IV 

DIFFERENT TYPES OF CHARGE-DENSITY WAVES I N  A ONE-ELECTRON -ONE-ORBITAL 
C H A I N  A N D  T H E  CORRESPONDING PHASES I N  EQ. (37) AS WELL AS DENSITY-MATRIX 

ELEMENTS Do& j )  I N  EQ. (ISP 

Numbering according to a double unit cell with two orbitals. 
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the PPP model of a cyclic polyene chain by Paldus and b e k  (1970). 
Accordingly, over a critical size of the chain, all instabilities occur within 
the studied parametrizations. Within the first-neighbor approximation for 
the infinite chain the total energy gain for a PPP model, due to the 
symmetry-breaking E / N  = ESYm/N - E B S / N ,  as function of the first- 
neighbor Coulomb repulsion yl, is depicted in Fig. 5 (Kertesz, 1975). The 
CDW solution occurs above a critical value of y1 (Whangbo, 1980), while 
in the case of BOAW a BS solution always exists within the given model. 
We mention here that BS solutions have been found here as well as in all 
our calculations on metallic systems (Kertesz et al., 1976b,c; 1977a; 
1978a; 1979b) by using an enlarged (doubled) cell and a starting density 
matrix with lower symmetry; then, uses of the standard SCF density 
iterations have converged, as usual. For all systems studied having par- 
tially filled energy bands, we have found at least one type of BS solution 
with a diagonal and/or off-diagonal CDW (Table V summarizes some se- 
lected results). We would like to emphasize that the energy-gain values 
have nothing to do with the electron correlation. On the contrary, they are 
manifestations of the limited validity of the HF model for metallic 
systems. 

AE 

0.1 e\ 

1 e V  Yl 

Fig. 5. Absolute value of total energy gain of broken-symmetry HF solutions in a PA 
chain within the PPP model as function of the first-neighbor repulsion integral y,  . Both types 
of CDWs (diagonal and off-diagonal) are given: curve a ,  Ep,!,, - E:,!,,; curve 6 ,  Eki\\ - 
ER, ,  . (After Kertesz, 1975.) 
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TABLE V 

(SPACE) BROKEN-SYMMETRY HARTREE-FOCK SOLUTIONS I N  A FEW SELECTED POLYMERS 

Energy gain 
per cell 

with respect 
to the 

metallic Energy 
solution gap 

System Method (eV) (eV) Type of wave Ref. 

PA" PPP 0.24 5.58 Diagonal CDW 
PA AIb 0.030 4.14 GCDW 

Carbon chainc A1 0.16 5.79 Two perpendicular 
waves with 
shifted phases 

A1 0.19 3.26 GCDW (SN), 

Hydrogen atomic A1 0.034 6.23 BOAW 

A1 0.036 - BOAW 
chaind, (H,), 

Kertesz (1975) 
Kertesz e/ a / .  

Kertesz 1'1 ul. 
( 1977a) 

( 1978a) 

Kertesz er ( I / .  

( 1978f) 
Kertesz ct ul. 

( 1976~) 
Bernard and 

Paldus (1980) 

For y1 = 5.28 eV. 
AI, ah initio. 
For r,, = 1.24 b. 
For rHH = 0.995 A. 

e For rHH = 2.6 a.u. = 1.375 A .  

Let us return to the problem of the coupling of the electronic instabil- 
ity with that of the lattice. Within the HF  scheme the occurrence of the BS 
solution may signal the instability of the lattice. If the Hellmann- 
Feynman theorem holds for the chain, the forces acting on the nuclei are 
determined solely by the classical electrostatic forces due to the charge 
distribution of the electrons and nuclei. In order to see if the x component 
(along the chain) of the force acting on nucleus i, Fi,= is zero or not, it is 
sufficient to check whether the charge distribution is invariant under the 
x + --x transformation or not. Since in the equidistant linear arrangement 
the field of the other nuclei is invariant, it is necessary to consider only the 
electrons. Solely from this consideration it follows that nonzero 
Hellmann-Feynman forces occur in the BOAW case but not in the 
(diagonal) CDW case. Further care is necessary at points of possible, 
degeneracy, i.e., at A r  = 0 in our case (Kertesz and Mayer, 1979, unpub- 
lished). Suppose that the curves do cross at Ar = 0 as illustrated in Fig. 
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4c. We shall first demonstrate that mixing these two states does not 
change the total energy at all in the solid-state limit ( N  + x) .  This is a 
special case of the properties of wave functions for extended many- 
particle systems. In our case the two wave functions correspond to Slater 
determinants with c p e  and c p o  interchanged. For an off-diagonal CDW this 
is equivalent to the two determinants one gets by Ar + -0 and Ar --* + O  
(reflection). If we denote the Bloch functions after the c p e  - cp" inter- 
change by a prime, we obtain the following results for the overlap of a 
primed and an unprimed such one-electron functions: 

((p$p((pkBs') = 8 k l , k 2  cos wk cos 2fk = 8 k l , k 2 S k  

The two states Q1 and Q2 in question are built up from unprimed and 
primed BFs, respectively. The configuration interaction equation of the 
problem is 

where Si., = HrJ = (QilfilQj). It is easy to show that for the 
chain with N electrons, Sl,2 = r&=l s f ,  which is exponentially vanishing in 
the solid-state limit if s k  f 1. A similar result holds for the minors of the 
overlap determinant occurring in H12, proving the nonmixing of the two 
BOAW (primed and unprimed) states for large N .  

To calculate the Hellman-Feynman force in the Ar = 0 point for the 
BOAW it is only necessary to assign the one-determinant wave function 
(Q1 or Q2) to the curve in question due to the above-mentioned nonmixing. 
This assignment is, however, trivial because the bond-order elements of 
the density matrix indicate already to which of the two curves a given 
solution corresponds. We may therefore conclude that if BOAW is present 
in the CDW, the two curves do cross with a nonzero derivative (as on 
Fig. 4c). 

The same conclusion can be obtained by applying the results of the 
Huckel analysis at the beginning of Section II,E. The correspondence can 
be established as follows (Kertesz et d., 1981): The diagonal CDW Fock 
matrix can be simulated by a Hiickel model with alternating a t ,  thus 
according to Eq. (34b) distortion may occur. In the BOAW the off- 
diagonal Fock matrix elements alternate already in the Ar = Ir, - r2( = 0 
point (PI = p2,  y l  = y2) ,  in the PPP model 

(38) 

(39) 

F12(0) = P I  - 8YlD12(0) 

F21(1) = P 2  - 3 Y 2 0 2 1 ( 1 )  
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because Dl2(0) f Dzl( 1 ). As a consequence, an infinitesimal change in Ar 
will lead necessarily to a decrease in the total energy as in Eq. (34c). 

The energy gaps of the BS solutions are appreciable (see, e.g., Table 
V). In the PPP model for the BOAW case, 

Eg is dominated by the exchange term. Thus, along the Ar path from a 
strongly alternating point to the nonalternating (Ar = 0) point the gaps are 
always appreciable in contrast to the Huckel gap 2(p1 - pZ(  which van- 
ishes at Ar = 0. Thus the metallic point lies outside the as well as 
the E&(Ar) curves (see, e.g., Fig. 7). 

2. Nonsinglet Instubilities. Spin- Unrestricted HF (UHF) Solutions 
The various kinds of different orbitals for different spins (DODS) 

many-electron wave functions of the form (Slater, 1930, 195 1) (where d is 
the antisymmetrizer) 

QDODS = d({cpp(l)a(l)cpl(2)P(2)cpp(3)a(3) . * )  (41) 
are able to account for a part of the electronic correlation energy without 
losing the simplicity of the one-electron picture with 

cpg = cpEs and (PR = (pis’ (42) 
Since this wave function is not a pure spin state, Lowdin (Lowdin, 1955; 
see also Pauncz, 1967) suggested the so-called “alternant molecular orbi- 
tal” (AMO) version of the method where the one-determinantal DODS 
wave function is subjected to spin projection, 

@.mo = $ s ~ D o D s  (43) 

The DODS method as applied to the study of the electronic structure 
of solids (Berggren and Johansson, 1968; Calais and Sperber, 1973; Las- 
kowski et ul., 1973; Ovchinnikov et d., 1972; Kertesz er a / . ,  1978b) 
exhibits an interesting property (Mayer, 1980). The total energies per 
elementary cell of the spin-projected and unprojected wave functions tend 
to each other in the solid-state limit (N, the number of elementary cells, 
increases to infinity). 

There is an important feature of all DODS methods most clearly ap- 
parent for 1 D solids: Equation (41) describes an antiferromagnetic-type 
LR order if cpp # c p f ,  as shown by Misurkin and Ovchinnikov (1974). 
Furthermore, with the restriction 

(PP = (PB (44) 



Electronic Structure of Polymers 185 

approaches a doubly occupied determinant Qn (restricted). There- 
fore, it may be of interest to study under which circumstances the re- 
stricted (PR is unstable with respect to the relinquishing of the double- 
occupancy requirement (&ek and Paldus, 1967). Three-dimensional 
studies (Laskowski ef ul., 1973; Calais and Sperber, 1973) indicated that 
although the DODS wave function is appropriate for the description of the 
electron gas in the low-density limit, near the equilibrium densities of real 
materials the extra variational freedom introduced does not lead to im- 
provement of the total energy; Le., no correlation energy is obtained 
because the orbitals are spontaneously doubly occupied. 

Nevertheless, the DODS method and its different variants seem to be 
interesting as applied to quasi-one-dimensional systems. As mentioned 
above, it is particularly well suited for the description of their antifer- 
romagnetic states. It was also suggested (Calais, 1964) that if the lattice 
parameter is changed, the DODS methods may be able to describe a 
transition from a metallic state to an insulating one. 

In this respect the fully variational form, the UHF formalism (Pople 
and Nesbet, 1954; Berthier, 1954; Biczo et al., 1972, unpublished) seems 
to be most adequate to study this problem, because (1) without reference 
to the stability criteria (Paldus and &ek, 1970) analogously to the 
above-discussed CDW case it is simple to obtain the UHF solutions by the 
usual SCF iterations (Kertesz, 1976a) and (2) the fully variational form 
gives the lowest possible energy within the given Ansatz and so the (as it 
turns out) small correlation energies are not connected to the restrictions 
imposed in connection with a limited variation freedom as in the AM0 
method, although the difference of the “k-dependent A” A M 0  and UHF 
total energies on a H atomic chain (Andre ef al., 1980) are very small for 
all interatomic distances as compared to the correlation energy involved. 
In the case of metallic systems a doubling of the unit cell is necessary in 
order to obtain a UHF solution different from that of the RHF similar to 
the above-considered CDW solutions. The largest energy gain has always 
been obtained for systems with geometry around an equidistant (metallic) 
model, while for strongly alternating models in several cases UHF solu- 
tions could not be found at all. Figure 6 shows RHF, UHF ferro-, and 
antiferromagnetic results of calculations on an equidistant H atomic 
chain. Neither in this case nor in the case of C atomic chains (Kertesz et 
al., 1978a) does a metal-to-insulator (antiferromagnetic) crossover point 
occur in the calculations; the antiferromagnetic state is more stable at all 
densities. Energy-gain values (EVHF - ERHF)/N and energy gaps for a few 
selected systems are given in Table VI. As previously mentioned, in 3D 
systems very small or no energy gain is obtained. In case of some poly- 
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Fig. 6. Energy per hydrogen atom in an equidistant chain of hydrogen atoms; H indicates 
that the energy of the H atom is this basis set: (a) metallic, (b) antiferromagnetic, and (c) 
ferromagnetic states. (After Kertesz ei  d., 1979d.) 

mers, the energy gains are more substantial, particularly, if we add that 
most of the correlation-as seen on the SCF wave function-comes from 
mutual avoidance of electrons of opposite spin near the FL [e.g., T elec- 
trons in (CH),]. If all correlations are assigned to those few electrons, an 
appreciable amount of correlation energy (0.1-0.5 eV/electron) results. 
Other (a and core electrons) occupy practically the same orbitals twofold. 
The forbidden energy gaps Eg in the above polymer calculations are very 
large (9- 15 eV). The large gaps are partly due to the BOAW coupled to the 
UHF wave function (Andre et ul., 1980) but mainly to the large difference 
of on-site densities of the same spin. These large gaps as well as the fact 
that only electrons around the FL are correlated are a consequence of the 
instability of the metallic HF ground state. In this sense one might say that 
the UHF stabilization energy is perhaps only partly due to the physical 
antiferromagnetic correlation in the ground state, but is certainly also a 
manifestation of the inadequacies of the RHF method for metallic systems 
as suggested by Overhauser (1960). Numerical large-scale configuration 
interaction (CI) calculations on H8 and HI4 rings (Cimiraglia and Resta, 
1981) indicated that in the ground state of these systems there is 
antiferromagnetic-type correlation indicated by the LR oscillations of the 
spin-dependent pair correlation function. It should be remembered, that 
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TABLE VI 

SOME (SPIN) UNRESTRICTED HF CRYSTAL CALCULATIONS 

Energy gain 
per electron 
(with respect 

to metallic 
solution) 4 

System Method (eV) (eV) Reference 

Li crystal 

AM0 

Na crystal APW 
H atomic chain AM0 

Green's 

A& initio 

A h  initio 
(SN), Ah initio 

function 

(CW, PPP 

0 

0.015 
Negative 

1" 

0.11 
0.13 
0.083 
0.287 

0.08-0.16" 

0 

0.019 

15' 
- 

9.96 
7.18 

13.52 
14.56 

O'Keefe and 

Calais and 

Boring (1970) 
Calais ( 1964)b 
Berggren and 

Martino (1969)* 
Kertesz et a / .  ( 1 9 7 6 ~ ) ~  
Kertesz et a/.  (1974) 
Kertesz et ul. (1979b) 
Kertesz et N / .  (1978f) 

Goddard (1969) 

Sperber (1973)b 

Estimated value. 
At the most stable geometry. 

for the UHF wave function this pair correlation is infinitely ranged (Mis- 
urkin and Ovchinnikov, 1974). 

F. Remarks on Correlation 
Simple models of electronic correlations in chains have been treated at 

various levels of sophistication (e.g., Lieb and Wu, 1968; Ukrainskii, 
1977). Realistically correlated quantum chemical calculations that include 
a few degrees of freedom in the elementary celI for extended systems are 
virtually nonexistent, except for a few calculations based on the electronic 
polaron model (Kunz, 1972) or other models such as RPA (Monkhorst and 
Oddershede, 1973) or the Coulomb hole plus exchange model (Hedin, 
1965). Extensive calculations have been done with the UHF method, as 
discussed in the previous section. Disagreement between theory and ex- 
periment is often attributed to absence of correlation in the calculations 
(e.g., Lowdin, 1955; Shustorovich, 1967; Ovchinnikov et ul., 1972; Ladik, 
1973, 1980; Pantelides et ul., 1974; Brener, 1975; Citek, 1978). Especially 
important is the artificial zero of the density of states at the FL in HF 
theory due to exchange, as discussed in Section II,D,4. 
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For insulators the most serious deficiency of the HF theory is the 
overestimation of the energy gap. This may be understood on the basis of 
perturbation arguments (Pickup and Goscinski, 1973; Pantelides et d., 
1974; Hubai: and Urban, 1977) as sketched below. The correlated quasi- 
particle levels for the conduction band can be defined as (EN is the total 
energy of the N-electron system) 

(45) E,,k = E(N+~) - E“) 

and similarly for the valence bands. The HF bands efk are the first approx- 
imations for these 

= €:k + Ew+” C - E’” C (46) 

In perturbation theory of the second order, Pantelides et a/. (1974) write 
EF) in terms of pair correlation energies (b ,  c stands for occupied; I’, s for 
virtual orbitals, respectively). 

Analysis of these expressions for nonmetals around the FL leads to the 
following general conclusions about the effects of correlation on the 
energy bands: 

(1) Conduction bands move down 
(2) Valence bands move up together with core bands, the latter to a 

larger extent 
(3) As a consequence, the energy gap decreases substantially. 

The following conclusion is dependent on the assumption that the matrix 
elements in the numerator of Eq. (48) do not change drastically. 

(4) Valence bands undergo narrowing upon inclusion of the correlation 
( 5 )  The shift of that band is larger, which is flatter (usually the valence 

band) 
Some model calculations have been done showing a drastic decrease of 

the gaps in different systems for which HF-based correlation calculations 
are available (e.g., Table VII). The too small gap of the HFS method is 
remarkable, a screened exchange alone is not sufficient, although the error 
is usually smaller in this case as compared to the exact exchange HF. On 
the other hand, the latter method can be used as basis of more systematic 
correlation work. 
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TABLE V n  

CORRELAT~ON CORRECTIONS TO Ab lplitio HF ENERGY GAPS 
FOR A FEW SELECTED INSULATORS 

Energy gap (eV) 

Quality Correlation Corre- 
System of HF model HF HFSO lated Expt. 

A P  Local orbital 
method, 

NaCla Local orbital 
method 

Diamondb Extended 
basis 

Polycytosinec Minimal 
basis 

Electronic 16.2 7.08 <14.7" 14.3 
polaron 

Electronic 12.08 7.4 <loa 8.75 
polaron 

Coulomb hole 12.1e - 5.6 5.5-5.6 
plus screened 13.7/ - 7.6 7.3-7.4 
exchanged 

approximation 
to ASCF 4.3h 

polaron 

Local 10.65 - 6.95 

Electronic 10.65 - 9.79 

Kunz (1972) (correction for conduction band only is given). 
Brener (1975). 
Ladik el a/ .  (1977). 
Hedin (1965). 
Indirect gap. 
Direct gap. 
Hartree-Fock -Slater (local exchange). 
Value given corresponds to exciton excitation. 

Systematic calculations that realistically evaluate the matrix elements 
and sums in expressions like Eq. (48) for any realistic polymer are not 
present in the literature. [Kapuy (1982) has performed PPP pertubations 
on cyclic finite polyenes based on localized orbitals.] The difficulty may 
be understood by writing down the matrix element in the numerator of 
Eq. (48) in terms of BFs. This can be transformed to integrals over WFs 
(with (12112) convention) 

This contains the Coulomb interaction of two charge distributions 
w,( pz - r)w,(r) and wa( p1 - r)w,( p3 - r). Both charge distributions have 
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zero total charge due to the orthogonality of Wannier functions from 
different bands ( 6 ,  c are occupied; r ,  s are empty bands). Thus the sum- 
mand in Eq. (49) even in the least convergent case when the exponential 
factor does not oscillate decays at least as fast as ( p l  - p2(" asymptoti- 
cally, which ensures the fast convergence of the sum in one dimension. If 
these integrals are evaluated through the use of WFs, then the transforma- 
tion from an A 0  set to the W F  set is followed by the transformation (49), 
and this for several representative kl, k2, k3 point sets. Since the 
A 0  -+ MO integral transformation is known to be very time-consuming, it 
is easy to understand how much more difficult the evaluation of sums like 
Eq. (48) are. Alternatively, the integrals may be expressed directly in 
terms of the A 0  integrals using translation symmetry as 

This is more similar to the traditional A 0  -+ MO integral transformation, 
although it is much more complicated and complex arithmetic cannot be 
avoided. 

As is apparent that an integral over BFs is of the order of 1 / N ,  in 
accordance with the normalization (5 )  and (6). Physically, Bloch electrons 
have repulsion of the orderN-I due to their spread over the whole crystal. 
This is the reason why in extended systems finite CI schemes cannot give 
any other correction than N-I to the correlation energy. However, pertur- 
bation methods such as Eq. (48), as well as Green's function methods are 
size consistent (correct dependence on the number of particles). Among 
the few quantum chemical approaches of the application of Green's func- 
tion methods (e.g., Cederbaum and Domcke, 1977) is the intermediate 
exciton theory (Kertesz, 1979) and it is mentioned as an example here. 
Excited states of insulators can have bound electron-hole (e-h) pairs. 
Using a simplified spinless notation for the many-electron wave function 
@& -+ k ' )  for an electron excited from qVK to ( b , k ,  the following basis 
functions containing N determinants are used (Takeuti, 1957; Knox, 
1963): 

describing an e-h pair traveling with wave vector K at an average distance 
of p .  The Schrodinger equation in this single CI space can be rewritten in a 
Green's function form (Takeuti, 1957), which deals with the problem of 
infinite number N of CI expansion functions in an appropriate way by 
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transforming it to the finite direct-space problem in terms of the e-h 
separation. This method, together with its convergence properties on the 
summations similar to that in Eq. (50) and the e-h separation, is discussed 
in detail within the PPP model for the excitation energy of polyene by 
Kertesz (1979). Ab initio level applications of this formalism (Kertesz et 
nl., 1982b) predict large correlation corrections in chains of Hz molecules. 

Less developed are methods for the treatment of the ground-state 
correlation. Here besides the application of the powerful coupled-cluster 
theory (e.g., Ciiek, 1978; &ek and Paldus, 1980), perturbation methods 
may be applied in the near future. It is promising in this respect that the 
former has been applied successfully to the electron gas problem 
(Freeman, 1977, 1978). Applications to infinite inhomogeneous systems 
are yet to be made. 

111. Application of Theory to Conjugated Polymers 
Much of the effort which led to the methods discussed in Section I1 has 

been motivated by the interest in the electronic structure of well- 
conducting polymers. Little suggested in 1964 an excitonic mechanism 
which might lead to high-temperature superconductivity in polymeric or- 
ganic materials. Although such an effect has not been observed yet, the 
search for well-conducting polymers has indeed led to a new class of 
well-conducting polymeric composite materials. For instance, con- 
ductivities of polymer derivatives of up to lo3 Q-l cm-' for polyacetylene 
(PA) (Figs. 1 and 8; Chianget nl., 1977, 1979; Baeriswylet al., 1981); up to 
100 S1-l cm-1 for poly(p-phenylene) [PPPh(I)], (Ivory et nl., 1979); up to 
100 S1-I cm-' for polypyrrol [PPy(II)] (Kanazawaet nl.,  1979), have been 

observed. These high conductivities are reached by doping the polymers 
by acceptors such as Iz , Br2, AsF,, SbF, , or by donors, NH3, Na, Li, etc. 
Due to the polymerization process, the materials are available in partially 
crystalline to amorphous form only. Therefore, neither for the pure nor 
for the doped materials does detailed structural information exist, largely 
hampering the microscopic understanding of their electronic structure. 
On the other hand, quantum mechanical calculations can yield useful data 
on these otherwise unaccessible structural details. 
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In what follows we shall concentrate on the two most studied polymers 
(PA) and polydiacetylenes (PDA). We shall also discuss other conjugated 
polymers as analogs of PA, and a few others. For all of these conjugated 
polymers mobile n-electrons are fundamentally important. It is interesting 
to note in this respect that the bandgap/bandwidth ratio is a characteristic 
measure of the localizability of the electrons (Kertesz er al., 1982~). Ac- 
cordingly, T electrons are more mobile than u electrons, primarily due to 
the much smaller bandgap of the former. 

A. The Electronic Structure of Polyacetylene 
Long polyenes consisting of n (CH) units have been a favorite subject 

of theoretical studies. Early work, as summarized by Murrell(1963), has 
shown that the observed absorption peak around 2 eV can be explained on 
the basis of bond-length alternation. As much as these finite molecular 
conclusions could be extended to infinite chains (n + w ) ,  the expectation 
has been that the long chains have a nonzero gap around 2 eV and their 
structure has nonuniform (alternating) bond lengths. Later it was argued 
(Misurkin and Ovchinnikov, 1966) that spin-density waves of an equidis- 
tant chain can also have nonzero gap. Here we discuss the energetics of 
the alternation, the gap related to the absorption peak around 2 eV, stabil- 
ity of other (cis) conformers, and some aspects of doping. 

1. Bond-Length Alternation in All-Trans- (CH), 
In this section ab  initio results on all-trans-(CH), are reviewed. Most 

calculations have been done on fixed-geometry models with small basis 
sets. The relative energies with respect to the metallic solution are sum- 
marized in Table VIII. The following conclusions emerge: Aside from the 

TABLE VIII 

Ab Initio RESULTS ON THE ALTERNATION OF ALL-truns-(CH)," 

Andre and Leroy (1971) i 242 - 
Kertesz ef a / .  (1977a) STO-3Gb -28.5 -5.9 
Karpfen and Holler (1979) STO-3Gb - 30.6 -8.8 

Suhai (1980a) STO-3Gb -35.2 - 
Karpfen and Petkov (1979b) 8s4pf4se - 12.4 
Bredas (1979) - -1.7' 

a The total energy per CzHI units of alternating and equidistant models are compared to 
the metallic solution of the equidistant polymer (in KJ/ mol). 

Hehre et a / .  (1969). 
Huzinaga (1965, 1971). 
Ecm\ - E ~ I I  * 



Electronic Structure of Polymers 193 

Fig. 7. Total RHF energy per unit cell (CzH,) in polyacetylene trrins-(CH), chain as 
function of the asymmetric lattice distortion Ar = lr, - r21, with rl + rz fixed at 2.784 A 
(relative scale). The metallic state is above the CDW point by 0.0022 a.u. (After Kertesz ct  
d., 1980a.) 

metallic, a CDW solution can be found (Kertesz et ul., 1977a) which is 
more stable by 5.9 kJ/mol than the metallic solution. This CDW contains 
bond-order alternations and, consequently, the lattice distorts, as dis- 
cussed in Section II,E, 1 , and Eq. (14c). This situation is illustrated in Fig. 7 
where the total energy is given as function of the distortion Ar = - rll, 
while the sum rl + rz is fixed. The stabilization energy due to the distortion 
is of the order of 30 kJ/rnol except for the calculations of Andre and Leroy 
(197 I )  which used symmetry-violating integral approximations. This 30 
kJ/mol value is somewhat less than the energy stabilization calculated 
only on the basis of the gap opening [sum of energy levels in the total 
energy expressions of Eq. (19a)l due to the screening of the (+ electrons 
(Kertesz et d., 1977a). 

The finding of the ub initio results about the bond-length alternation has 
been directly verified by X-ray experiments only recently (Fincher et ul., 
1982). All indirect experiences on the optical gap (Murrell, 1963; Fincher 
et ul., 1978; Chiang et ul. ,  1979; Tani et a/ . ,  1980) on vibrational spectros- 
copy (Shirakawa and Ikeda, 1971; Tric, 1971; Rabolt et ul., 1979; Fincher 
et d . ,  1979), and on X-ray data (see Baughman et ul., 1979) also indicate 
that the theoretical picture of the bond alternations is correct. 

2 .  Relative Stubilities of Polyucetylene Isomers 
Other isomers of (CH), became important because the recent synthe- 

sis, which revolutionized the field (Shirakawa and Ikeda, 197 I ) ,  produces 
films in the thermodynamically unstable cis form (Ito et ul., 1975). The 
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Fig. 8. Different polyacetylene conformers: A and B, trans; C, D, and E, cis. 

desire to explain the relative stability of the conformers (Fig. 8) initiated 
investigations summarized in Table IX. Here most of the calculations 
agree with experiment on preferring the alternating trans over any cis 
form. Exceptions are the calculations of Kertesz et al. (1978~) where the 
number of included neighbors was not sufficient to reach converged re- 
sults as well as that of Suhai (1980a). A full geometry optimization may be 
required in order to be able to discriminate such small energy differences. 
According to Karpfen and Holler (1981) bond lengths and angles used in 
the idealized models of all other calculations in Table IX are far from the 
optimized ones. It is interesting that simple orbital arguments (Whangbo 
et a/.,  1979; Whangbo, 1981) also led to a correct prediction of the cis- 
trans isomerization. 

3 .  Energy Gap in (CH) ,  
The intimate connection of the forbidden gap and the bond-length 

alternation in trans-(CH), has been discussed in connection with the 
Peierls distortion in Section I1,E. All experience on finite polyene mole- 

TABLE IX 

RELATIVE STABILITIES OF POLYACETYLENE ISOMERS: COMPARISON OF LITERATURE DATA" 

Ab initio 
Extended 

(Whangbo (Yarnabe er rrl. and 
Hiickel CNDO Kertesz Karpfen 

et u l . ,  et u / . ,  (1977a, Bredas Suhai Holler 
Structure* 1979) 1979a,b) 1978c) (1979) (1980a) (1981) 

All trans: 
alternating (A) 0.0 0.0 0.0 0.0 0.0 0.0 
equidistant (B) 7.5 18.0 28.5 - 35.1 30.6 

CDW - - 22.6 41.7 - 21.8 
Cis-transoid (C) 45.6 8.0 -65.3 82.9 -10.9 8.0 
Trans-cisoid (D) 40.2 18.0 -166 86.7 -0.4 8.8 
Cis - trans 

(equidistant) (E) - 27.6 -133 83.7 28.9 30.1 
~~~~ ~ ~ 

Energies are given relative to the alternating all-trans structure per CoHp unit in 
kJ/mol. * Letters in parentheses refer to Fig. 8. 
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cules, containing (CH), (n  = 2-20) fragments indicate that the distorted 
structure has a finite excitation energy, extrapolated to be 2.24 eV by 
Murrell (1963) for n + x .  This corresponds well to the first absorption 
peak in trans-(CH), films observed at 1.4-1.9 eV (Fincher e f  d., 1978; 
Shirakawa et a/., 1978b), offering the interpretation of this peak as being 
an excitonic transition below the gap, the gap being larger than 1.9 eV 
(Yarkony and Silbey, 1977; Kertesz, 1979). Alternatively, the UHF wave 
function of an equidistant (CH), has a nonzero gap too, which may be 
called correlation gap (Misurkin and Ovchinnikov, 1966; Ovchinnikov et 
a/., 1972). While the role of correlation has not been elucidated in much 
detail for these systems, this argument has the following drawbacks: (1) 
The UHF gap of an nb initio calculation for (CH), is unrealistically large 
(13.5 eV, Kertesz ef  a f . ,  1979b); (2) the PPP gap is also too large for (CH), 
if UHF wave function is used. In order to reach agreement with experi- 
ment, Tyutyulkov ef  a/. (1980) had to use electron-repulsion integrals in 
UHF increased by a factor of about 2. This nonphysical “screening” 
constant clearly demonstrates that the gap in (CH), cannot be considered 
as essentially an antiferromagnetic gap (see also Barentzen et d., 1980). 
Besides, there is no magnetic experimental evidence for strong Coulumb 
correlations (Fincher e f  a/., 1978; Weinberger et d., 1979; Holczer et a/., 
1981). Furthermore, the higher absorption energy peak of the cis iso- 
mers (Shirakawa et a/., 1978b) also fits into the RHF-based picture (see 
below). 

Representative gaps and excitation energies calculated by different 
exciton models are given in Table X. As usual, CNDO andab inirio results 
are close and are too large. The PPP gap is -50% less, due to the effect of 
implicit correlation in the parametrization. This value is further reduced 
by the consideration of the correlation of the electron and hole by the 
intermediate exciton formalism (Kertesz, 1979), reaching a very close 
agreement with experiment. Similar agreement is observed in the use of 
the spectroscopically parametrized CNDO of Duke et a/. (1978). It may be 
mentioned that the local exchange model underestimates the gap, as 
usual. The magnitude of the alternation cannot be traced back on the basis 
of the gaps due to the crude agreement with experiment, although the data 
are consistent with the alternation values of Section III,A,2. Calculated 
gaps of the most stable cis isomers vary with the method used, as given in 
Table XI. The predicted cis-trans shift of the gap is only indirectly related 
to the corresponding shift of the absorption peak, the value of which is 
about -0.3 eV (Shirakawaef a/., 1978b; Fincheret a/., 1979). We mention 
that the above excitonic assignment of the absorption peak is consistent 
with the finding of Tani et a/. (1980) concerning the difference of this peak 
and the onset of photoconduction, the latter being at -0.1 eV higher 
energy. 
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ENERGY GAPS A N D  EXCITATION ENERGIES (&,.) OF ALL-truns-(CH), 
I N  DIFFERENT APPROXIMATIONS 

Type of Ir2 - rllQ E,, 
Hamiltonian excitation (A) (ev)  Reference 

Hiickel 

Hubbard 

PPP 

CNDO 

Nonempirical 
pseudopotential 
local exchange 

EHT 
Ab initio 

STO-3G 

8 ~ 4 ~ - 4 s  

Gap 

UHF gap 

UHF gap 
H F  gap 
Frenkel 

(localized 
exciton) 

Intermediate 
exciton 

Cluster (up 
to C d i d  
exciton 

Non-SCF gap 

Gap 
H F  gap 
H F  gap 
H F  gap 
H F  gap 
H F  gap 

0.O3Sb 

0 

0.066 
0.066b 
0.066 

0.066 

0.09 

0.07 
0.20 

O.lSb 
0.066 
0.066 
0.066 
0. 150b 
0.100b 

I .45 

2.2 

7.2 
5.06 
3 S O  

1.4 

2.3 

0.8 
2.3 

2.41 
6.12 
7.24 
9.74 
8.05 
5.74 

Longuet-Higgins and Salem 

Misurkin and Ovchinnikov 

Kertesz et ul. (1974) 
Andre and Leroy (1967) 
Kertesz (1976a, 1979) 

(1959) model 

( 1966) 

Kertesz (1979) 

Duke er al. (1978) 

Grant and Batra (1979) 

Kertesz and Vonderviszt (1982) 
Andre and Leroy (1971) 
Kertesz e i  al. (1977a) 
Suhai (1981a) 
Karpfen and Petkov (1979b) 
Karpfen and Petkov (1979b) 

Experiment, 0.06 A (Fincher et al., 1982). 
Optimized value. 

TABLE XI 

ENERGY GAPS OF DIFFERENT (CH), ISOMERS' 

Predicted 
cis - trans 

Alternating Trans- Regular Cis- shift of 
Method trans cisoid cis transoid gap (eV) Reference 

CNDO 7.5 - 3.2 8.5 -1 Yamabe et al. (1979) 
Ab initio 

STO-3G 7.2 10.4 8.7 3.9 -3.2 Kertesz et al. (1978~) 

EHT 0.96 0.71 - 1.23 +0.25 Whangbo et al. (1979) 
9.74 7.8 5.2 8.2 +1.5 Suhai (1980a,b) 

~~ 

' Numbers in Italics are the most stable cis isomers within the given row. 
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4. Electronic Structure of Doped PA 
Due to the lack of a detailed structure, all theoretical work is based on 

simple models of doped PA, the aim being a rationalization of the high 
conductivity. The idea that information from the undoped PA band struc- 
tures can be used (rigid band model, for its limitation for the interchalation 
compounds of graphite, e.g., Fisher, 1978), is supported by the fact that 
the fundamental gap around 1.5- 1.9 eV does not disappear upon doping 
(Fincheret a/., 1978, 1979; see, however, Shirakawaet af., 1978a). On the 
other hand, this may be also due to inhomogenities of the samples (Tom- 
kiewicz at al., 1979; Janossy er al., 1981). According to the one-chain 
CNDO calculations of Yamabe et al. (1979a,b), the ionization potential is 
less in the trans chain than in the cis, thus the trans chain is preferred for 
interaction with acceptors. For donors, the calculated electron affinity is 
larger for the trans chain than for the cis, so, again, trans is more favorable 
for taking electrons from donors. This is in accordance with the observed 
cis-trans isomerization upon doping (Mihaly et al., 1980; Fincher et al., 
1979). 

Calculations of the extended tight-binding type (a non-SCF local- 
exchange nonempirical model) have been done on 3D models of 
polyacetylene by Grant and Batra (1979) using the structural models of 
Baughman et al. (1978). The highly anisotropic band structure has the FL 
in the n-+ gap. Then, using the rigid band model, Grant and Batra (1979) 
assume that extra electrons or holes may be generated upon doping with 
donors or acceptors, respectively. Either way large carrier concentration 
and thus large conductivity may be reached. Somewhat problematic is 
how the Peierls distorted structure can remain intact upon doping because 
the new partly filled band has a tendency to distort according to another 
periodicity. This problem has been studied by Bredas et a1. (1981) using a 
PA chain with attached Li atoms as a model within the ab inirio scheme. 
They obtained a bond-length equalization upon doping at the charge- 
transfer level of around 0.1 electrons per CH unit, however, their gap is 
not zero. In this sense even if they are weak, interchain interactions are 
necessary to stabilize the metallic state of doped (CH), . Nonetheless, the 
tendency of bond-length equalization is in accord with indirect experimen- 
tal evidence based on IR data of Rabolt et al. (1979) who observed bond 
weakening in the carbon skeleton upon doping with acceptors; but they 
also noted that bond-length alternation must persist to some degree in 
doped (CHI,. 

Another interesting geometry change upon I2 doping is the chain short- 
ening observed by Druy er al. (1980) and Pekker and Janossy (1981). EHT 
calculations based on the rigid-band model (Kertesz et al., 1982a) predict 
both a CCC bond-angle decrease and a bond-length decrease for acceptor 
doping and an increase for donors, being in accord with the above obser- 
vation. 
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A 3D calculation using idealized models of doped (CH), has led to 
metallic energy-band structure (Kasowski et ul., 1980). In their non-SCF 
calculation Kasowski et al. (1980) observed a large participation of dopant 
orbitals mixed with the 7~ orbitals of the chain to form states around the 
FL. Similarities with band-structure effects of well-conducting intercha- 
lated graphite compounds is noteworthy (e.g., Fisher, 1978). This band 
structure, as well as that of the pure (CH), of Grant and Batra (19791, is 
not more anisotropic than, say, 20-50, as estimated by the ratio of 
bandwidths along and perpendicular to the chain from the published 
figures. Of course, since the structure is not known, these anisotropies are 
merely reflections of somewhat arbitrary assumptions on the interchain 
contacts. These calculated anisotropies are far from the experimental 
spin-diffusion anisotropy of -lo6 (Nechtschein et al., 1980), which is con- 
sistent with a conductivity anisotropy of - lo5. A way out of this problem 
may be that the dopants decrease the 7r-7~ overlaps between the chains, 
thus increasing the anisotropy (Yamabe et ul., 1979b). The soliton picture 
(Rice, 1979; Su et nl., 1979, 1980) should also be mentioned as a possible 
model for the high mobility of the charge carriers, although it has been 
criticized recently (Tomkiewitz et nl., 1979). Furthermore, as noted by 
Griiner (1981) disorder on a microscopic scale may be responsible for 
much of the observed magnetic properties and may stabilize the metallic 
state at nonzero temperatures. Further structural data are needed to de- 
scribe the electronic structure of doped (CH), more unequivocally. 

An X-ray analysis of oriented pristine all-trans-(CH), by Fincheret nl., 
(1982) directly verified the existence of bond-length alternation. The ob- 
served degree of alternation (k0.03 A) is close to previous theoretical 
predictions (see Table X). 

B. Analogies of Polyacetylene 
Replacement of some or all H atoms in (CH), , or replacement of some 

or all CH groups by isoelectronic atoms or groups, could lead in principle 
to materials with conductivities controllable over wide ranges. This is 
desirable, especially because in spite of the favorable properties of (CH),, 
it is susceptible to oxidation in air. In this section calculations on the 
electronic structure of a few polymers of this kind are summarized. 

1. Fluorinated Polyncetylenes 
Yamabe et nl. (1980) reported CND0/2 crystal orbital calculations on 

cis and trans models of polyfluoroacetylene [(C,FH), , PFA(II1)I and 
polydifluoroacetylene [(C2F2), , PDFA(1V)I. In both cases trans configura- 
tions are preferred as for (CH),. In PFA the charges on the carbon atoms 
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(111) (IV) 

alternate strongly. This fixation of the CDW is due to the large elec- 
tronegativity of the fluorine atoms. The differences of the calculated bond 
orders in trans PA, PFA, and PDFA are 0.45,0.25, and 0.39, respectively. 
The corresponding optimized bond-length differences are 0.085, 0.059, 
0.083. Both quantities reflect a similar trend, namely, the alternation is 
damped in the PFA case. This is perhaps due to a switchover to a diagonal 
CDW state in favor of an off-diagonal CDW in the PA and PDFA cases, 
caused by the new periodicity of the F atoms which is present in the PFA 
case only. Thus while the potential energy surfaces of PA and PDFA can 
be described by a curve such as that in Fig. 4c around the equidistant 
configuration, for PFA a curve more similar to that in Fig. 4b holds in that 
region. The main change of the band structure upon fluorination is a 
downward shift of the conduction band due to the larger electronegativity 
of the fluorines. The lone-pair F 7r electrons push the highest (7) valence 
band downward, too, so that the decrease of the gap does not exceed 1 eV 
for the trans chains. Thus, on the basis of these calculations, Yamabe er 
al. (1980) expect these new polymers to be better acceptors than unsubsti- 
tuted PA. 

2. Polytn ethineimine [( CHN) I ] 
Nitrogen is isoelectronic with CH, and replacement of every second 

CH by N in (CH), leads to the simplest polynitril, polymethineimine 

li H 

(V) (W 

(V, VI) possessing semiconducting properties (Wohrle, 1974); EHT 
studies of Whangbo er al. (1979) indicated that the cis form is less stable 
than the alternating trans form by 23 kJ/mol. Since the preference of trans 
forms over cis in PA, PFA, and PDFA was indicated by both EHT and 
more sophisticated SCF theories, as discussed above, we can expect that 
the LR Coulomb forces induced by the C to N partial electron transfer do 
not affect this conclusion. The all-trans configuration has been subject of a 
double-zeta quality ub inirio geometry optimization (Karpfen, 1979b). Ac- 
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cordingly, the alternating structure is preferred by 5.4 kJ/mol, which is 
close to the stabilization energy of polyene obtained in a somewhat 
smaller basis (6.7 kJ/mol, Karpfen and Petkov, 1979a,b). The total energy 
as a function of alternation changes as in Eq. (34c); UHF ab initio total 
energies on the equidistant and alternating structure indicated (Kertesz 
et a/., 1980c) possible importance of correlation effects. 

3. Curbon Atomic Chain (Polyyne) 
Last in this section we discuss data available on the electronic struc- 

ture of yet another hypothetical “polymer” with delocalized electrons, 
the carbon atomic chain (Q, . There are indications that this third form of 
carbon can be synthetized (see Kasatochkin et ul., 1975, and references 
therein) or formed at temperatures above 2600 K under pressure from 
graphite (Whittaker, 1978) in different forms called carbynes. The struc- 
ture of these chains has not been elucidated yet, although there are indica- 
tions for the triple bonds in them (Whittaker, 1978). Longuet-Higgins and 
Burkitt (1952) using Huckel theory and Hoffmann (1966) using EHT 
predicted on theoretical grounds that the infinite carbon chain should 
have alternating short (triple) and long (single) bonds, like * . -C=C- 
c-c-. . . and not an equidistant * . . =C=C=C=C= * arrange- 
ment. The analogy with the case of (CH), has been emphasized by 
Shustorovich and Popov (see Shustorovich, 1967, for a review of these 
PPP-type calculations). This analogy is a consequence of the fact that 
due to the rotational symmetry along the chain (z axis) the 2p, and 2p, 
orbitals are equivalent. Therefore the two 7~ systems (perpendicular to 
the x-z and y -2 planes) become degenerate and the Peierls theorem is 
applicable, although the number of electrons is even in the elementary 
cell of the equidistant model. 

Recent ub initio minimal basis set calculations (Kertesz et a/., 1978a) 
indicated that the equidistant chain is unstable with respect to an alterna- 
tion distortion of the bond lengths. Similarly, as in (CH), this is a conse- 
quence of the occurrence of a CDW instability of the metallic HF solution, 
which is then driving the lattice to distort. A more complete geometry 
optimization with three larger basis sets (Karpfen, 1979c) also predicted 
an alternating geometry. This, as well as calculated force constant and 
phonon dispersion curves, waits for experimental confirmation. The role 
of polarization (d) functions is found to be small in contrast to studies on 
more polar chains (Karpfen, 1978). It is interesting to note that the ioniza- 
tion potential of (C& was predicted to be smaller than that of (CH), by 
the PPP method, which is the prediction of ab initio calculations, as well 
(Kertesz et d., 1978a). 

Ab initio unrestricted HF calculations have been performed on equi- 
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distant and slightly alternating (C2)z chains (Kertesz er al., 1979b). The 
HF metallic wave function is unstable with respect to UHF, but this in- 
stability disappears when moving toward the strongly alternating model. 

The most stable geometry has also been found at an alternating 
geometry. It is interesting to note that RHF theory predicts that for long 
(C,), chains, there is a barrier to rotation of the terminal CH2 group with 
respect to the CH2 group at the other end of the chain (Shustorovich, 
1967), even if the chain is infinitely long. Ukrainskii (1972) has shown that 
within the UHF scheme, this nonphysical effect is entirely due to the 
neglect of correlation of the two electrons in the biradical state of the 
twisted long chain. 

C. Polydiacetylenes 
The discovery (Wegner, 1969) that certain diacetylenes polymerize 

topochemically in the solid-state phase to yield conjugated chains of 
polydiacetylenes (PDA) provided us with an exceptional class of mate- 
rials. These polymers, in contrast to the usual polymers, may be synthe- 
tized as nearly defect-free single crystals enabling studies of bulk elec- 
tronic structure. The theory of these reactions has been reviewed by 
Baughman and Chance (1980). These crystals, which have been synthe- 
tized with a variety of side groups, exhibit many interesting physical 
properties (for a summary see Bloor, 1980) such as high optical anisot- 
ropy, large third-order susceptibilities, and resonantly enhanced Raman 
spectra, although highly conducting doped material has not been pro- 
duced yet (S. Pekker, personal communication). Here we shall focus on 
properties which can be dealt with by quantum chemical calculations, i.e., 
conformations and the energy gap. 

Most theoretical calculations rely on a one-chain approximation, and 
furthermore, side chains are usually neglected, or at most replaced by 
small groups1 as -F, -OH, -CH2NH2, etc. 

The basic structural problem in PDAs is related to the possibility of 
drawing the two alternative mesomeric structures illustrated on Fig. 9 
which can be called the PDA and the polybutatriene (PBT) structures, 

The effect of large side groups on the electronic structure in some PDAs may be 
significant; e.g., it has been found experimentally (Sebastian and Weiser, 1981 ; Sebastian, 
private communication) that the reduced effective mass of the charge carriers may differ by a 
factor of at least 2 when going from a PDA with the side group p- toluene sulfonate (TS) to 
another one with a carbazolyl side group (DCH). Our preliminary extended Hiickel calcula- 
tions (Kertesz and Vonderviszt, 1982), including all -valence electrons of these bulky side 
groups, indicate that such drastic changes in the energy band structure are related to the 
change of the delocalized character of the valence band which becomes a strongly localized 
orbital in the case of TS. 
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Fig. 9. Two forms of polydiacetylene backbone: (a) the polydiacetylene form (PDA) and 
(b) the polybutatriene (PBT) forms. Dots are localized a-electron bonds in the plane of the 
backbone and perpendicular to the delocalized a electrons. 

respectively. It is noteworthy, however, that since both structures exhibit 
an energy gap, the structural preference cannot be told as simply as for PA 
by the ,Peierls argument. Actual structures represent intermediates of the 
two ideal structures, which are known because accurate X-ray diffraction 
measurements are possible. Most of the materials have chains closer to 
the PDA structure, but the actual bond distances vary from system to 
system depending on side groups (Enkelmann, 1977). These bond dis- 
tances remain unchanged upon the phase transition of one of the polymers 
(Enkelmann, 1977). 

Several semiempirical and cib iriitio studies have been reported on the 
electronic structure of the PDAs. Most of the semiempirical work has 
focused on the energy gap (onset of photoconduction, -3 eV; Reimer and 
Bassler, 1975; Chance and Baughmann, 1976), which is found experimen- 
tally to be larger than the optical gap (-2 eV; Bloor et al., 1974; Bloor, 
1976). The latter has been therefore assigned to exciton excitations (Phil- 
pott, 1977; Yarkony, 1978), similar to (CH),. Table XI1 contains a collec- 
tion of the gaps found by using a large variety of methods on models with 
fixed geometry, usually that found experimentally by Kobelt and Paulus 
(1974) for the PDA-like model. Close agreement of Hiickel (Wilson, 1975) 
and extended Hiickel (Parry, 1976; Whangbo et ( I / . ,  1979) result is natural. 
Ab initio gaps are too large, as usual. It is remarkable that the gaps as well 
as the effective masses are not sensitive to the change of the side group 
from hydrogen atom to fluorine to within 10% or less (Kertesz et al., 
1978b). 

It is interesting to comment on the shift of the gap as we go from the 
PDA structure to that of PBT. Unanimously, all band-structure models 
predict a shift to a smaller gap (i.e., a red shift). This may be understood 
by the simple argument that the 7~ electrons see in the PBT case a more 
equidistant structure and thus they scatter to a smaller extent. In the 
language of orbitals (Karpfen,. 1980a), for the PDA structure that orbital 
is favorable which has a bonding combination for the shorter (double and 
triple) bonds and an antibonding combination for the two single bonds 
(A, in Fig. 10). For the PBT structure the B, level is more stable. This 
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TABLE XI1 

CALCULATED ELECTRONIC PROPERTIES OF POLYDIACETYLENE MODELS 

Effective Effective 
Side E," mass of mass of EPoA - EpeTb 

Method groups (eV) electron hole (kJ/mol) Reference 

Hiickel No 1.36 0.24 0.24 

Extended -H, 1.2 0.2c 0.3c 
Hiickel - C k C H  

SCF -H, -F, 0.45 0.2' 0.4c 
-OH, 
-NHZ 
-CHtF, 
-CHzOH, 
-CHzNHZ 

-H (closed- 2.21 - - 

Ab initio -H _ -  - 
x, 

ring model) 

STO-3G -H,-F 11.0 0.17 0.19 

-H 5.7c - - 

- 

- 46 

- 

- 

-83 (STO-3G) 
-5Od (7s3p-3s) 

- 192 

- 86 

Wilson 
(1975) 

(1976), 
Whangbo 
et al. 
(1979) 

( 1977) 

pany 

Parry 

Bodreaux 
( 1976) 

Karpfen 
(1980b) 

Kertesz 
et a / .  
(1978b) 

(1980b) 
Suhai 

For -H side group; for the most stable structure, PDA. For the ideal structures; 
Extrapo- the difference for the real structure is smaller. 

lated (t8%). 
Estimated from a figure. 

leads to a crossover in the occupied orbital scheme of the two extreme 
conformations as indicated by the geometry optimization of Karpfen 
(1980a) at ab initio level. This has also been found at the EHT level 
(Whangbo et al., 1979). In that non-SCF case due to this crossover, even 
a zero gap occurs for a specific intermediate configuration. 

A different picture can also be used (Kerteszet al., 1981) to rationalize 
the above relationship between gap and stability in PDAs. Suppose that 
the system is frozen in and the rr electrons are removed. The latter form a 
1D electron gas having a BOAW-type ground state at I-IF level, as dis- 
cussed for (CH),. Now if we bring these two systems together (frozen 
core plus CDW of rr electrons), two entirely different situations arise for 
PDA and PBT. For PDA the BOAW may be in phase with all bond lengths 
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Fig. 10. Orbital pattern of the (a) A, and (b) B, orbitals at k = 0 for polydiacetylenes near 
the Fermi level. 

(single-triple-single-double-, . . .), so its relaxation will be minor. For 
PBT such an all-in-phase relation is not possible, so it will tend to diminish 
the amplitude of the BOAW, leading to a decrease of the gap; however, 
this costs energy. In agreement with this reasoning, all one-electron 
theories predict the same order of stability. 

Experimentally, there is a controversy on the change of the gap which 
has been observed to be a PDA to PBT blue shift in connection with a 
thermochromic phase transition (Chance et al., 1977; Iqbal et al. ,  1977; 
Eckhardt et al., 1979) in contrast to the general one-particle results. A 
small difference between the absorption energies of the two structures has 
been observed on systems with different side chains. Reimer et al. (1976) 
found the optical gap at 2.0 eV for a system closer to the PDA structure, 
while Chance and Sowa (1977) observed the absorption peak at 2.3 eV for 
another system with a main chain closer to the PBT structure. As noted 
above, no one-electron picture for the planar main chain, even involving 
excitons or twisting of the side groups (Whangbo et al., 1979) has been 
able to predict the correct sign of the shift. However, the following alter- 
native explanations have been suggested. Whangbo et al. (1979) have 
Shown that the effective conjugation may be reduced by out-of-plane 
twisting of the backbone. Alternate planes of C4HzRz units have been 
rotated by ?6 around the chain axis. The result is a slight destabilization 
and a tremendous increase of the energy gap. This finding may explain the 
thermochromism of some PDAs, for which Pate1 et al. (1979) also pro- 
posed a similar mechanism. An alternative mechanism is also based on the 
one-electron picture and involves the finiteness of the chains (Balasub- 
ramanian and Yarkony, 1980). As noted by Whangboet a/. (1979) collec- 
tive effects may also play the role; e.g., the shifted CDWs suggested by 
Kertesz et al. (1981) may be involved. More experimental and theoretical 
work is needed to clarify this phenomenon. According to the calculations, 
the PDA structure is more stable as discussed above (Table XII). Experi- 
mentally, Iqbal et 01. (1977) found a phase transition in one of the 
polydiacetylenes. According to their results, the low-temperature form is 
closer to the PDA form, while the high-temperature form is closer to the 
PBT form. The absolute energy difference is not known experimentally. 
Most structures are closer to the PDA model, which also fits into the 
entire picture. In structures with H bonds or strain induced by cyclic 
ligands, the PBT backbone may be stabilized. This confirms the order of 
magnitude for the energy difference between PBT and PDA backbones 
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found theoretically. In closing the section on PDAs we mention the overall 
agreement between the DOS of the ab initio calculation (Kertesz et a/.,  
1978b) and the X-ray photoelectron spectrum (Knecht et al., 1977), 
whereas the EHT band structure is less satisfactory. The typical 
bandwidth of the a6 inirio calculation (3-4 eV) is also in agreement with 
the estimated XPS half-width of 4 eV (Knecht et al., 1977). 

D. Other Conjugated Chains 
Besides the polyacetylene already discussed, a number of highly con- 

ducting organic conjugated polymers have been produced. The. con- 
ductivity of intrinsically insulating polymers can be changed by doping 
with acceptors and donors to yield an increase of the conductivity by 
more than ten orders of magnitude. Examples of such systems are 
poly(p- phenylene) [PPPh(I, VIJ); Ivory et ul., 19791, poly@-phenylene 
sulfide) [PPPS(VIII); Rabolt et al., 1980; Chance et al., 1980a1, polypyrrole 
[PPy(II); Kanazawa et nl., 19791. Some other composite polymers with 

Y=O,S 

(W (Vlll) 

less or no conjugated bond structures are poly(rn-phenylehe) (Chance et 
at., 1980a,b) and poly(N-vinylcarbazole) (Meier, 1974). In this section we 
shall briefly summarize the available calculational results on some se- 
lected idealized models, as the structure of these materials even in their 
pristine state is poorly characterized. 

1. A Bridged Polyacetylene: Poly( I ,6-Heptadyne) 
Gibson et al. (1980) reported results on an analog of PA with a bridg- 

\ / 
(CH2 13 

ing group. Conductivities rise from up to 10-l R-I cm-l upon dop- 
ing. Although the chemical structure of the 7r system is very close to 
that of PA, the calculated DOS is quite different (Duke and Paton, 1981) as 
several new peaks appear, which may be due to the lower symmetry of 
the polymer (Bredas et al., 1982). The small calculated red shift for the 
7r + 7r* gap with respect to PA awaits experimental verification. There is 
a predicted ionization potential shift with respect to PA of -0.3 eV in the 
calLulation of Bredas et al. (1982), while this shift is too small in the 
calculation of Duke and Paton (1981) to be significant if compared with 
their 0.7 eV broadening of the lines. The calculations predict also an 
increased instability with respect to PA, in agreement with experience 
(Gibson et al., 1980). 
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2. Poly (p-Phenylene) and Related Polymers 
Extended-Huckel-based comparison of the benzonoid(1) geometry 

versus that of quinonoid(VI1) (Whangbo et a/., 1979) showed that the 
former is more stable and exhibits a much larger gap than the latter. 
Consequently, the bond between the phenyles becomes weaker, in accor- 
dance with experiment (Bandour et d., 1978) on five-membered 
polyphenylenes. The experimental gap of 3.4 eV (Shacklette er al., 1980) 
could be well reproduced by the effective Hamiltonian method of Bredas 
er al. (to be published) only with the coplanar configuration. Although 
there is an appreciable delocalization along the bonds between the 
phenylene rings, some of the states become almost completely localized 
within the rings (Duke and Paton, 1981). However, the highest lying crys- 
tal orbitals turn out to be completely delocalized even for polyk- 
phenylene oxide)(VIII) and poly(p-phenylene sulfide), as calculated by 
the fragment CNDO/S3 method of Duke and Paton (1981) in agreement 
with high conductivities found for these polymers. 

Definitely less delocalization is to be expected for polybenzyl, where 
the - C H r  groups in the chain disrupt delocalization, and the corre- 
sponding calculated bandwidths are as small as 0.6 eV. The observed 
conductivities of doped polybenzyls are small (Bredas er al., to be pub- 
lished). We think therefore that the electronic structure of these polymers 
becomes more similar to those of the pendant-group polymers (Duke, 
1981). 

3. Polyacene 
The crossing of the symmetric and antisymmetric 7r bands in 

polyacene(IX, X, XI) has been postulated by Boon (1971) and found in 

actual EHT calculations by Whangbo et al. (1979), introducing distortions 
that hurt the mirror symmetry parallel to the chain axis of polyacene(IX), 
(e.g. , as is illustrated in polyacene(X1). Perturbation arguments about the 
intrinsic instability of the polyacene chain (IX) preserving this symmetry 
cannot be proved (Salem and Longuet-Higgins, 1960). However, asym- 
metric distortions are always advantageous energetically (Boon, 197 1). In 
the EHT calculations structures, (X) and (XI) have been found to be more 
stable (Whangbo et a/ . ,  1979) and the corresponding gaps are very small 
(Whangbo et ai., 1979; Bredas et al., 1982), in agreement with extrapola- 
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tions from finite polyacenes (Berlin and Promyslow, 1970). As is well 
known, the 2D graphite layer has = 0 (Coulson, 1947; Wallace, 
1947a,b); thus polyacenes are natural intermediates between PA and 
graphite. There is a very large body of experimental and theoretical work 
on compounds of graphite with donors and acceptors (e.g., Fisher, 1978), 
and the analogy with doped conjugated polymers is apparent (Baughman 
et al., 1978). 

IV. Concluding Remarks 
Recent experiments on highly conducting polymers of polyacetylene 

indicated the possibility of their practical uses as solar energy converters 
(Shirakawa et al., 1981) and as electrodes in lightweight rechargable stor- 
age batteries (MacInnes et al., 1981; polymers as electronic materials have 
been reviewed by Mort, 1980). There is no doubt that in the near future 
similar applicability of other members of the large class of conjugated 
polymers will be investigated. Nevertheless, there are many gaps in our 
understanding of the basic phenomena in these materials, due to a large 
extent to their low degree of crystallinity. Quantum chemistry contributed 
to the microscopic understanding of the basic structural and electronic 
properties via the study of periodic, mostly one-chain models, although it 
is obvious that structural and chemical disorder as well as interchain 
coupling affect the physical properties of this interesting class of mate- 
rials. 

The theoretical study of periodic models in the Hartree-Fock approx- 
imation is well founded both within the ab initio and semiempirical 
schemes. Theab inirio method has been used with great success to predict 
absolute configurations of polymers, which is particularly important, as in 
many cases no direct information on structure is available. Most notable is 
the prediction of the higher stability of the alternating all-trans 
polyacetylene with respect to the equidistant model. 

At present most serious difficulties of the ab initio theory lie in the 
following: (1) large basis set calculations are numerically hard to do be- 
cause almost linear dependence (Lowdin, 1970; Karpfen, 1978) is reached 
faster than in molecules due to the overlapping neighbors. Therefore, 
more neighbors are needed in the explicitly treated lattice sums, the 
‘‘long-range’’ region is pushed away. This leads to a need for farther- 
neighbor density-matrix elements, and thus to a need for including more k 
points in the integrations over k.  Thus computer time rises more sharply 
with basis sets than usual in MO theory, and HF ‘‘limit’’ calculations are 
available for a few cases only (Karpfen, 1979a). (2) Correlation is very 
important in many cases although numerical correlation calculations are 
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rare. While UHF can be applied routinely, it has only limited applicabil- 
ity. The HF gaps especially are too large, and its systematic correlation 
correction should be taken into account. 

Semiempirical techniques are easy to apply and are free from the 
technical difficulties characteristic of the ab initio methods. They have 
proved to be extremely useful to correlate observables with calculated 
values especially for systems with larger elementary cells. The effects of 
disorder can yet only be treated within semiempirical frameworks (e.g., 
Kertesz and Gondbr, 1981). 

Quantum chemical electronic structure calculations on polymers have 
contributed significantly to the microscopic understanding of the structure 
and electric properties of this class of materials. Hopefully, calculations of 
this type may aid in the design of further new well-conducting polymers. 
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I. Introduction 

A. The Nature of the Unitary Transformations on MOs 
Throughout the last 20 years there has been evidence in the literature 

of a trend to obtain molecular orbital (MO) wave functions in parallel 
to the classical iterative self-consistent field (SCF) process. The tech- 
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nique that interests us, and the one that we shall study in this paper, is 
encompassed by the generic term MO unitary transformations. The main 
idea common to all such methods is based on the optimal construction of a 
unitary matrix U = {uu} acting on an initial MO set {Ik, 0)}, producing a 
transformed set {li, u )} through the linear relationship 

Ii, u )  = 2 u&, 0), V i (1) 
k 

The condition of unitarity of matrix U must hold the same as 

If the usual linear combination of atomic orbitals (LCAO) approach is 
taken into account, the initial MO set { (k ,  0)) may be expressed as a linear 
combination of some atomic orbital (AO) basis set { x P } ,  thus 

In this manner the transformed MOs {li, u ) }  can be written 

That is, if {c?} are the unitary transformed MO coefficients, and if 
they are ordered in a column vector, we have the vector form isomorphic 
to Eq. (1): 

cp’ = TuaCkO’ 
or, similarly, by constructing the matrices whose columns are composed 
of the previous vectors, one can write 

(6) C‘U) = C‘O’U 

where the matrix C‘O) must contain the complete initial coefficient set, 
including virtual unoccupied MO vector coefficients. Moreover, if the 
coefficient matrices in Eq. (6) are partitioned according to the MO elec- 
tronic shell arrangement as in 

(7) c = (csi ,c,,, * . 6 9 cBj,r) 
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where { C,} (I = 1, N )  are rectangular matrices containing as columns all 
MO vector coefficients belonging to the same shell sl , then if an adequate 
partition is performed on the unitary matrix U, the diagonal submatrices of 
the unitary transformation can be taken as unit matrices due to the in- 
variant nature of the electronic energy when intrashell mixing of MOs is 
carried out (Roothaan, 1951; Huzinaga, 1969). 

B. Historical Review 
The family of techniques based on the previous ideas has evolved in 

the years since it first appeared. To understand such its evolution, we 
consider three different periods. 

1. Initial Developments 
As far as we know the first papers of this period can be attributed to 

Rossi (1965, 1966). Another complete work by Das (1967) was followed by 
one by Das and Wahl (1967), in which they initially described such a 
unitary transformation. Other papers followed: Levy and Berthier (1968) 
and Levy (1969, 1970), who employed Brillouin’s theorem based on an 
old idea that (Lefebre and Moser, 1956; Lefebre, 1957, 1959) along unitary 
transformations achieve MO coefficient optimization. 

2. Transitional Phase 
A period of fruitful development, probably coincident with the emer- 

gence of new computing machines, began in the 1970s with the papers of 
Grein and Chang (1971) and Chang and Grein (1972), soon followed by 
other studies by Das (1973), Gianinetti (1973), Hinze (1973), Levy (1973), 
Kuprievich and Shramko (1979, YaEe and Goddard (1976), Banerjee and 
Grein (1976), Kendrick and Hillier (1976), and Kuprievich and Klimenko 
(1976). The original ideas were analyzed with great care, and many new 
procedural possibilities and refinements were established in this period. 

3. Present Period 
Coincident with the birth of new, fast, and powerful computers, the 

more or less sophisticated glamor of the second period was reexamined in 
a paper by Dalgaard and Jorgensen (1978), which probably can be consid- 
ered the starting point of the third, present period. This paper was fol- 
lowed by many others: Hinze and Yurtsever (1979), Yeager and Jorgensen 
(1979), Roothaan et al. (19791, Douady et al. (1980), Lengsfield (1980), 
Jorgensen et al. (1980), Polezzo and Fantucci (1980), Kosugi and Kuroda 
(1980), Werner and Meyer (1980), Polezzo (1980), Yeageret al. (1981), and 
finally, a recent and careful work by Siegbahnet al. (1981), wherein a very 
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good review of the methodology is given and an elegant theoretical dis- 
cussion developed. 

Unitary transformation techniques and related problems seemed to be 
very fashionable at the end of the 1970s and at the beginning of the 1980s. 
While the present work was being written, some papers on the subject 
appeared, for example: Siegbahner ul. (1981), Das (1981), and Werner and 
Meyer (1 98 1). 

C. Other Considerations and Objectives 
The main feature apparent through the literature reviewed above is 

that with few exceptions, every piece of research based on unitary trans- 
formations was directed toward multiconfigurational (MC) SCF problems. 
Certainly, MC problems are the most conspicuous, but although classical 
SCF procedures seem to be operative (see, for example, Carbo and Riera, 
1978; Carbo et ul., 1975, 1977, 1980; Carbo and Gropen, 1980; Carbo and 
Hernandez, 1977), there are some problems inherent in the SCF computa- 
tional structure not yet well understood. One of the main causes of this 
can be found in the structure of the classical SCF iterative process, which 
in some cases behaves unpredictably and escapes control, as many SCF 
users well know. 

This situation has engendered some interesting attempts to under- 
stand, control, and accelerate SCF processes: 

(1) SCF intrinsic instability has been studied by Paldus and tiEek 
(1967, 1970a,b,c, 1971; Paldus and Veillard (1977, 1978), Chambaud et al. 
(1978), Yoshioka et a / .  (1978), Mestechkin (1978, 1979), Dahl (1974), 
Huzinaga and Hart-Davis (1973), Toyota and Nakajima (1979), and Sim- 
kin et ul. (1980), where a recent review of this topic can be found. 

( 2 )  SCF convergence problems have been studied, among others, by 
Saunders and Hillier (1973), Pongor (1974), Carbo et al. (1977), Firsht 
(1977), Rowe and Rosensteel (1976), Dementiev et al. (1974), Wood and 
Veillard (1973), Grabenstteter and Grein (1976), Guest and Saunders 
(1974), Firsht and Pickup (1977), Merhotra (1977), Roeggen (1973), 
Neilsen (1973), Bhattacharyya (1978), Barr and Basch (1979, Chong 
(1980), Pulay (1980), and more recently by Camp and King (1981). 

These studies can be divided along two well-defined lines: the first 
sequence tries to develop an understanding of the energy surface, the 
second tries to obtain practical mathematical tools in order to achieve 
smooth, fast, or both, convergence. This kind of work usually appears to 
be quite general in the sense that it entails a classical SCF step. 

From the theoretical and practical point of view it would be very 
interesting to develop some algorithm that would allow SCF users better 
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insight and some means to control the behavior of the iterative process. 
However, if this can be achieved at each SCF step by finer divisions into 
elementary procedures, it seems that any SCF case might be fully mas- 
tered by the user. 

In order to take a step toward the goal of SCF control, our aim in the 
present work is to study and test Jacobi-like unitary transformation tech- 
niques and to apply them to a simple energy expression. We shall analyze 
generally the structure of the energy variation under such a transfor- 
mation. 

Such analysis will not only provide a tool to work within a SCF 
framework, but will permit observation of the SCF variational energy 
surfaces. A general analysis of these surfaces can be made using the 
recently described catastrophe theory (Poston and Stewart, 1978) which 
leads us toward an understanding of SCF convergence behavior and 
energy surface topology relationships. At the same time, if one looks at 
the immediate practical side, new procedures to obtain energy minima 
and optimal MOs can be described: new algorithms based on energy varia- 
tion upon unitary transformations. The advantages of such algorithms are 
the simple, albeit general, structure they bear. So, to a system to study 
SCF behavior one can attach a promising computational future. This new 
set of computational techniques shows another interesting characteristic: 
although they are iterative, they do not need any classical SCF concept 
whatsoever. In this sense, a whole new methodological structure can be 
built up completely independent of SCF. 

In this article we present comprehensive viewpoints of the unitary 
Jacobi transformations applied to an energy formula containing simple 
MO integrals. This method was chosen in the beginning to eliminate com- 
plex situations as far as possible, thus leaving for the next step the exten- 
sion of the methodology to, say, multiconfigurational problems. Paradoxi- 
cally, this imposed limitation has with time given rise to a handful of 
exciting and complex patterns. We present here an in-depth analysis of 
these patterns. 

This being understood, and the bibliographical introduction taken into 
account, we shall study the incidence of Jacobi transformations on the 
chosen energy formula following an introduction to classical SCF calcula- 
tions, Other interesting results upon Jacobi rotations of MOs are also 
studied: Fock operators, density matrix, and molecular integrals. Some 
practical numerical techniques are also discussed in order to implement 
the possible algorithm which will achieve energy minimization. After this, 
simple computational examples and comparisons are studied. The next 
step in our work will be the study of the behavior of the energy variation 
structure after Jacobi rotations, from the point of view of catastrophe 
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theory; very interesting situations arise when analyzing the shape of the 
surfaces encountered in energy variation, and these lead to a deeper com- 
prehension of the SCF behavior. 

II. Elementary Jacobi-Like Unitary Transformations 
Following a short introduction to the classical SCF open-shell frame- 

work, we shall present in this section the structure and philosophy of 
elementary MO transformations. We show how this technique can be used 
in the electronic energy expression in order to obtain algorithms to 
achieve smooth minimization. 

A. Electronic Energy and Classical SCF Equations 

energy expression which can be written as 
Many mono- and multiconfigurational cases are described by an 

P P O  

where {up}, {a,}, and (PPQ} are state parameters and {hm}, {Jm}, and 
{Kpe} are the well known monoelectronic, Coulomb, and exchange 
integrals. Variation of Eq. (8), subject to orthonormality constraints on 
the MO set, furnishes the Euler equations 

where {F,} are the Fock operators defined by 

and h, {J,}, and {KO} are the monoelectronic Hamiltonian, Coulomb, and 
exchange operators, respectively. The set of scalars {ew} are the La- 
grange multipliers used to restrict the MO set {Ip)} so that it remains 
orthonormalized. Equation (10) is a Hermitian condition imposed upon the 
Lagrange multipliers matrix, and it can be easily shown to fulfill, at con- 
vergence, the equation 

(P1F.a - F,lq) = 0, v Ptc) (12) 

which is obtained by taking Eq. (10) and applying the Hermitian property 
of Fock operators. 

The most usual SCF procedures described to solve Eqs. (9) and (10) 
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consist primarily in constructing a new operator W called the coupling 
operator, which reduces the Euler equations to a unique pseudosecular 
equation of the type 

WIP) = blP) ,  v P (13) 

which is then solved iteratively, due to the dependence of the coupling 
operator on the set of its eigenvectors. For more details, practical compu- 
tations, and bibliography see Carbo et a/ .  (1978). 

B. Jacobi-Like Transformations 
The search for an optimal set of MOs which gives minimal the energy 

expression (8) can be performed with a sequence of very simple steps 
related to Jacobi-like transformations. Such a unitary transformation can 
be defined for each pair of MOs { (i, 0 ) , ( j ,  0 ) } belonging to different shells 
and to the same symmetry species. We shall call active MO pairs the 
orbital couples susceptible of being transformed in such a way. The 
Jacobi-like transformation is, in practice, a rotation employing two pa- 
rameters {s, c} bearing a sine and cosine structure; that is, they must 
fulfill s2 + c2 = 1. The rotation transforms the initial MO pair into a new 
one by means of the equations (see, for example, Hinze and Yurtsever, 
1 979), 

(14a) li, u )  = cli, 0 )  - s l j ,  0 )  

(14b) Ij, u ) = s( i ,  0 )  + clj, 0)  

The value of s and c is chosen so as to make minimal the electronic 
energy. A unitary transformatior, like Eq. (14) will preserve the orthonor- 
mality relationships between the whole MO set. This feature implies that 
there is no need to use Lagrange multipliers at all in the framework of 
unitary transformations. 

The number of active MO pairs in a sequence of Jacobi transforma- 
tions, asweep in the language of Jacobi diagonalization processes (Wilkin- 
son, 1965) can be computed in the following way: let us suppose that the 
total number of MOs nu of a given symmetry species u is decomposed as a 
sum over the number of orbitals, n &  with the same symmetry structure 
belonging to each electronic shell, s, . If the total number of shells, includ- 
ing the unoccupied orbital set, is N then 

N 

nu = 
I =I 

Thus the total number of active orbital pairs belonging to the symmetry 
species nx chosen as mentioned earlier can be calculated by means of 
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Equation (16) is valid for a symmetry species when the total number 
of rotations n, are computed as a sum 

n u  = n x  

over all symmetry species bearing occupied MOs in a given problem. 
The next step in order to use Jacobi rotations to obtain an optimal MO 

set is to find the electronic energy variation on a transformation of the type 
shown in Eq. (14). 

C. Electronic Energy Variation 
Electronic energy variation can be found by substituting the trans- 

formed orbitals in an energy expression like the one shown in Eq. (8) for 
the combination of the old orbital pair as given in Eq. (14). For purposes 
of simplicity we shall describe the variation of the monoelectronic and 
bielectronic energy terms separately. 

1. Monoelectronic Energy 

now write 
Starting from the monoelectronic energy term of Eq. (8), which we 

and carrying out a Jacobi transformation on a pair of active orbitals as in 
Eq. (14), one can obtain 

8%) = 2 w J r g  + w * h p  + W j h y  (19) 
P # i , l  

where 

The sum in Eq. (19) can be arranged in a way that contains all the indexes, 
so that one can write 

( 2 2 )  

Then, calling A 8  = Se)  - 8::) the monoelectronic increment due to the 
Jacobi transformation and taking into account that the integrals over the 

S&' = 84' - (wfhjp' + O]hjy )  + (wthj,") + w,h$') 
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transformed orbitals (21) can be expressed by means of the integrals over 
the initial orbitals (20), we can use 

/ I# ’  czh$“ - 2cshjt’ + sZhJJ’ (234 
hjy’ = sZhj7’ + 2csh$3’ + c z h y  (23b) 

Substituting Eqs. (23a) and (23b) in Eq. (22) ,  after reordering terms, one 
can finally obtain 

A811 = ( w f  - ~ j ) ( ~ ~ ( h j j  - hi( )  - 2cshU) (24) 
Note that in Eq. (24) superscripts have been omitted because all the inte- 
grals are computed with the set of initial orbitals. 

2. Bielectronic Energy 
The two-electron term of the energy equation needs a little more effort, 

although the structure of the treatment follows pathways similar to the 
monoelectronic part discussed before. Let us now call sRB the bielectronic 
part of the energy as found in Eq. (8) so that 

where the superscripts indicate initial orbital integrals. In order to be 
transformed, Eq. (25) can be written in three well-separated parts as 
follows: 

sg’ = 2 (apQJ;y) - ppQK;y) )  
P#Lj ,#f,j 

+ 2 [(ap,J601.U’ - pp,K60yU’) + (ap$?’ - PpjK3“.”’)I 
P # f , J  

+ {(a,,Jlr.”’ - P,,K#*”’) + (aj jJ jy’  - pjjKp”’)  + 2(a&*”’ 

- P, ,K IW)  (26) 

Equation (26) can be rearranged as has been done before in the mono- 
electronic part. So, calling = 88’ - %‘fp’ one can write, after some 
tedious but straightforward algebra, dropping the superscripts on the 
integrals, being all the orbitals in the expression that follows initial 
orbitals: 

A%, = 2 2 { ( a p t  - .pj)[s’(Jpj - J p i )  - ~ s c ( P P \ ~ ) I  
P#iJ 

+ ( P p i  - Ppj)[sz(Kpj - KpJ - 2 s d ~ i l ~ j ) J )  
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+ (art - PrJ{s4(Jjj - JiJ + 2se8(Ju - Jir + 2Kt.J 

- 4cs[cz(ii(ij) + s2(ijlJ)]} 

+ (ajj - Pjj){s4(Jif - Jjj) + ~ s ' c ' ( J ~  - Jjj + 2Ku) 

+ 4CS[CZ(ijlji) + S y i i l i j ) ] }  (27) 

Although it looks cumbersome, Eq. (27) when simplified and added to the 
monoelectronic part furnishes the very simple form which we shall dis- 
cuss next. 

3 .  Total Energy Increment 
Equations (24) and (27) can be summed up to obtain the total energy 

increment A%'. One can also use Fock operators as defined in Eq. (1 1) in 
order to write a more compact expression, but this substitution is not at all 
necessary when using the energy variation in a Jacobi rotation context to 
obtain optimal MOs. 

The final increment of the energy form appears to be a function of the 
rotation parameters and of the special kinds of molecular integrals de- 
pending on two or four indices, attached to the active molecular orbital 
pair. We can write 
A%' = s4i(Aij - Bfj)(Jtt + J j j  - 2(Jtj + 2Ktj))I 

+ 4s3c[(AU - B,){(ii(i) - (iiljj)}] 
+ 2s2[ (i\F, - F$) - ( jlFj - Ffl j ) + 2A&j - B d J ,  + K,)] 

+ 4sc[(ilFj - f'dj>l (28) 

where 

The energy increment in Eq. (28) can be expressed in a much simpler way 
as a polynomial such as: 

A% = s4E4 + s~cES + s'E~ + ScEl (30) 

with obvious definitions for the coefficients {&} (k  = 1 ,  4). As 
c = (1 - s2)112, A% can be considered a function of the rotation sine and 
the active MO pair. Each coefficient Ek, in turn also depends on these two 
orbitals. 

The fact must be noted that the coefficient El is equivalent to the 
Hermitian condition on Lagrange multipliers, as shown in Eq. (12). Thus, 
as the MO active pair becomes optimal one will expect that El + 0. One 
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can name this condition a Brillouin’s, after the well-known theorem (Bril- 
louin, 1934) which gives an equivalent situation when fulfilled. 

Computation of the coefficients { E k }  is very simple once MO integrals 
are known. In order to obtain the optimal rotation of the active pair, one 
must find a convenient way to compute the optimal sine from Eq. (30); 
this subject is discussed in the next section. 

The four energy variation coefficients may be written more easily as 
follows: 

Ed = (41 - Btj)((i(J,  - ( J j  + 2Kj)li) + ( j lJl  - ( J f  + 2Ki)l.j)) (31) 

(32) 

(33) 

(34) 

Thus, one can see that the even terms correspond to diagonal representa- 
tions of some operators, but odd coefficients are related to off-diagonal 
terms. 

To look at a very simple situation, let us suppose that we are dealing 
with a closed-shell situation. Then, only two shells will be taken into 
account; that is, the closed-shell orbitals, doubly occupied % and the 
unoccupied virtual orbitals V .  As is well known we have the state param- 
eters defined as: 

Es = 4(& - Bfj 1 (i1.h - Jh’ ) 

E2 = 2( (iI(Fj - Ff)  + (41 - Bfj)Kj - MfjJjli)  

+ (jl(Fi - Fj) + (Ail - +Bij)Ki - WijJiIj)) 

El = 4(ilF1 - F f ( j )  

(1) wf = 2, au = 2 ,  pu = 1 ,  V i , j E  % 

(2) wf = arj = pu = 0, in any other case. 

Using these values and taking the active pairs {i ,  j }  as all the MO couples 
which fulfill i E % A j  E ‘T and since any unitary transformation within 
the sets % or ‘T will leave the energy invariant, one will always obtain 
AU = 2 and B,] = 1 if i E % A j E 7 holds. Moreover, the values Afl = 
Bf, = 0 will be obtained in any other case. So, Eqs. (31)-(34) may be 
written in this situation as: 

Ea = Jcc + Jvv - 2(J, + 2K,), E2 = 2(Fvv - Fee) + 3Kcv - J ,  

E3 = ~{ (cc~cu)  - (cu~uu)} ,  El = -4Fcv 

where {c, u}  stands for any occupied virtual pair of MOs and {F,} is an 
element of the closed-shell Fock operator expressed over the MO basis. 

As already discussed, the first-order coefficient El represents the Bril- 
louin condition. In the monoconfigurational closed-shell virtual terms of 
the Fock operator as the optimal energy expression is reached and El  + 
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0, this means Feu 3 0 ; or, in other words, one can chose the sine of each 
active pair as the Jacobi sine nullifying the elements {Fcv}. This is a 
possibility already pointed out by Hinze and Yurtsever (1979). 

The general energy structure of the multiplet electronic spin distribu- 
tion recently discussed in a classical coupling operator SCF treatment 
(Carbo et al., 1980) may be used as another example. In this case, the 
open-shell 8, where all the single occupied orbitals are placed, must be 
added to the shells % and ‘V. Two Fock operators are needed: Fw and Fo 
belonging to the corresponding shells. Three cases must be considered, 
giving the following parameters: 

A‘GO = 1, AS? = 2, Aoy = 1/2 

BW6 = 1/2, By& = 1 ,  Bc~v = 1/2 
(1) 

(2) 
The coefficients for each pair of shells are as follows: 

(1) Closed-shell-open-shell interaction 

E?* = W U U  + J,,,,) - ( J g , ,  + 2KUJ 

ElF = ~ [ ( c c ~ c o )  - ( C O ~ O O ) ]  

E f G  = ~[(Fc, ,  + Fe,,,,,) - (Fu,,  + Fo,,,,)I + 3&, - Jwo 

E F  = 4(Fo1,, - F% ,,,) 

(2) Closed-shell-virtual space interuction. 

( 3 )  Open-shell-virtual space interaction 

It has the same form as in 
closed-shell case ( l ) ,  but uses its corresponding Fock operator FC . 

E73 = E6r 3 = 0 , EP’ = 2(Fo,, - Fr,,,,) + ~ K o ?  - Jor 

Ef’ = -4Frj,,, 

We have used here the same convention as in the closed-shell case, adding 
the o index when we want to refer to any MO belonging to the open- 
shell 0. Note the formal similarity between ETc - EWv 4 9  EwG 3 - ES’- , and 

Finally, it must be noted that a formula related to Eq. (30) was devel- 
oped by Chang and Grein (1972), within a paired excitation multiconfig- 
urational (PEMC) context. This should not be surprising because it is well 
known that the PEMC energy expression has the same form as Eq. (8) 
(see, for example, Carbo and Hernandez, 1977, and Carbo and Riera, 
1978). Thus, the present formalism can be easily extended to the PEMC 
cases without any modification. 

E 3  - EO? . 
2 

D. Computation of Optimal Sine 
The cornerstone of the present methodoloy is the evaluation of the 

optimal sine from Eq. (30). As the energy increment is a quartic polyno- 
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mial in the sine, but also contains first-order cosine terms, an iterative 
procedure shall necessarily be constructed for this purpose. Due to the 
variation range of the sine function, the optimal solution will lie in the 
closed interval (- 1, + 1). 

The algorithm adopted here can be described as follows: 
Algorithm AI .  Optimal sine computation 

(1) An intial value for the sine must be guessed. A possible method 
consists of supposing that as s --i, 0 then c + 1, so Eq. (30) may be ap- 
proximated as: 

(35) A %  = SE,  + S ~ E ,  + e(sg 

d AElds = El + 2sE2 

Then, the first derivative is computed, giving 

(36) 

s = -E,/2Ez (3 7) 

and for the extremum condition one obtains 

Computational experience indicates that the approximation (37) is a 
very accurate one, even at earlier stages of the optimization process. The 
coefficient Ez must be positive in order to fulfill the minimum condition, 
through the approximate Hessian: 

az A8/las2 = 2Ez > 0 (38) 

This condition is also reflected in Eq. (35) by substituting for the values of 
s those given in Eq. (37). This yields 

A 8  = -Ef/4Ez (39) 

Thus, only Ez > 0 can give A 8  < 0, which is the desired feature here. 
Computational experience also shows that Eq. (39) is very useful for 
obtaining an order of magnitude of the expected energy variation in a 
given active orbital pair. In Section VI,C, all these questions shall be 
discussed in depth. 

( 2 )  The exact gradient and Hessian are computed from Eq. (30): 

aA'iZ/ds = -c{(E3sZ + El)t2 - 2(2E4s2 + Ez)r - (3E3 + El) }  (40) 

d2 Ah8/ds2 = -2(E1 + 3E's2)t + 2(Ez + 6E4s2) 

- ( s / c ' ) ( E ~  + s'ES) + ~ E , s c  (4 1) 

where t = s/c is a tangent. 
With the values of the coefficients {Ek} and the pair {s, c}, using the 

extremum condition in Eq. (40),  one can obtain a new value of t .  If this 
value gives a positive Hessian, one can accept t as the current value. 
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(3) A new sine is computed by means of 
s = t(1 + t2)-”* 

(4) This value is used to update the sine in step 2 until convergence is 
reached. That is, when for some tolerance E :  Is(”) - dn+l)l 5 E.  More de- 
tails concerning the problems of minima localization in the energy varia- 
tion polynomial are given in Section V1,C. 

111. Variation of Other Interesting Quantities 
Besides the electronic energy variation, when a unitary rotation is 

applied to a pair of active orbitals it would be worthwhile to consider the 
variation of other SCF-related quantities. We shall study in this section 
the behavior of the density matrix, Fock operators, and molecular inte- 
grals. 

All these elements are related to the procedures we shall describe later 
on. In fact, transformation of molecular integrals is essential to obtain 
optimized algorithms in the present framework. Variation of Fock 
operators and the density matrix will give some insight into the structure 
and convergence properties of SCF procedures. 

A. Variation of the Density Matrix 

one can write the density matrix D of the system as: 
Usually, given the set of MOs { Ip ) }  with occupation numbers {up}, 

Variation of an active pair { i , j }  through an elementary transformation as in 
Eq. (14) needs the structure of the MOs li ) and Ij ) projector variation, 
which with some straightforward algebra can be written 

li) (il + Ii) (il + s Y I j )  (jl - li) (ill - sc{li) (jl + I j )  (ill (44) 

I j )  ( j l+  I j )  ( j )  + s2{li >(il - I j  ) ( A }  + d l i )  (jl + I j )  (ill (45) 

Substituting Eqs. (44) and (45) in Eq. (43), the density matrix variation 
upon a rotation of the MO pair {i, j), 4, has the form 

(46) 

where the following definitions for the matrices 4, and Bu have been used 
(47) 

Bij = Kli>(jl + Ij)(il} (48) 

Aij = (0, - wr){s*& + ~ s c & }  

Au = l i ) ( i (  - l j ) ( j l  
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Some interesting conclusions can be obtained from Eq. (46). Obviously, 
only orbital pairs with different occupation numbers can contribute to the 
density variation. This fact speeds up elementary rotation algorithms 
when the active orbital pairs whose density matrix variation is significant 
are taken. As can be deduced from the projector structure of the density 
matrix, the variation must follow a second-order dependence on rotation 
sine, as shown in the final structure (46). 

When convergence is approached, that is when s + 0 and c + 1, the 
asymptotic formula can be written as: 

A, 2 ( ~ j  - W&BU (49) 

B. Variation of Fock Operators 

can be expressed by means of the sum 
Taking the definition given by Eq. (1 l ) ,  the structure of Fock operators 

(50) 

where Mp is the rotationally invariant monoelectronic part of the operator 
and B, is the active part of the Fock operator variation which we define as: 

Fp = M, + B, 

Thus, the variation of Bp upon the rotation of a MO active pair will depend 
on the Coulomb operator { J f ,  Jj} and exchange operator {&, &} vanation. 
The structures of the increments are easily computed taking into account 
the well-known structure of these operators (Roothaan, 195 I ) .  

Using the unitary transformation (14), one obtains after some manipu- 
lations: 

Jf  --* 51 + Sz(Jj - JJ - ~ C S X U ,  

J j  + J j  + s2(Ji - J j )  + 2csXu9 

Ki + K f  + s2(Kj - Kj) - ZCSZ, 

Kj + Kj + s’(Kf - Kj) + ~ c s Z U  
(52) 

Two types of operators have been used in Eqs. (52) apart from the in- 
volved Coulomb and exchange operators: 

(1) The generalized Coulomb operator {Xu}, which can be easily defined 
through the equality 

(4lW = (k]XuJI)  (53) 

(2 )  The generalized exchange operator {Zu}, constructed by means of 

(54) 

another set { Y,} and defined with the symmetrization expression 

z, = MY, + Y,} 
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and with the aid of the matrix form 

(klZijJ1) = #(ikljO + (jkli l))  (55 )  

In this sense, contrary to the operators { Yij)  which fulfill the property 

Yu = Yn’ (56) 

the set of {Z,} operators are symmetric if their subscript pairs are inter- 
changed as in 

Zd = z, (57) 

a characteristic equivalent to the generalized Coulomb operators {Xu}. 
Taking into account the variation structure (52) of the involved 

operators into the bielectronic part of the Fock operator (51), one can 
write 

AF, = AB, 

= (apj - ap*){se(J* - J,) + 2scXu) 

- ( P p j  - P , W ( K ,  - K,) + 2scZi.J (58 )  

It must be noted that there exists a relationship between the formal 
structure of AF, with the previously considered density matrix variation 
as shown in Eq. (46). As a consequence of this, variation of Fock 
operators is second order only. Thus, it is possible that the slow conver- 
gent patterns which appear in many classical SCF cases may be ascribed 
to this feature. When convergence is approached, the asymptotic varia- 
tion formula for AF, can be written as follows: 

(59) AF, - 2s{(a, ,  - .,*)Xu - ( P P J  - PPi)Z,l 

which takes an equivalent structure as a density matrix variation. 

C. Variation of Molecular Integrals 
1. General Transformution Structure 

Within the framework of MO theory, when using Jacobi-like elemen- 
tary rotation techniques, the operator matrix form and other similar or 
related quantities behave as we have seen in an easily generalized manner. 

Trying to construct the most general formalism possible, we shall as- 
sume that a rotation between the MO pair {i, j }  has been optimally 
searched with rotation sine and cosine s and c respectively. 

Rotation of any quantum mechanical integral, operator, or matrix, can 
be obtained by considering abstract elements, which hereafter we shall 
call objects, depending on one active index, d1 = {[i], [f}; two active 
indices, d2 = { [ i i ] ,  [J], [(j]}, etc. We shall also use the terms first order or 
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one-index objects, second order or two-index objects, and so on, in order 
to identify the elements of the sets e l ,  e2, . . . , respectively. 

In the present description, molecular repulsion integrals can behave as 
fourth-order objects; a projection operator has second-order behavior; a 
two-electron operator raises it to fourth order, . . . , an nth electron 
operator gives maximal terms up to 2nth order. The behavior of nth- 
order objects can be expressed as a direct product of lower order objects: 
for example: 

[ X l r X z ,  . . . , X n ] E  [X1]@[X2,X3, ..., X,] 

= rx1 3 xzl €9 [x3 I . . . , x,l 

where {x,} represents an arbitrary nth-order sequence of the active index 
pair {i, j } .  Thus, given any quantum mechanical object, depending on MO 
indices, the set of all the elements associated to this quantity can be 
divided into subsets behaving as zero-, first-, second-, . . . , order ob- 
jects. 

Variation of quantities of interest such as the density matrix, Fock 
operators, and MO integrals can be easily deduced from the transforma- 
tion of the essential one-index objects { [ i ] ,  [ j ] } ,  which, using Eq. (14), may 
be written as: 

C i 1 3  4 i I  - 4 j l ,  [ j l  3 s[iI + c[ j l  (61) 

All other transformation formulas can be derived from Eqs. (61). For 
example, the transformation of two-index objects: {[ii], [a], [GI, [ j i ] }  may 
be written as direct products of the elements of Eqs. (61): 

[ii] + [ i ]  €9 [ i ]  -, [ i i ]  + s 2 { [ j ]  - [ i i ] }  - sc{[g] + [ j i ] }  

[ji3 + [ j ]  €3 [ j l  + [jl + s’{[ii] - [a]) + s c { [ d  -t [ j i l }  

(62) 
(63) 

(64) 

(65) 

[g] + [i] €3 [ j ]  + [ g ]  - s’{[g] + [ j i ] }  + sc{[ii] - [j]} 

[ j i ]  - [ j ]  €3J [ i ]  + [ j i ]  - s’{[0] + [ j i ] }  + sc{[ii] - [ j ] }  

so [Q]  is equivalent to [ j i ] ,  but it must be taken into account that the order 
of the rotation changes the sign of the sine, giving su = -sjf. Hence, one 
can easily write the variation of more than two-index objects, for exam- 
ple, [gi] ,  . . . , through the appropriate direct product, which is to say, in 
this case particularly: 
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[jji] + [ j j ]  8 [ i ]  --* [ i ]  8 [ j i ]  + c[ijil + s{[ijil 
+ [jii] - [&'I} 
- s'c{[&'] + [jij] + [ j i ]  

- [ i i i ] }  - sS{[ijj] + [ j j i ]  + [ j i i ]  - [jiiii3) (66) 

The two-index-object transformation can be constructed through two 
basic structures, namely, 

(67) 

(68) 

[ i i ]  ---* [ i i ]  - (s2 A[ij] + 2sc [ j j ] )  (69) 

[ j ]  + [j] + (s2 A[U] + 2sc [u ] )  (70) 

A[i j ]  = [ i i ]  - [ j ]  

WI = &([ijI + [jiI) 

With A and x, one can rewrite Eqs. (62)-(65) as follows: 

[jj] + [ j j ]  - 2s' [ij] + sc A[ij] (7 1 )  

So, one-electron molecular integrals are transformed according to Eqs. 
(69)-(71). Also, any many-index object can be formally studied without 
effort by performing some tiresome algebraic manipulation. Let us take as 
an example the molecular integral (jjlg), which transforms as a fourth- 
order object according to the following rule: 

(ijlij) + [ij] 8 [ g ]  
--* (ijlij) + s'(1 - s'){(iilii) + ( j j l j i )  - 2[(iilj) + 2(jjlij)]} 

= (ijlij) + A(ijlij) (72) 

+ 2cs(l - 2s2){(iilij) - (ijlj)} 

With this convenient tool we are ready for systematic study of the two- 
electron integral variation. 

2 .  Variarion of Two-Electron Molecular Integrals 
The variation of two-electron molecular integrals {(pqlrs)} under a ro- 

tation attached to an active MO pair {iJ} can be classified to represent five 
different cases, depending on the number and position of the index pair 
{ i j }  in the integral. Accordingly, the five classes correspond to first-order 
objects, second-order with Coulomb or exchange-structure objects, and 
so on. Each case will be discussed separately and the final formulas will be 
given without details. 

After the admittedly tiresome deduction of the followkg formulas, a 
set of easily programmable structure appears as a h a 1  result. 
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3 .  One Active Index 
There are two integral types in this case, (iqlrs) and (jqlrs) being any 

other position of the active indices equivalent. The use of the transforma- 
tion structure (61) furnishes 

(73) 

(74) 

(iqJrs) --* c(iq)rs) - ~ ( j q l r s )  

(jqlrs) -+ s(iqlrs) + c(jqlrs) 

4. Two Active Indexes 
Two possible integral classes must be studied separately, because the 

index position will give Coulomb and exchange structures as follows. 
a .  Coulomb-like integrals. There are three possible integral types, 

namely, (iilrs), (airs) ,  and (ijlrs), which transform according to two- 
index-object rules. In this sense, using Eqs. (62)-(65), one amves at the 
simple expressions: 

(75) 

(76) 

(77) 

(iilrs) -+ (iilrs) + s ' { ( j j ) r s )  - (iilrs)} - 2sc(ijlrs) 

(jjlrs) -+ ( j j l rs)  + s2{(iilrs) - (jjlrs)} + 2sc(ijlrs) 

(ijlrs) -+ (ijlrs) - 2sz(ijlrs) + sc{(iilrs) - (jilrs)} 

b .  Exchange-type integrals. Again, three integral types are possi- 
ble: (iqlis), ( jql js) ,  and (iqljs), which transform in the same way as the 
Coulomb integrals, being exchange-type integrals with two-index objects; 
but one must take into account that i f 4  # s, then (iqljs) # (jqlis), although 
their transformation is formally the same. Then we shall have 

5 .  Three Active Index Integrals 
There are six possible integrals, transforming as three-index objects as 

in the transformation discussed in Eq. (66). The final variation structure of 
the six possible integrals (iilis), (iiljs), ( j j l i s ) ,  (jjljs), (ijlis), and (ijljs) is 
found to be 
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(iiljs) + c(iiljs) + s[(ii)is) - 2(ijljs)l + s z c [ ( j l j s )  - (iiljs) - 2(ijlis)l 

+ s 3 [ ( j l i s )  - (iilis) + Z(ijljs)] 

- s3[2(ijjis) + (iiljs) - ( j l j s ) l  

(82) 

( & [ i s )  + c(jJis) + s[2(ijlis) - ( j l j s ) ]  - s2c[2(ijljs) + ( j l i s )  - (iilis)] 

(83) 

( j j l j s )  + c ( j ) j s )  + s[2(ijJjs) + (jjlis)] + s2c[2(ij)is) + (iiljs) - ( j l j s ) ]  

- s3[2(ij)js) + (j l is)  - (iilis)] (84) 

(85) 

(ijlis) --$ c(ijJis) + s[(ii)is) - (jjlis) - (ijljs)] - s'c[(ii)js) + 2(ijlis) 

- ( j l j s ) ]  + s3[(jJis) + 2(ijJjs) - (iilis)] 

- ( i i l is)]  - s3"(iiljs) + 2(ij(is) - (jjii(js)] 

(ijljs) + c(ijljs) + s[(ij)is) + (iiljs) - ( j l j s ) ]  - s2c[(jjlis) + 2(ijJjs) 

(86) 

Note that (iilis), ( j j l j s ) ;  (ijlis), (ijljs); and (iiljs), (&(is) are related pairs of 
integrals. Their formulas are interchangeable if index i is changed by 
index j and s by -s. 

6. Four Active Indices 
Four-index integrals can only be of six different types: (iilii), (i i l i j) ,  

(i i l j) ,  (ijlij), (ijlj), and finally, (jlj). As the structure of the variation of 
the exchange integral (ijlij) has been discussed previously, we shall give 
here the remaining five: 

(iiJii) + (iilii) - 4sc(iilij) + 2s2[2(ijJij) + (i i l j)  - (iilii)] 

- 4s3c[( i j ( j )  - (iilij)] 

+ s4[(jlji> + (iilii) - 2(iiljj) - 4(ij)ij)] (87) 

(ill$) + (iilij) - sc[2(ijlij) + (iilji) - (iilii)] + sz[3(ij(jj) - 5(ii)ij)] 

+ s3c[4(ijlij) + 2(iilj) - {(iilii) + ( j / j ) ) ]  

- 4s4[(iilj) - (iilij)] (88) 

Note that (i i l j)  transforms in the same manner as (ijlij), both belonging to 
equivalent objects 

[iijjl = [ i ]  €3 [i] @ [ j ]  @ [ j ]  = [ii] €3 [ j ]  

= [ij] €3 [ i j ]  = [ i ]  @ [ j ]  (8 [i] 8 [ j ]  = [ijij] 
thus, 

where A(ijlij) was defined in Eq. (72). 

( i i l j )  -+ (iilj) + A(ij1ij) (89) 
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Because [ii] is practically equivalent to [j], one must change only {i} 
into { j }  and s into -s to obtain without effort the remaining few integrals: 

(ijlji) --* (ijlji) + sc[2(ij(ij) + (iilji) - (jlji)] + s2[3(iilij) - S ( i j l j ) ]  

-s3c[4(ijlij) + 2(ii l j j)  - {(iilii) + (jil j i)}] 

- 4s4[(ii(ij) - (ijljj)] (90) 

and finally, 

IV. Computational Procedures 
The theoretical framework developed so far permits the implementa- 

tion of various algorithms, all of which point to energy minimization and 
optimal MO calculation. We have implemented four basic kinds of al- 
gorithms in a context that we call a single-rotation (SR) framework. By 
this we mean that even if we use one Jacobi rotation after another, we 
shall not take into account the coupling between two succesive rotations. 

We followed this philosophy first to test a sequence of rotations, taking 
each active orbital pair in turn. This was followed by the same sequence, 
but elementary rotations were accumulated and applied all at the same 
time; we called this accumulated rotations (AR). The same structures 
were used, but energy variation coefficients were taken only up to second 
order (SO). Finally, we used a sequence of couples of active orbital pairs 
which we called a double-rotation (DR) framework. We shall describe 
each algorithm and furnish commentaries on the observed computational 
behavior. 

A. Single Rotations 
This procedure is based on the following: given a pair of active orbitals 

for which the orbital sine has been computed, the pair of orbitals is modi- 
fied according to Eq. (14). This process is repeated for each active orbital 
pair, as in the Jacobi diagonalization sweeps. A new sweep is performed 
unless all active orbital pairs contribute less than a gi.;en threshold to the 
energy. The general scheme of this procedure will be given briefly in 
Algorithm A2 as follows: 
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Algorithm A2. Single Rotations 
(1) Compute trial vectors 
One can use the one-electron Hamiltonian vectors, or in some cases, 

vectors from other calculations. If one wishes to start with well-adapted 
vectors, a set of vectors coming out of a classical SCF procedure can be 
used after a small number of iterations (three or four will be enough for 
this purpose). 

(2) Compute molecular integrals 

( 3 )  Compute the electronic energy go and energy variation coeficients 
E l ,  Ez, E,, E4 

(4) Use algorithm A1 to obtain the optimal sine s and the energy incre- 
ment A 8  

( 5 )  Rotate molecular integrals according formulas shown in Section 
IIZ,C 

(6) Compute new energy 8 = go + A%. 

End of loop { i ,  j }  
If for some { i , j }  : /A81 > E go to loop, else: stop. 

Loop over the active orbital pairs { i ,  j }  

In order to find out whether the ordering of the Jacobi rotations influ- 
ences convergence patterns or not, we have performed the same computa- 
tions as in Algorithm A2 above. Instead of using a sequential ordering of 
active pairs, however, we carried out the rotation scheme in a disordered 
fashion. The results have shown that as far as we know, the order in which 
the rotations are performed is of no consequence. We have adopted the 
sequential ordering of Algorithm A2 taking this into account. 

A possible variant of Algorithm A2 may consist of using, instead of 
molecular integrals directly, a scheme based on SCF concepts as projec- 
tors and Fock operators with the atomic orbital integrals, but this has 
appeared much less efficient than the procedure described above. 

B. Accumulated Rotations 
We call accumulated rotations (AR) a procedure which can simplify 

the single rotation method. We construct a unitary matrix U to be used in 
the general transformation as discussed in Eq. (6). The matrix U is con- 
structed as a product of the Jacobi rotation pairs, that is, 

= [l. u[ i9 j1  

The structure of U[i ,  j ]  is well known in Jacobi diagonalization proce- 
dures: 
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tt p # i , j  A tt q f i , j :  U[i,j], = S,, 

q i , j I i i  = v[i,j], = c ,  U[i,j]*, = -U[i,jIfl = -s, c2 + sz = 1 (93) 

The differences with respect to the previous procedure may be sum- 
marized as follows: 

(1) The AR algorithm does not transform the MO coefficient matrix at 
each rotation but rather at the end of each sweep. Thus MO integrals, if 
used, can be transformed in the classical way from the A 0  integral matrix 
with the updated MO coefficients. 

(2) The method can be considered a SCF variant where each sweep 
may be related with a classical SCF iteration. There is, however, an 
advantage in the present formulation: one can analyze, at each sweep, 
each rotation in turn and exclude those which are unsuitable or useless for 
the energy lowering. This possibility may be very helpful for controlling 
convergence. 

(3) This procedure is well structured for a simultaneous computation. 
A paper by Seeger (1981) on the subject of hardware philosophy may be 
useful to illustrate this point. 

The following algorithm will synthesize steps which serve to imple- 
ment this method: 

Algorithm A3: Accumulated Rotations 

Computation of trial vectors C 
The same considerations apply as in step 1 of Algorithm A2 
Computation of Fock operators and energy $. Also U = I. 
Loop over all active orbital pairs { i ,  j }  
Compute energy coeficients El, E,, E3, E4 
Use Algorithm A1 to obtain s and 
Construct matrix U: U + U * U[i,j] 
End of loop {i ,  j }  
Test convergence: if U = I, stop; 
or else: 
Modify MO vectors C c C*U 
(go to 2) 

C. Second-Order Rotations 
As a simple inspection of Eq. (28) or (30) shows, the terms bearing the 

coefficients E3 and E4 in the energy variation were not so important, and 
less so when the iterative system was approaching convergence, so we 
tried to design a simplified approach taking only rotation sine terms up to 
second order. In this scheme, Eq. (30) becomes 
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A %  = X E ,  + S ~ E ,  + e ( s 3 )  (94) 

Thus, Algorithms A2 and A3 will be fully reproduced, but in step 3 only 
the coefficients El and Ez need to be computed, omitting E3 and E4.  Also, 
from E2 only the Fock operator terms were conserved. This feature has no 
practical meaning in Algorithm A2 because very few operations are 
spared. It is, however, more meaningful in Algorithm A3 (which ap- 
proaches the structure of SCF classical procedures) because of the 
second-order nature of Fock-operator variation, as shown in Section 
II1,B. 

The difference here is the advantage of cutting each SCF-like iteration 
at will and in small steps that can be controlled as the sweep proceeds. It 
is therefore possible to make sure, for example, that each rotation step 
really gives an energy increment A 8  < 0. We shall refer to second-order 
accumulated rotations (SOAR) when speaking of this simplified pro- 
cedure. 

D. Double Rotations 
We shall analyze one last possible way to use the theoretical frame- 

work of Jacobi-like unitary transformations by describing an intermediate 
strategy between those shown in Sections IV,A and IV,B: the possible 
framework of double rotations. By this term we understand the applica- 
tion of two different active rotation pairs, namely { i , j }  and { k ,  I}, simulta- 
neously and without considering the coupling between them, which is 
discussed later. 

The structure of this algorithm has conserved the main form of Al- 
gorithm A2, but instead of a unique loop, two have been used. This 
requires a little more computational effort, but a shorter number of full 
iterative steps. Computational experience indicates that convergence pre- 
cision will depend on the number of elementary rotations performed. 

The following algorithm resumes the procedure discussed above: 
Algorithm A4: Double Rotations 

(1) Computcition of starting MO coeficient matrix 
See the comments in step 1 of Algorithm A2 

(2) Cotnpinte tnoleculur integrals 
Loop over active orbital pairs {i, j }  
Loop over active orbital pairs { k ,  l )  # {i, j }  

(3) Compute electronic energy kY0 
(4) Compute electronic energy variation coeficients 

E1[ijl, Ez[ijl, E3[ij3. E.dijl and E1[kll, E ~ [ k l ] ,  E3[kl], E4[kl] 
( 5 )  Conipirte the optimal sines s [ i ,  j ]  and s [ k ,  I] 
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Twice using Algorithm A 1, obtain the total energy increment 
A 8  = A 8 [ i , j ]  + A 8 [ k ,  I ]  

(6) Rotate MO Integrcils 
According to formulas shown in Section III,C 

(7) Rotate MO Coeficients 
According to s [ i , j ]  and s [ k ,  11 

(8) Compute new energy 8 = 8 + A 8  
End of loop { k ,  1 )  
End of loop {i, j} 
If for some {i, j}, {k ,  I}, 1 A 81 > E go to loop {i, j} ; else: stop. 

We have developed so far four possible kinds of iterative sequences 
and some small variants, which are analyzed in the next section by using 
some simple systems and are then compared with standard SCF results. 

It is easy now to see that one can use Jacobi-like rotations in a wide 
variety of ways, but we feel that we are far from the optimal procedure. 
Computer technology development, especially computational experience 
with trial-and-error programming, will give rise to improved algorithms 
more efficient than those discussed previously. Here an important point 
must be stressed. Efficient algorithms to compute the full set of MO inte- 
grals are needed. Fortunately, a good review on the subject by Shavitt 
(1977) is to be found in the literature. 

E. Coupling between Two Successive Rotations 
The high effectiveness of the double-rotation method, as described in 

the previous section, has raised the question: Why does the effect of 
simultaneous rotations act as a powerful aid to convergence? We tried to 
see the structure of the coupling between two simultaneous rotations. 
Two cases must be considered: when the first rotation takes the active pair 
{i, j}, and when the second rotation uses type (1) {i, k}  or type (2) {k ,  I )  with 
k ,  1 f i, j in both cases. 

When we perform the rotation of the {i,j} pair, it is seen that the energy 
variation takes the form of Eq. (30), with the coefficients {&} (k = I ,  4) 
defined by means of Eqs. (31)-(34). When we perform the second rotation 
of type ( I )  or (2), it will act on A8, varying the coefficients in an amount 
{A%k} (k  = I ,  4). We should like to study this further variation. 

1. Cuse {i, j } ,  Followed by {i, k}  
After the transformation of the active pair {i, j}, performed as shown in 

Eq. (141, we suppose that one also rotates the pair { i ,  k}. A new set of 
equations 

l i> --* Ctk( i )  - s t k l k ) ,  ( k )  s t k ( i )  + C i k l k )  (95) 
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is therefore needed in addition to Eq. (14). The parameters e l k ,  cik) are the 
new sine and cosine for the pair {i, k } .  The following expressions have 
resulted where we have also used the definitions: 

Atjkt = a f k  - afl - ajk  + aJl 3 Bfjkl = P l k  - Pfl - Pjk + Pjl (96) 

In this way one can write 

S${(At j tk  - B f f l k ) [ ( & j )  - (iilii) (dlij)] 

+ Atktj(&) - Btk+j(iilh)} (98) 

where once again definitions (29) were used for {Atk, &k}. One notes the 
presence of terms up to third order in AE, and up to fourth order in AE, . 
The other coefficient increments bear a somewhat less complex structure: 

- sfj[(i i( jk) + ~( i j l i k )  - (jklkk)] 

+ s$cf,[(iklj)  + 2(ijljk) - (iilik)] 

- sb[(ji( jk) - (iiljk) - 2(ij(ik)]} 

AE3 = 4(& - &){(CU - l)[(i i( ik) - (iklkk)] 

(99) 
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+ 4sj',cfj[(iilij) - (ijlji)] 

+ s$[( j i iJ)  + (iilii) - 2(i i l j i )  - 4(ijlij)J} 

A f l i , j ,  kl = gi [ i , j l  + g44[irj, kl  

gl[L j3 = w & [ i ,  j3 + s&%[i, j l  + s h & [ i ,  j l  + S$&Ei, jl (102) 

In addition, g4( i , j ,  k )  is a fourth-order coupling term in { s f j ,  slk}. It can be 
expressed as: 

( 100) 

In this case it is also possible to write the energy increment as: 

(101) 

where & [ i , j ]  has the same form as Eq. (30) and can be written as: 

g4[i, j ,  kl  = s{kcdEdi,  kl + AEi[i, j ,  k l )  

+ s?dEz[i, kl + AEz[i , j ,  kl) 

+ s7t4E3[i9 kl + AE3[i,j, kl) 

+ 4 E 4 [ i ,  k l  + AE4[i , j ,  kl) (103) 

where the coefficients {AE,} ( p  = 1, 4)  are defined in Eqs. (97)-(100). 
Thus, g4 adopts in this case a form like Eq. (30) with coefficients Ep + 

Ep + AE, ; then Algorithm A1 may be used to obtain stj over the poly- 
nomial with modified coefficients. 

The variation of {i, k} followed by { i ,  j } ,  

A g [ i ,  k ,  j ]  = %,I;, k ]  + &[i ,  k ,  j ]  (104) 

can be used to obtain sIk in the same way. 

2. Case { i ,  j } ,  Followed by { k ,  I }  
Suppose now that we want to look at the energy variation upon the 

simultaneous application of two rotations affecting two distinct active 
orbital pairs, { i ,  j} and { k ,  I}. The form of the energy variation can be 
written then as: 

A g [ i , j I  = gi[i , j l  + I ]  + $ [ i ,  j ,  k ,  I1 (105) 

where the terms of type g 1 [ i , j ]  have the same form as Eq. (30), and the 
same holds for 8 , [ k ,  I ] .  The term $ [ i ,  j, k ,  I ]  contains the coupling be- 
tween both rotations. After the cumbersome, albeit simple, algebra of all 
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of the previous formulas, it can be shown that the coupling between both 
rotations can be expressed by the following equation: 

&[ilj, k ,  11 = 2 $ j S h { A f j k l ( J f k  f Jjl - Jtl - Jlk)  

- &kl(KLk + Kll - KiZ - K l k ) }  

-k 4 s & s k z C k l { A f i k l [ ( i i l k I )  - (d(kl)l 

- Btjd(ikl4 - (jkljOl) 

- B,Ikl[(ik" - ( i W l }  

- 2 B t j k W l j 0  + (illjk)I) 

f 4stjC,jsEl{Atiki[(ijlkk) - (@)I 

f 2sUCUsklCkZ{4AUkl(ijIkl) 

( 106) 

Now there is no variation in the third- and fourth-order coefficients when 
the active pairs are different. In Eq. (106) we have used the previous 
definitions (96). As in the former case this result can be stated by writing 
the following for the AEl and AE2 increments: 

AEl = 4 S t { A f j k l [ ( i i l k [ )  - (dIkOJ 
- B t j k l k k l i l )  - (jW)J) 
f 8 ~ , j ~ f j { A f j k l ( i j l k l )  - & j k i [ ( i k l j l )  -k ( i l l j k ) ] }  (107) 

A E 2  = 2S&%iki [Jfk  - J f i  - Jlk + Jd 
- B U k l [ K i k  - Ktl - K J k  + Kill} 

f 4 S & t j { A i j k t [ ( u ( k k )  - (#l)l 
- Bflkl[(ikJjk) - (itiOl} (108) 

being AE, = AE4 = 0. 
Once all the integrals are known, note that the introduction of cou- 

plings gives a role to other integrals not needed to compute the terms of 
&[i,j] type, and one can easily obtain the g2[ i , j ,  k ,  l ]  terms and add them 
to both uncoupled variations. In this case, the computation of optimal 
sines may follow a procedure similar to Algorithm A1 . This is so because 
one can rewrite '&. as: 

%[i, j ,  k ,  11 = 2sfjsE& f 4Sf jSklCklE21 

+ 4sUcUs hEIZ + 2 s t j c U S k l c k l E I l  ( 109) 

with obvious definitions for the coefficients {Em} ( p ,  q = 1, 2), and then, 
for example, 
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a%,/as, = 2S&[i,j, k ,  13 + (cu - surfJ)Z,[i,j, k ,  13 ( 1 1 0 )  

with 

ZI = 2sRiE-22 4SkickiEzi 

z2 = 4S%lElZ -k 2SklCklE11 

Thus, the optimal sine sfl can be obtained (although depending on ski ) ,  

with Algorithm A1 applied to Eq. (30), and with coefficients {Z, , Z,} in- 
stead of {&, Ez). 

The same structure may be applied to the optimal sine s k i ;  so one can 
propose the following: 

Algorithm A5. Optimal Coupled Sines 

(2) Use of Algorithm A1 on polynomials 2~7~[i , j ]  and $,[k,  I ]  to obtain 
values of sines {su , skt} 

(3) Compare {s$ :su} and {& : skJ .  
if equal, stop. If not, update the {s%, s&!} values and go to step 2. 

(4) Use s k i  to obtain Z, , Z, , and a modified polynomial $,[i, j ] .  Use 
su to do the same in g1[k, 11. 

(1) S & , S P l  = 0 

V. Results. Comparison with Classical SCF 
We have performed various calculations using the ideas of Section IV. 

We have chosen simple systems because trial calculations are inexpensive 
and results are not obscured by a great number of A 0  and electrons. The 
atoms with occupied s orbitals only (He, Li, Be) and some ions (Li+, Li-, 
Be+, and B+) are well-known systems with a sufficient number of op- 
timized basis sets (i.e., Clementi and Roetti, 1 9 7 4 )  to be ideal for this 
purpose. 

Table I shows the various calculations performed with versions of the 
already-described algorithms, but using a SCF structure when computing 
the needed MO integrals. That is, Fock operators are employed and the 
integrals needed computed with the transformed vectors at each rotation 
step in the SR and DR cases, and at the end of each sweep in the AR and 
SOAR cases. When comparing with SCF classical results, one can imme- 
diately see that except in few cases where the difference is unfavorable or 
equal, the number of iterative steps is much shorter in the rotation domain 
than in SCF. This is remarkable in SR and much more spectacular in DR. 
Timing, however, is not comparable and it seems that any Jacobi rotation 
procedure will be slower if one follows this computational philosophy. 
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Note that all computations, in order to keep starting structures similar 
insofar as possible, have been performed using one-electron vectors ini- 
tially. These differences are related to the intrinsic methodology and are 
not due to starting-point vectors. 

One can conclude that although these are highly convergent proce- 
dures, methodology should not rely on SCF classical concepts if it is to 
become ameliorated from a computational point of view. However, as we 
have pointed out, the SOAR calculations are most like the SCF when 
analyzing second-order approximations. 

In Table I1 we show the time gain when one uses molecular integrals, 
transformed according to the ideas of Section III,C and without using 
Fock operators, although this last detail does not contribute much to the 
time gain if one constructs the scalar products of the operators with MOs 
through known molecular integrals. The important thing is that not only a 
better convergence rate is obtained, but when using the suitable frame- 
work, the CPU time gain is very impressive. 

Depending on the number of A 0  and iteration number, the time ex- 
pended in SR or DR is considerably lower than in classical SCF calcula- 
tions. This can be interpreted so as to encourage competitiveness between 
rotation methodology and SCF. In any case, one can say that DR are 
slightly slower than SR and that owing to the extra number of rotations 
performed, accuracy is usually better in DR if we measure accuracy by 
the closeness of El and A%' to zero. 

In order to have more information on other cases, we studied some 
excited states using the same systems and basis sets. That is to say, for 
singlets we used triplets, and for ground-state doublets we used quadrup- 
lets. The results of these computations are shown in Table 111. We used 
the optimized algorithms for SR and DR, but for accumulated rotations 
due to the SCF resemblance, we used classical computational forms. 
Again, in all the frameworks, one can reiterate what was said about 
ground-state calculations. Only a slightly better performance by AR 
methods over SCF must be noted in some cases. The meaning of this last 
finding has to do with the nature of each sweep, which may not be fully 
comparable to a classical SCF iteration. 

Inspection of timing and convergence rates in Tables 1-111 gives the 
procedure of SR, as described in Algorithm A2, as the fastest Jacobi 
routine described here. That is not to suggest abandonment of the remain- 
ing three methods. Implementation on minicomputers of 16-bit words may 
counsel SOAR methodology because only very few MO integrals are 
needed; or perhaps a very refined result is desired and DR algorithms 
would be suitable. More experience will be needed before an optimal 
computational strategy can be adopted. 
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VI. Analysis of the Energy Surface: Catastrophe Theory 
The structure of Eq. (30) furnishes more than a possible alternative 

SCF iterative algorithm: the simple form it has permits us to think in terms 
of the general behavior of the energy variation surface when elementary 
rotations, as given by Eq. (14) are performed on active MO pairs. Catas- 
trophe theory may be applied for this purpose. 

A. Catastrophe Theory 
Elementary catastrophe theory was introduced by Thom (1969, 1972, 

1975) in an attempt to provide a new kind of approach to the study of 
complex phenomena such as those found in biological systems. Thorn’s 
philosophical schemes were adopted for use in other areas (see, for exam- 
ple, the work of Wasserman, 1974, 1975; Godwin, 1971; Guckenheimer, 
1971; Briicker, 1975; Janich, 1974; Berry, 1975; Berry and Nye, 1977; 
Thompson and Hunt, 1975; Woodcock, 1978; Woodcock and Poston, 
1974; Zeeman, 1973). In the field of quantum chemistry some work con- 
necting catastrophe theory with density functions has been already done 
by Collard and Hall (1977), Bader et a f .  (1979a,b), and Tal et al. (1981). 

Catastrophe theory provides a qualitative description of the behavior 
of the system when its constraints or control parameters change. This 
theory is particularly applicable to scientific situations characterized by 
everywhere differentiable potential energy-like functions. It predicts the 
existence of catastrophe manifolds, which are hypersurfaces generated by 
the stationary values of these energy-like functions. A catastrophe man- 
ifold structure is determined by control factors values and represents sta- 
tionary energy states available to the described system. 

Changing control factors produce two different types of system be- 
havior: 

(1) A smooth evolutionary movement over the manifold of a point rep- 
resenting the nature of the system. 

(2) A sudden jump of the point from one layer of the manifold to 
another. 

The point (2) represents a catastrophic annihilation of a starting energy 
state as it becomes unstable through changes in the constraints of the 
system (a catastrophe can be associated to a singularity on a map). The 
general description of the theory can be obtained considering a set of 
potential functions V(c ,  x) parametrized by a set of elements c belonging to 
the control space % on a manifold x belonging to the behavior space &. 
Furthermore, one considers the functions V to be derivable in all orders. 
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The catastrophe manifold is defined by means of the set of all vectors 
(c, x) E % x 2? which fulfill 

av/ax = o 

aZv/aXZ = 0 ,  

and which can be associated with the condition 

eliminating x to generate the bifurcation set of the catastrophe manifold. 
Thus, values of the control factors are represented where two stationary 
states of the potential energy function, one maximum the other minimum, 
merge and disappear. Thom (1969) in his original study, described those 
catastrophes in which the dimension of the control space was less than 4, 
that is, dim(%‘) 5 4. Within this restriction, and requiring the existence of 
an associated, everywhere differentiable potential energy function, only 
seven catastrophes are present: the elementary catastrophes. A further 
classification is obtained when considering the dimension of the behavior 
space: 

(1) When dim(%) = 1, one obtains the cuspoid catastrophes 
(2) dim(&) = 2 gives rise to the umbilic catastrophes. 

In both cases a suitable polynomial function can be attached to each 
elementary catastrophe. The structure of these functions is shown in 
Table IV and consists of two parts: 

TABLE IV 

THE SEVEN ELEMENTARY CATASTROPHES 

Class 
and name Unfolding Catastrophe manifold 

Cu spoid : 
Fold 
Simple cusp 
Swallowtail 
Butterfly 

Umbilic: 
Hyperbolic 

Elliptic 

Parabolic 

.*I3 + ax + b 
x’/4 + 0x212 + bx + c 
x 5 / 5  + a213 + b P / 2  + cx + d 
xS/6 + ax114 + b 2 / 3  

+ c 2 I 2  + dx + e 

9 + .9 + wxy + U.Y + vy 

+P - 3 x 3  + w(.P + y? + ux + vy 

x2y + y4 + ry2 + wx* + ux + vy  

x z + a = O  
2 + a x  + b = 0 

xl + ax2 + bx + c = 0 
.+ + ax3 + bx2 + cx + d = 0 

3x2 + w y  + u = 0 
3.P + w x  + v = 0 

3.9 - 3y2 + 2wx + u = 0 
2y(w - 3 x )  + u = 0 
L r ( y  + M’) + u = 0 

x2 + 4y3 + 2xy + v = 0 
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(1) The germ of the singularity, which is associated with the terms 
without control parameters. 

(2) The unfolding terms, where both control factors and behavior vari- 
ables are mixed. 

The complete equation for the function V is referred to as the unfolding 
of the catastrophe. 

B. Elementary Catastrophes and Energy-Variation Surfaces 
The final form of the energy variation after performing a single rotation 

involving the active pair {i, j}, as shown in Eq. (30), has the required 
structure for study using the catastrophe theory. The electronic energy 
variation upon a Jacobi-like transformation can be expressed as a quartic 
polynomial in s, with the first- and third-order terms multiplied by a 
cosine function c .  This last feature complicates the analysis slightly and 
needs further study before catastrophe theory can be used. When search- 
ing for the structure of the energy variation surfaces, both analytical and 
graphical points of view were considered. We describe them as follows. 

1. Analytical Approach 
In order to use catastrophe theory in a numerical framework, one must 

attach to the energy variation polynomial an elementary catastrophe of 
cuspoid type. The best way is to transform the polynomial ins andc into a 
unique function of the sine; that is, considering that one can write 

(111) c = (1 - s2)1/2 

and using the Taylor expansion 
c = 1 - (&s* + i s 4  + &s6 + . . -)  

one can obtain the so called K jets of A%', A%'(k), truncating the Taylor 
expansion up to the Kth order. Here we have studied the jets up to sixth 
order, because of the structure of the elementary catastrophes of cuspoid 
type. The form of the four K jets obtained in this way is 

Order K jet 

K = O  

K = 4  

K = 6  

= S4E4 + s3E3 + s2Ez + sE, 

(113) 
K = 2  A 8 ( * '  = s'ZS + s4E4 + s3Z3 + s'EZ + sE1 

A 8 ( 4 )  = s'Z, + ssAs + s4E4 
+ $23 + s'E~ + SE1 

= sV,, + s7A, + ssAs + 9% 
+ s3Z3 + s'E~ + sE, 

where we have used the following definitions: 
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2 3  = E3 - E J 2 ,  

Z7 = A7 = -(E3 + E1/2)/8,  Zo = -E3/16 

Z5 = -E3/2,  AS = -(E3 + E J 4 ) / 2  
( 1  14) 

On Eqs. ( 1  13) one can perform the following changes of variable in order 
to obtain the final catastrophe structure: 

k = 0, 8 = s + E3/(4EJ, k = 2 ,  8 = s + E4/(5Z;) (115) 

Then one obtains for: 
k = 0, AS''' = PE4 + 8'EZ + 8El 

( 1  16) 

The four equations obtained in this way can be compared with those of 
Table IV, and one can see that 

k = 2 ASt2' = OsZ5 + e3Z3 + 8'E2 + 8El 

(1) A%(o) has the same structure as a simple cusp 
(2)  AStz) has a swallowtail structure 
(3) AS(*) may be considered the product of a fold and a simple cusp 
(4)  is the product of a butterfly and a fold after eliminating the 

sixth-order term and performing the following change of variable: 
v = s + E5/(7E7) 

The relationship between Eq. (30) and catastrophe theory functional 
forms having been established, it is important to find out which one of the 
elementary catastrophes of Table IV best fits the energy variation. In the 
next section we will try to evaluate the error committed when considering 
the Taylor expansion of Eq. (30) up to sixth order. 

2. Error Analysis 
It is interesting to establish where the Taylor series (1 12) can be trun- 

cated in order to yield an adequate approximation of the energy variation 
by means of the described K jets (1 13). 

In order to measure the error one can define a quadratic error integral 
ep' between the exact polynomial A 8  in any K-jet approach in the 
range of interest for a sine function s E [- 1, + 1 1 .  That is, 

eP) = I A S  - A ~ P I ~  ds ( 1  17) 

After more tiresome algebra, one can find out the general form for the 
error: 

ek2) = a&; + b&: + c&sEl (1 18) 
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TABLE V 

COEFFICIENTS OF THE QUADRATIC ERROR FUNCTION 
A S  SHOWN I N  EQ. (118) 

0 0.10377 0.14794 0.24317 
2 0.012905 0.015713 0.028293 
4 0.00487 10 0.0055830 0.010395 
6 0.0025507 0.00283 14 0.005364 1 

where {L(kr bk, ck} are constants, depending on the K jets used, and {El, E3} 
are the energy-variation coefficients of Eq. (30). The quadratic error func- 
tion behaves like a generalized quadratic without linear terms, which must 
be definite positive. Table V gives the parameters computed for eachK-jet 
level studied. As the quadratic error in the energy variation is a second- 
order polynomial in the energy-variation coefficients {&, E3}, the expected 
error behavior will be seen to increase as both parameters are further from 
zero. 

As discussed, E l ,  explicitly contains the Brillouin condition; error will 
therefore increase as this condition does not hold. In many cases E3 has 
been found to be null; looking at Eq. (321, this happens when one or both 
of the following conditions hold: (a) AU = &, (b) (i i l i j)  = (ijlj). 

Condition (a) seems more readily fulfilled than condition (b), and, by 
the way, also causes the nullity of E4. Usually in the computations we 
have found E3 = E4 = 0 simultaneously, so one can safely say that the 
main cause of the vanishing E3 coefficient is condition (a). 

Both {E l ,  E3} coefficients have been traced, rotation after rotation, in 
all the performed computations. From this data collection we can say that 
the values of those parameters always may be supposed to fulfill {\Ell, 
1E3\} 5 1. Inspecting Table V, one can see how from the 0-jet to the 2-jet 
approximation the quadratic error varies in an order of magnitude, just as 
it does when one goes from the 2 jet to the 4 jet, but this become stable, 
except for the variation of the constant, when one goes a step further into 
the 6 jet. 

The swallowtail structure of the 2-jet approach and the sufficient 
smallness of the error coefficients in this case may indicate that this ap- 
proach is adequate for qualitative analysis of the behavior of the energy- 
variation surface. The adequacy of this surface becomes greater as MOs 
are optimized. In order to obtain a visual confirmation of this hypothesis, 
we tried to compute the surface for some special values of the coefficients. 
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TABLE VI 

VALUES OF THE COEFFICIENTS CHOSEN TO 

REPRESENT ENERGY-VARIATION SURFACES 

Coefficient 

~~ 

1 - 2  - 5  1 
2 1 - 2  1 
3 1 - 5  1 

3 .  Graphical Approach 
Given a certain set of coefficients {E,} ( k  = 1,4), one can represent the 

energy variation polynomial A% as expressed in Eq. (30) as a function of 
the sine s. 

We studied the two-dimensional surface arising from a calculation of 
A8-varyings and one of the four coefficients {&}. We used the ranges (- 1, 
+ 1) fors and ( - 5 ,  + 5 )  for the coefficients involved. We present here three 
different examples which, after a scanning of all the points in the above- 
mentioned ranges, had shown conspicuous behavior. Table VI shows the 
coefficients made constant in each example, the starred sites indicating 
which coefficient varies between the mentioned range. The plotted exam- 
ples correspond to Figs. 1-3. For each figure, three different orientations 
have been chosen in order to present a better view of the surface features. 

Looking at the whole set of figures, Fig. l a  and particularly Fig. 3b 
might be adopted as typical illustrations of a partial model of swallowtail- 
catastrophe behavior. 

The complex structure of the energy-variation surfaces with many 
kinds of extrema gives an approximate idea of the problems that one 
encounters in the implementation of energy-optimization procedures. 

In Section V we have seen how slicing the SCF iterations into small, 
controllable modules ameliorates by around 50% the SCF convergence 
pattern. A whole step procedure, such as the usual implementation of the 
Hartree-Fock method, cannot discern unoptimized direction movements 
in the energy-variation space. The choice of Jacobi-like unitary transfor- 
mations as energy-increment reducing devices would be preferable. 

Following this, a less general discussion is possible based on the 
themes already studied in the previous sections. Accordingly, we present 
next the details of an analytical study on the energy-variation surfaces 
when some logical simplifications are made. 
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Fig. 1. Energy-variation surface for El = free, E2 = -2, Es = -5, and El = 1 under three 
different surface orientations. 
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( C )  

Fig. 2. Energy-variation surface for El = 1, & = -2, Es = free, and El = 1 under three 
different surface orientations. 

C. Discussion of the Energy-Variation Behavior: 
A Second-Order Approach 
To better understand the behavior of the four-term energy variation 

polynomial (30) and in order to look at the location of its minima, we may 
take each part and study its corresponding forms when plotted against the 
sinus values. The adequate combination of these elementary patterns will 
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Fig. 3. Energy-variation surface for El = 1 ,  E3 = free, Ea = -5 ,  and E, = 1 under three 
different orientations. 
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give us the form of the global variation. Yet it is necessary to remark that 
the forms of the s3c and s 4  terms, which in practice will have a very small 
contribution to the energy variation (see Fig. 4d), will not add any new 
insight to the principal forms sc and s2. Also, it is interesting to consider 
the combination of these terms in the neighborhood of zero, where one 
would expect to find the optimal rotations, and to consider the higher 
order terms perfectly negligible. Thus, the energy-variation function pat- 
terns will be studied within a second-order simplified expression, in which 
only two terms will remain: 

(1 19) 

An interesting parametrization, which will allow us to work with one- 
dimensional control spaces, is obtained making a = E,/E2,  and writing the 
energy expression now as: 

A 8  = E ~ ( U S C  + s’) ( 120) 

Leaving aside the parameter E,, which acts as a scaling factor, one can 
see that the variation of the energy depends only on the control pa- 
rameter a.  

A% = Else + E,s’ 
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This structure gives a form which possesses a minimum and a maxi- 
mum (see Fig. 5) .  In order to obtain the minimum, which is the interesting 
feature here, the usual first and second derivatives can be computed. One 
finds 

(121) 

( 122) 

Taking the extremum condition in Eq. (121), the form of t can be 

(123) 

aE/as = -cEz(at’ - 2t - a) 

d2E/as’ = E2[2 - at(3 + t2)] 

with t = s /c  and dclds = -t . 

expressed as: 
ro = a-“1 ? (1 + aZ)1”] 

with the sign ambiguity corresponding to the existence of two possible 
extrema. Substituting Eq. (123) into the energy variation and second de- 
rivative, one has, 

A 80 = ~-~E2[2(1 + a2) f (2 + a2)(1 + ~ ~ ) ” ~ ] ( 1  + to)-’ (124) 
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Fig. 5. Form adopted by the energy curve under several conditions: (a) E, > 0, E,  > 0, u 
= 1 ;  (b) El < 0, Ez > 0, a = - 1 ;  (c) El > 0, E2 < 0, a = - 1 :  (d) El < 0, E2 < 0, u = 1. 

because 2(1 + u2)  5 (2 + a2)(1 + u2)l12 and (1 + u2)1/2 2 1 .  
It is evident that the signs of A 8 and the second derivative depend only 

on the sign of E2 and the one we take in front of the square root in Eq. 
(123). Thus, to always obtain A g o  < 0 and d2AiY/ds2(o 3 0, we shall take 
the following: 

if Ez > 0 - 
(126) 

if E2 < 0 - r, = [I  + ( 1  + u2)1’2]u--1 ( 127) 

In Eq. (126) we use the well-known alternative form in order to in- 
crease the computation precision and avoid the difference between very 
similar quantities. In terms of the energy-variation coefficients, the opti- 
mal tangent expression can be written as: 

to = [l - (1 + uz)112]u-1 = -u[l  + (1 + 
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Eg > 0 ---* to = -E,[Eg + ( E f  + E9)l’’I-l (128) 

Eg C 0 + to = - [ (E l  + E;)”’ - EIE;’ 2 (129) 

As can be seen, the parameter a measures the degree of mixing of the two 
active orbitals, this being the ratio of El,  which represents the fulfillment 
of Bnllouin’s theorem, and E2 which contains a difference between similar 
quantities measured on each orbital. There appears to be a reasonable 
equivalence to the perturbation theory in a first-order correction to the 
MO coefficients a = { (ilFj - F i ( j ) / [  (iJF, - F # )  - ( j JF ,  - Fil j )J} .  

In this manner the Brillouin term can be attached, according to the 
degree of orbital mixing, and one can understand why at convergence 
when MO are stable, this term becomes null. 

The sign of El influences only the sign of the rotation, but the sign of Ez 
has a deeper significance. If negative it indicates the tendency to invert the 
ordering of MO in the spectrum; when positive, it indicates that the opti- 
mal rotation is located near zero in a smooth minimum. In comparison, 
when it is negative the sine falls near + 1  in a narrow minimum with 
s > 2-1n. 

I t S 

Fig. 6. Form adopted by the optimal tangent expressions (128) and (129). 
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The location of the minimum in front of the values of the control factor 
a clearly gives the frontier created by the Ez sign, as well as the asymp- 
totic behavior near values of s = -+2-1/2. When n tends toward infinite, a 
situation occurs in which the highest degree of mixing takes place. The 
initial MO order is either maintained (Ez > 0 )  or is inverted (Ez < 0)  (see 
Fig. 6). 

It is also interesting to consider the behavior of optimal solutions near 
the point a = 0 where the system approaches convergence and orbital 
mixing is null. We have two cases: 

(a) Where E2 > 0, then so = to = - a / 2  = -E1/ (2Ez);  thus A g o  = 
-E: / (4Ez)  and a2A8?/W10 = 2Ez(1 + 3a2/4) 

(b) Where Ez < 0, then to = 2 / a  = -2Ez/E,  and so = 1 - a2/8;  thus 
A g o  = E z ( l  + a2/4) and a2A'27/las210 = -8a+Ez 

These expressions give the limits of no interaction with (situation a) or 
without (situation b) full exchange of the orbitals. All these considerations 
have been proved equally valid in practice, especially in sign consid- 
erations for optimal solutions when Eq. ( 1  19) is used instead of Eq. (30), 
and the quadratic form is that of Eq. (120) instead of Eq. (1 19). 

VII. Conclusions 
The simple rules which can be deduced from the previous discussion 

enable us to obtain the mathematical form of the variation upon the rota- 
tion of an active pair {i , j}  of any quantum mechanical object in the frame- 
work of MO theory. As a consequence, a simple energy-variation expres- 
sion might be obtained, leading to various computational mechanisms 
with a high degree of control possibilities and producing energy extrema 
with much less difficulty than the classical SCF procedures. 

From our experience, the procedure which has been called here single 
rotation seems to be the most efficient of the computational techniques 
tested. If a high degree of precision is required, one might choose the 
double-rotation technique at the risk of needing (in fewer double sweeps) 
more CPU time than in SR techniques. The other possibilities tested are 
less interesting from a computational point of view, and in many cases the 
performances obtained are very similar to SCF procedures. 

It must be stressed that Jacobi-like rotation techniques need not re- 
semble the formalism of SCF. In fact, the best computational perfor- 
mances are obtained when Jacobi's rotations are implemented with his 
own computational philosophy. 
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In order to obtain the maximum yield from an algorithm of this kind, 
based on elementary transformations, one must avoid the tendency to 
mimic the basic structure of classical SCF calculations. For example, 
although used to shorten the expression of Eqs. (29) and (31), Fock 
operators are not necessary at all if one is working on a MO basis instead 
of the A 0  basis. In our experience, it is best to construct molecular 
integrals with approximate starting vectors at the beginning of the pro- 
cess (we use the one-electron Hamiltonian vectors in all computations, 
but other starting sequences will surely work as well). Then one should 
use the variation formulas above for each pair {i, j } ,  transforming only the 
variant integrals and leaving the remaining ones undisturbed. This is a 
very fast process if the appropriate set of variant integrals can be reached 
without time-consuming short steps. 

Thus, for the first time in the literature, as far as we know, one is able 
to look at the surface structure of the energy variation during the optimi- 
zation process. This is consequence of cutting the energy minimum search 
into a set of elementary steps, whereby one can know a priori if a given 
step will be worthwhile. 

In the future, however, this will not be the unique advantage of these 
procedures. Given a structured computational hardware in which the 
elementary steps can be performed in parallel fashion and not sequen- 
tially, the search for optimal MO coefficients may be reduced to times 
which will be very like some classical extended Hiickel performances. It 
is not difficult to predict for the near future a rising interest in the Jacobi 
rotation techniques. 
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